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On the Number of Edges in Hypergraphs Critical with Respect to Strong
Colourings

ALEXANDR V. KOSTOCHKAT AND DOUGLAS R. WOODALL

A colouring of the vertices of a hypergraggh is calledstrongif, for every edgeA, the colours
of all vertices inA are distinct. It corresponds to a colouring of tienerated graph™(G) obtained
from G by replacing every edge by a cliqgue. We estimate the minimum number of edges possible
in ak-critical t-uniform hypergraph with a given number of vertices. In particular we show that, for
k > t + 2, the problem reduces in a way to the corresponding problem for graphs. In the case when
the generated graph of the hypergraph has bounded clique number, we give a lower bound that is valid
for sufficiently largek and is asymptotically tight ik; this bound also holds for list strong colourings.
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1. INTRODUCTION

A graphG is k-vertex-critical or simplyk-critical, if G is k-chromatic butG — v is (k— 1)-
colourable, for every vertex of G; andG is k-edge-criticalif G is k-chromatic buiG — eis
(k — 1)-colourable, for every edgeof G.

Since the minimum degree of evekycritical graph is at least — 1, the number of edges
in such a graplG is at least‘;|V (G)|; and the complete grapkix has exactly*®-1 —
%|V(Kk)| edges. In 1957, G. A. Dirad] started studying the minimum possible number
f (k, n) of edges in &-critical graph om vertices fork > 4 andn > k. Results of this type
proved to be useful in estimating chromatic numbers of graphs embedded in surfaces. Nice
applications of such results are given by KrivelevidH][

The extended notion of (k, t, n), defined to be the minimum possible number of edges
in ak-critical t-uniform hypergraph om vertices, was studied by Abbat al. [1-3] and by
Kostochkaet al [9, 11]. The fact thatf (3,t,n) = n for everyt and infinitely manyn was
proved in the early seventies independently byasw[l5], Woodall [17], Seymour [L6] and
Burstein {].

In this paper, we address the same problem for the different notion of strong hypergraph
colouring. We say that a colouring of a hypergraplis strongif no two vertices sharing an
edge have the same colour. A strong colouring of a hyperg@&glerresponds to an edge-
colouring of the hypergraph dual @ and to a (usual) colouring of tlgeenerated grapl (G)
with the same vertex set, where two vertices are adjacdnt@) if they share an edge iG.

Let fs(k, t, n) denote the minimum number of edges in@niform hypergraph on vertices
that isk-critical with respect to strong colouring, and kej(k, t) = inf,-k M IfGisa
k-edge-critical graph on vertices(k > t +1) andG’ is obtained fronG by addingt — 2 new
vertices into every edge &, thenG' is ak-critical t-uniform hypergraph on+(t —2)|[ E(G))|
vertices. This suggests that it would be more natural to study

, ) fs(k, t,n) . [E|
sk O Arlkn—(t—Z)fs(k,t,n) G=(V.E) V| — (t — 2)|E|’

where the infimum is taken over @Huniform hypergraph& that arek-critical with respect
to strong colouring. This also shows thad(k, t) < F(k) for everyk > t, whereF (k) =
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infn-k f('r‘;”), since it is easy to see that the minimum valuef gk, n) for fixed n is attained

by ak-edge-critical graph. We will prove that

Fok, t) = F(K) @)

for everyk > t+2, and observe th&t (t+1,t) < F(t+1) foreveryt > 4. The cas& =t+1
is studied more carefully (and in the more general settiqgaotchromatic colouringsn [13].
It is known (see, e.g.,7]) that for everyk > 4,

1 k-3
E<k—1+k2_3>5F(k)<%k. 2)
(The lower bound is due to Gallab]and the upper bound follows from the Hajconstruc-
tion.) Together, 1) and @) imply thatF{(k, t) is between (k — 1) and 3k for everyk > t +2.
Our second result is that if the clique number of the generated dgraph of a k-critical t-
uniform hypergraptG is bounded and is sufficiently large, then the number of edge<f
is about twice as large as is guaranteed gk, t). This new bound is asymptotically tight in
k. It will also be proved for list critical hypergraphs.

2. SOME NOTATION

When we try to colour the vertices ot auniform hypergrapl@ strongly withk > t colours,
we can always colour the vertices of degree one last and without difficulty. In view of this,
we call the vertices of degree omeessential verticeand the vertices of degree greater than
oneessential Also, in view of this, we consider thekeleton 85), which is the subgraph of
I'(G) induced by the essential vertices®f

As we have already remarked, although the clads-edrtex-critical graphs is wider than
the class of (connected}edge-critical graphs, the value dfk, n) is always attained by a
k-edge-critical graph. In a similar way, to stuiy(k, t), it is enough to consider the subclass
of k-critical t-uniform hypergraphs introduced in the next paragraph.

If G is a hypergraphy € A € E(G) and deg,(v) > 2, then the(v, A)-splitting of G is
obtained by replacing the eddeby the edgeA — v + v/, wherev’ is a new vertex. Aplitting
of G is the(v, A)-splitting for some essential vertexe A € E(G). A hypergraphs is called
k-splitting-critical if G needs at leadt colours for its strong colouring but every splitting of
G has a strong colouring witk— 1 colours.

Clearly, (v, A)-splitting is a weaker operation than deleting the edgdHence evenk-
splitting-critical hypergraph i&-critical. On the other hand, auniform hypergraplG that
needs at leadt > t colours for its strong colouring can be reduced by a series of splittings to
ak-splitting-critical hypergraph with the same number of edges and at least the same number
of vertices. Thus, in order to obtain bounds ftk, t), it is enough to estimate the numbers
of edges irk-splitting-criticalt-uniform hypergraphs.

Since some of our results also hold for list colouring, we give the relevant definitidis. A
L for a hypergrapl is a mapping that assigns a $&b) of (admissible) colours to every ver-
texv of G. We say that a (strong) colourirgof G is anL-colouringif ¢ (v) € L (v) for every
v € V(G). A hypergraphG is L-splitting-critical if it has no L-colouring but every edge-
deletion and every splitting (giving the new vertex the list of the original vertex) produces
an L-colourable hypergraph. In these termsk-aplitting-critical hypergraph id.-splitting-
critical, whereL (v) = {1, ...,k — 1} for every vertexv. We will say that a hypergrap8 is
list-k-splitting-criticalif it is L-splitting-critical for at least one lidt with |L (v)| = k — 1 for
everyv € V(G).
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We will call an edgefull if all its vertices are essential, armbllow if it has exactly two
essential vertices.

3. REDUCTION TO GRAPHS
THEOREM 1. For every k>t + 2 and every k-splitting-critical t-uniform hypergraph,G
V(G)
E@)z — O
t—24+1/F(Kk)

In other words,
[E(G)]

>
V(G| -t —-2IEG) —

F(K).

PROOF Let G be a counterexample to the theorem with the smallest possible number of
non-hollow edges, and I&(G) be the skeleton of. SinceG is k-splitting-critical, S(G) is
k-vertex-critical.

If every edge ofG is hollow then|E(G)| = |E(S(G))| and|V(G)| = (t — 2)|E(G)| +
IV (S(G))]. SinceS(G) is k-vertex-critical, thereforéE (S(G))| > F(k)|V (S(G))|, giving

[E(G)] - [E(G)] _ 1
IV(G)| — (t —=2IEG)|+|EG)|/Fk) t—-2+1/FK)’

So suppose not every edge @fis hollow. Let A be any edge o6 with m > 3 essential
vertices, and leG’ be obtained fronG by the following operation:

(a) for every paifv, w} of distinct essential vertices i, we add a hollow edgéd,,,, (call it

a ‘new’ edge) whose vertices apart franandw will all be inessential;

(b) we deleteA and all inessential vertices belongingAo

G’ has the same skeleton @s and hence i&-chromatic. Maybe it is ndt-splitting-critical,
but after deleting some new edges it must becérsplitting-critical. LetG” be ak-splitting-

critical subhypergraph o&’ and lets be the number of ‘new’ edges B”. G” has fewer
non-hollow edges tha@ and so, by the choice @&, |[E(G")| > |[V(G")|/(t — 2+ 1/F(k)).

Note that|E(G)| = |[E(G”)| — s+ 1 and|V(G)| = |[V(G")| — (t — 2)s + (t — m). Since
s<(3)and, by @), F(k) > F(t+2) > (t+1)/2,

VeI IVEHI = IV

B - 2 1F0 = t—2+1Fk o1
_(t=2)s—(t-m—(s—-D(t—-2+1/F(k)
B t—2+1/Fk)
_ m-2—(s—1)/F(k)

t—24+1/FKk)
. m—-2—Mm—-m-2)/t+1)
- t—2+2/(t+1)
(M=)t +1) —(m+1)]
- 12—t '
which is non-negative for Z m < t. This proves the theorem. m|

Since, by definition, there exists a sequefBg}> ; of k-splitting-criticalt-uniform hyper-

graphs with
|[E(Gn)|

IV(Gn)| — (t = 2)|E(Gn)|
we obtain the following consequence.

— Fik,t) asn — oo,
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COROLLARY 1. Fi(k,t) = F(k) for every k>t + 2.

REMARK 1. The lower bound inZ) was proved by Gallaid] for the usual chromatic num-
ber, but the proof works for list colouring as well (as was observed, for examplEQ]JnThus
the proof of our Theorert also works for listk-splitting-criticalt-uniform hypergraphs.

REMARK 2. If an edgeA of a k-splitting-critical hypergraplc has fewer than vertices,
wherek > t, then adding an inessential vertexAccreates a new-splitting-critical hyper-
graph with the same number of edges and a greater number of vertices. Hence the value of
Fs(k, t) will not change if in the definition offs(k, t, n) we replace the wordg-uniform
hypergraph’ by the words ‘hypergraph with no edge having more tivantices’.

To show thatF{(t + 1,t) < F(t + 1), we use the following construction (also described
in [13]). Fort > 3, let Ho(t) be thet-uniform hypergraph with verticesg, vy and vj
Q<i<t-12<j <t) whose edges arfi,vi2,...,vt} (L <i <t-1)and
{vit, vat, ..., Vt—1t, vo}. ThenHo(t) hast? — 2t + 3 vertices and edges; and in any strong
t-colouring of Ho(t), vg must be given the same colouras Call Hy(t) a superlink joining
V0 andvl.

Now, form > 1, form at-uniform hypergrapin,(t) by taking vertices, vy, ..., vs and
adding superlinks joining;_1 andv; (1 < i < s) and a hollow edge containing and vy,
theses superlinks and one edge having no vertices in common excepj foi, . .., vs. Then

Hm(t) is ak-splitting-criticalt-uniform hypergraph and it has(t? — 2t +2) + (t — 1) vertices
andmt + 1 edges. So

IV(Hn®) — ¢t = D[E(Hnt)| =mt* -2t +2) + (t — 1) — (t —(Mt+ 1) =2m+1

d
" |E(Hm(®)] o omt+l ot

= < —.
V(Hn)| = (t = 2|E(Hn®)| 2m+1 2
It follows that F{(t + 1,t) < 5. Recall from @) thatF(t + 1) > 5.

4. HYPERGRAPHSWITHOUT LARGE CLIQUES

To deal with hypergraphs whose skeletons do not have large cliques, we need the following
theorem due to Johansson.

THEOREM 2 (JOHANSSON]8]). For every positive integer r, there exist constantsand
D, such that for every D> D; the list chromatic number of every graph with maximum

; o IninD
degree D with no complete subgraphs o# tl vertices is at most:® 5=

We will prove our bound in a more general setting. Let us say that a colouring of vertices of
a hypergrapl@ is t-strongif every edge ofG contains vertices of at leastifferent colours.
Note that a 2-strong colouring is a usual colouring andtastyong colouring of a-uniform
hypergraphG is a strong colouring ofs. Critical hypergraphs can now be defined in an
obvious way.

THEOREM3. Letr > t be positive integers and let k be sufficiently large with respect to
r. Let G be a hypergraph that is list-k-splitting-critical with respect to t-strong colouring
whose skeleton(&) does not contain a complete subgraph of t vertices.(The criticality
implies that every edge has at least t vertjcdhen

IE(G)| = k(1 —6(Ink)"Y3)(IV(G)| — (t — 2)|E(G))).
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PrROOF Let k be sufficiently large and let be a counterexample to the theorem. Let
be a list forG for which the theorem fails, so thét (v)| = k — 1 for each vertex. Define
F={veV(G) | ds) > kvInk} andM = V(G) \ F.

We shall use the following two claims. Clailris evident, and Clairg follows from Claim1
and the absence &f; 1 in the skeletor5(G).

CLAIM 1. Every edge in G has at mostt 2 vertices of degreé.

CLAIM 2. Every edge in G has at mostf t — 2 vertices in total.

There are now two cases to consider.
CASE 1. There exist8 € M such that:

(i) atleast ona € B belongs to the skeleto®&(G);
(i) each edge intersectirghas at least — 1 vertices in common witlB;
(iif) for eacha € B, the number of edges containiagand having exactly — 1 vertices in
common withB is at mostk — [k/~/Ink] — 1.

Let G’ be obtained fronG by splitting all vertices inB into vertices of degree one. By (i),
G’ #£ G, and hencés’ has at-strongL-colouring. Letf be the restriction t&/ (G) \ B of a
t-strongL-colouring of G’. We will prove thatf can be extended totastrongL-colouring
of G. To this end, we construct auxiliary lists fare B as follows. First, for eaclh € E(G)
having exactlyt — 1 vertices in common witlB, we choose a colowa used byf on A\ B.
Then, for eacha € B, we define the lisL'(a) by deleting from the original list.(a) the
colourca for eachA € E having exactlyt — 1 vertices in common wittB and such that
a € A. By (iii),

IL’(@)| > [k/~/Ink]  for eacha € B. (3)
Let S[B] be the subgraph of the skelet®iG) that is induced byB. Observe that, by the

definition of M and Claim2, the maximum degree & B] is less tharD = (r +t —3)k+/Ink.
If k is sufficiently large in comparison with then

Inin D
k/¥INK > ¢ D

InD

Thus, by B8), we can apply Theorerd to S B] to deduce tha§[B] is L’-colourable. Let us
fix an L’-colouringg of S[B].

We now usegg to deduce thaff can be extended tB. Indeed, letA be an arbitrary edge
intersectingB. All the vertices inAN B belonging toS(G) have different colours. For vertices
of degree 1 inAnN B, by Claim2 (since we may assunie— 1 > r +t — 2) we can choose
different colours not used 08 G) N A. So if [ AN B| > t, we are done. fANB| =1t — 1,
then by the definition of’, thet — 1 colours used o N B differ from ca, and soA contains
vertices of at leadt different colours.

This shows thaff can be extended tB, and soG has at-strongL-colouring. This contra-
diction shows that Caskis impossible.

CASE 2. ForeveryB C M, at least one of (i), (ii) and (iii) is false. We construct a growing
sequencd-, F1, F2, ... of subsets oV (G) as follows. First we puFg = F.

Suppose thak; _1 is constructed. LeBj_1 = V(G) \ Fi_1 € M. Under the conditions of
Case2, there are the following possibilities.

(i) Fi_1 contains all the vertices &(G). Then we stop.
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(ii") There exists an edgd € E(G) suchthatO< |A\ Fi_1] = |ANBj_1] <t —2. Then
we putF = F_1 U A. In this case, we say thats of type(ii’) and A is responsibldor
i

(iii") For some vertexa € Bi_1 = V(G) \ Fi_1, there ares = k — [k/<Ink] edges

Aq, ..., As containinga such that eacl\j has exactlyt — 1 vertices in common with
Bi_1. Then, we pufF; = Fj_3 U U?:; Aj. Inthis case, we say thats of type(iii ") and
aandAy, ..., As areresponsibldori.

Let the construction terminate with the d&4. It follows from the construction thafn,
contains all the vertices i8(G).
Our aim is to show thatE (G)| > k(1 — 6(Ink)~Y3)(|V(G)| — (t — 2)|E(G))), i.e.,

1
IV(G)| < |EG)] (t —2+4 6(|nk)_1/3)).

We will prove the slightly stronger inequality
1 6
VO)I|<IEG)||t-2+-+——).
I()II()I( kkf/ﬂ)
To do this, we use discharging. First, let every edge have charge+ % + kaﬁ’nk. We will

prove that it is then possible for the edges to distribute their charges among the vertices in
such a way that every vertex gets a charge of at least 1; this will prove the theorem.

i 1
STEPO. Letd(e\)/ery edge give chargem
v

v has chargm; in particular, every vertex iffg = F has charge at least 1. By Clai?n
every edgeA has at most +t < (Ink)Y/6 vertices and hence still has charge at least

to24ty O o P W .
— = — >1-— -+ ——.
kK kJInk kvInk kK kdInk

Stepi (1 <i < m)y. If i is of type (if) and A is responsible for, let A give 1 to each
v € A\ Fi_1. In this caseA sends out at most— 2 and already each vertex i has charge
at least 1. So, supposes of type (iii') anda and A, ..., As are responsible far. In this
case, let eaclj give 1 to each of the — 2 vertices in(Aj \ Fi_1) \ {a} and givef + kf’/sm
toa. Thena gets at least

to everyv € A. After this step, each vertex

(k — Tk/¥/Ink)) (% + w%)

which is greater than 1 for larde Thus again each vertex Ig has charge at least 1.

STeEP m + 1. By this stage, only vertices of degree 1 belongin¥ {&) \ Fm have charge
less than one. Observe that each of them belongs to an edge which is not responsible for any
i < m, and that (by Claiml) each such edge contains at mbst 2 such vertices. Thus
each such edge can give 1 to each such vertex contained in it. Now all vertices have charge at
least 1, and the theorem is proved. O

Although Theoren8 is stated and proved above for the general case of list-colourings, the
bound is already asymptotically tight knfor the particular case of usual strong colourings
(which are list-colourings with constant lists): ir®]] Theoreml) it is proved that there are
k-critical graphsH with arbitrarily large girth such thaE(H)|/|V (H)| < k, and by inserting
t —2 inessential vertices into every edge of such a graph wetgehdorm hypergrapl@ that
is k-critical with respect ta-strong colourings. Thus, even imposing the stronger condition of
a large girth would not enable the bound in Theota be improved asymptotically ik.
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