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The Ramsey number, r(G), of a graph G is the minimum integer N such that, in every
2-colouring of the edges of the complete graph Ky on N vertices, there is a monochromatic
copy of G. In 1975, Burr and Erdds posed a problem on Ramsey numbers of d-degenerate
graphs, i.e., graphs in which every subgraph has a vertex of degree at most d. They
conjectured that for every d there exists a constant ¢(d) such that

r(G) < c(d)n

for any d-degenerate graph G of order n.

In this paper we prove that r(G) <n!T*!) for each such G. In fact, we show that, for
every e >0, sufficiently large n, and any graph H of order n!™¢, either H or its complement
contains a (d,n)-common graph, that is, a graph in which every set of d vertices has at
least n common neighbours. It is easy to see that any (d, n)-common graph contains every
d-degenerate graph G of order n. We further show that, for every constant C, there is an
n and a graph H of order Cn such that neither H nor its complement contains a (2,7n)-
common graph.

1. Introduction

The Ramsey number of a graph G, denoted by r(G), is the minimum integer N such
that, in every 2-colouring of the edges of the complete graph Ky on N vertices, there is
a monochromatic copy of G. The existence of r(G) follows from a classical theorem of
Ramsey and we refer to r(G) as the Ramsey number of G. We say that a family of graphs
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% is a Ramsey linear family if there is a constant ¢ = ¢(%) > 0 such that r(G) < cn for every
G €% of order n.

For dense graphs G, r(G) is known to be exponential in the order of G. For example,
in the extreme case when G is the complete graph of order n, we have 22 <r(G) < 2"
Therefore, to be Ramsey linear a family should contain relatively sparse graphs.

One obvious way to force a graph to be sparse is to bound its maximal degree. Another
possibility which is less restrictive is to consider graphs in which every subgraph has a
small average degree. A graph is d-degenerate if every one of its subgraphs contains a
vertex of degree at most d. By definition, low degeneracy is equivalent to low average
degrees of all subgraphs. Burr and Erdds [4] posed the problem of estimating the Ramsey
numbers of sparse graphs. They put forward the following two conjectures.

Conjecture 1.1. The family B4 of graphs with maximum degree at most A is Ramsey linear.
Conjecture 1.2. The family 9, of d-degenerate graphs is Ramsey linear.

The first conjecture was proved by Chvatal, Rodl, Szemerédi and Trotter [6]. They
used the Regularity Lemma, and the constant ¢(#x) in their proof is very large. Better
estimates for ¢(#x) were obtained in [8], [9], [10], and [13]. In addition, in the past
two decades some other subfamilies of the family &, were shown to be Ramsey linear.
Alon [1] proved that the family % of graphs obtained by subdividing every edge of some
other graph is Ramsey linear. Chen and Schelp [5] showed that for every k, the family o7
of the so-called k-arrangeable graphs is also Ramsey linear and that every planar graph is
10-arrangeable. R6dl and Thomas [14] used Chen and Schelp’s result to deduce that for
every k, the family of graphs with no subdivision of K is Ramsey linear. Conjecture 1.2
is still wide open. Recently Kostochka and R&dl [13] proved that the Ramsey number of
any d-degenerate graph with n vertices and maximum degree A is bounded by C(d)nA. If
A is not restricted, this gives an O(n?) bound for every d-degenerate graph with n vertices
and this is the first polynomial upper bound on the Ramsey numbers of graphs in Z;.

For a pair of positive integers n > d, we say that a graph H is (d, n)-common if, for every
d vertices vy,...,vg € V(H), there are at least n vertices of H adjacent to all v;,1 <i<d.
Let Fy(n) denote the minimum positive integer Ny such that, for every N > Nj and every
graph H on N vertices, either H or its complement H contains a (d, n)-common subgraph.
It is easy to see from this definition (see Lemma 2.1, below) that every (d, n)-common
graph contains every d-degenerate graph on n vertices. In view of this observation, the
following question was considered in [13] (in slightly different terms).

Question 1.3. Is it true that, for every positive integer d, there exists a constant C =C(d)
such that Fg(n) < Cn?

By the above discussion, answering this question in the affirmative would imply
Conjecture 1.2. In [13], the following polynomial bound on F;(n) was proved. For every
fixed d there exists a constant C; = Cy(d) such that Fy(n) < Cin®.

In this paper we improve estimates on Fy(n). Our first theorem gives an upper bound
on F,(n) which is not far from linear.
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Theorem 1.4. For every e >0 there exists ng=ng(€) such that, for every n>ny and every
positive integer d <0.1\/Inlnn,

Fy(n) <n'te.

As an immediate corollary we obtain the following new upper bound on the Ramsey
number of d-degenerate graphs, which comes close to the one conjectured by Burr and
Erdos.

Corollary 1.5. For every € > 0 there exists ng = ng(€) such that, for every n > ng and every
positive integer d < 0.1 /Inlnn, the Ramsey number of every d-degenerate graph of order n
is at most n'*<.

On the other hand, we will present a construction answering Question 1.3 in the
negative: even for d = 2 the function Fy(n) is superlinear. This is somewhat surprising and
unfortunate, since this implies that another, more subtle, approach is needed to attack
Conjecture 1.2.

Theorem 1.6. There exists a real ¢ > 0 such that, for every integer n, there exists a graph

A, . ; .
H of order c"li]nlnn” with the property that neither H nor its complement contains a (2,n)-

common subgraph, that is,

nin'*n

Fi(n) > ¢ .
Inlnn

The rest of this paper is organized as follows. In the next section we illustrate our main
ideas by obtaining bounds on Ramsey numbers of bipartite d-degenerate graphs and
deduce Corollary 1.5 from Theorem 1.4. In Section 3 we prove Theorem 1.6, thus answering
Question 1.3 in the negative. Our construction uses the isoperimetric properties of the
Hamming space. Next, in Section 4 we treat (d, n)-common subgraphs of large graphs and
present the proof of Theorem 1.4. The last section contains some concluding remarks.

We close this section by introducing some notation. Given a graph G = (V,E), the
neighbourhood Ng(v) of a vertex v € V is the set of all vertices of G adjacent to it and
dg(v) = [Ng(v)| is the degree of v. For a subset W < V, we let Ng(W) = (,cpy Na(v)
denote the set of vertices of G adjacent to all the vertices in W. We will frequently
write simply N(v) and N(W), when it is clear from the context what graph is under
consideration. Similarly, given a set Y = V, we let Ny (v) denote the set of all vertices in
Y adjacent to v and let Ny (W) denote the set of vertices of Y adjacent to all the vertices
in W. We let In denote the natural logarithm. Throughout the paper we assume, whenever
necessary, that n is sufficiently large. Finally, for the sake of clarity of presentation, we
will omit some floor and ceiling signs in places where it does not affect the argument.

2. Main ideas: bipartite case

In this section we illustrate our main ideas by giving a nearly linear upper bound
on Ramsey numbers of bipartite sparse graphs. We make no attempt to optimize our
constants here and in the rest of the paper.
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We say that a bipartite graph H = (Uy, U;; E) is (d, n)-quasi-common if, for eachi = 1,2,
every set of d vertices vy,...,v; in U; has at least n common neighbours in U;_;. The
following folklore lemma shows why we are interested in (d,n)-common graphs and in
Question 1.3. In particular, the second statement of the lemma shows that Theorem 1.4
implies Corollary 1.5.

Lemma 2.1. Let n and d be two positive integers. Then any (d,n)-quasi-common graph
contains every d-degenerate bipartite graph of order n. Furthermore, any (d, n)-common graph
contains every d-degenerate graph of order n.

Proof. Let H= (U, U;;E) be a (d, n)-quasi-common graph and let G = (Vy,V5;E’) be a
d-degenerate bipartite graph of order n. By the definition of d-degenerate graphs, there
exists a labelling vy,...,v, of vertices of G such that, for every i, the number of neighbours
v; of v; with j < iis at most d. Using this labelling we can construct embedding f : G — H
greedily so that the vertices in V; will be embedded into set U;, [ = 1,2.

Without loss of generality we assume that v; € V4, and let f(v;) be an arbitrary vertex
in U;. Suppose that we have already embedded vertices vy,...,v,_1, and suppose that
vi € Vi. Let D = {f(v;) | (vj,v;) € E(G),j <i}. Then D is a subset of Us_; of size at most
d, and hence the set Ny, (D) of common neighbours of D in U, has size at least n, which
is the order of G. Therefore it is always possible to choose f(v;) to be a vertex in Ny, (D)
different from f(vy),..., f(v;—1). This process clearly embeds G into H.

The proof of the second statement of the lemma is very similar. It is even shorter, since
we do not need to control the parts, and we omit it here. O]

The main theorem of this section is the following Turan-type result. Its proof is based
on the approach introduced in [12], [7] and [15]. The crucial new idea here and also in
the proof of Theorem 1.4 is to find the way to apply these arguments in both directions.

Theorem 2.2. Let 0 < ¢ < 1 be a constant and let d, N and n be positive integers satisfying

Ze) 2d4"3 10?3 n

1
< = - .
d < 64lnn and N n< . (2.1)

Then every bipartite graph G = (Vy,Va; E) with |Vi| = |V>3| = N and |E| = ¢N? contains a
(d, n)-quasi-common graph H = (U, U,; E').

Proof. Let xy,...,x, be a sequence of s=d'/3 1n%3 n, not necessarily distinct vertices of

V3, which we choose uniformly and independently at random, and denote S = {xi,..., X,}.
Let U{ denote the set Ny,(S) of common neighbours of vertices in S. Note that the size
of Uj is a random variable and that S = N(v) for every v € U;. Then, using Jensen’s
inequality and (2.1), we can estimate the expected size of U as follows:

ZPr(u eUj) = Z(M)Y = ey (d0)) 2 N(

N Ns Ns

Zuevd(v))s
N
E(|Uj])

veV; veV)
N (|E(G)|/N)’

o 31..2/3
— N >CsN:n(4eZ/C)dmln n
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On the other hand, by definition, the probability that a given set of vertices W < V| is
contained in U] equals (|N(W)|/N)S. Let Z denote the number of subsets W of Uj of
size d*31In'3 n with |N(W)| < n. Then by (2.1) the expected value of Z is at most

Bz - Y e o)< () (5)

|W|=d?3In'/3 n,|N(W)|<n

s n d'3 1?3 n . n —d?AIn'P pdP 1 n

2/3 11/3 2/3 111/3

< Nd In'"n — nd In'/"n
N N

e [ (1/2)d"3 In**n e\ mt
<ed In n(ﬁ) — (§> < 1.

Here we used that, by (2.1), d'/3 < (1/4)In'*n < (1/2)In'*n and that ¢/2 < 1/2 < 1.
Therefore, by linearity of expectation, there exists a particular choice of xi,...,x; for
which |U|| — Z > n(4€?/c)?"" """ n _ 1. Fix these xi,...,x, and delete a vertex from every
subset W of U] of size d?31n'/3 n with IN(W)| < n. This produces a set U; = V; of size at
least n(4e2/c) " n 1 >y (2e2/¢)d" 01 such that every subset of d?/31n'/? n vertices
has at least n common neighbours in V5.

Next, let g =d**In'*n—d. By (2.1), ¢ > (3/4)d** In'/* n. Take a sequence yi,...,y, of
not necessarily distinct vertices of Uy, which we choose uniformly and independently at
random, and denote Q ={y,...,y,}. Let U, denote the set Ny,(Q). Note that a set of ver-
tices W' = V), is contained in U, if and only if Q = Ny, (W’), and the probability that this
happens equals (|Ny,(W')|/|U|)?. Let Z’ denote the number of subsets W' of U, of size
d with [Ny, (W')| < n. Then, using (2.1) and the fact that d'/> < (1/4)In'/? n, we obtain

31923\ —4
N n q 282 d'31n*3n
E(Z') < — ] <N [ =
< () () (()
<nd % 2443 n*3 n 2_@2 —(3/4)d1nn<ed o g (1/2)dInn 2_82 —(3/4)d1nn
= C C = C C
o\ (/4dinn
== <1
(3)

Since Z' is an integer, by the definition of expectation, there exists a particular choice
of yi,...,y, for which Z'=0. Fix such yi,...,y, and the corresponding set U,. By
construction, every set of d vertices in U, has at least n common neighbours in Uj.
Observe that, vice versa, every set of d vertices in U; has at least n common neighbours
in U,. Indeed, let D be a subset of U; of size d. Then the set Y =D U Q is a subset of
U; of size at most d +q=d + (d**In'3n —d)=d**1n'3 n. By the choice of U; there
are at least n vertices in V, adjacent to all vertices in Y. Hence, to complete the proof
of the theorem one should only notice that all these vertices belong to U,. This indeed,
follows easily from the facts that U, contains all common neighbours of Q= {yi,...,y,}
and QY. L]
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This theorem immediately yields the following corollary, which provides a nearly linear
upper bound on Ramsey numbers of bipartite d-degenerate graphs.

Corollary 2.3. Let d be a fixed integer and let G be a bipartite d-degenerate graph of order
n. Then

"(G) < neo<1n2/3 n — plte(l)

Proof. Let N =n(4e)> 0" n — o000’ m and suppose that edges of the complete graph
K,n are 2-coloured. Consider any partition of vertices of K,y into two equal parts of size
N each. Then clearly at least N2/2 edges between these parts have the same colour. These
edges form a monochromatic bipartite graph which satisfies the conditions of Theorem 2.2
with ¢=1/2. Therefore this graph contains a (d, n)-quasi-common subgraph H, and we
can now finish the proof by applying Lemma 2.1. [

3. A lower bound on F,(n)

In this section we show that the results of previous section, and more generally of
Theorem 1.4, are in some sense tight. More precisely, we present a construction that
proves Theorem 1.6 and gives a negative answer to Question 1.3, even for d =2.

Our construction is based on the isoperimetric properties of the binary cube. Let {0, 1}"
be the set of all binary vectors of length m. For any two vectors x,y € {0,1}", let p(x,y)
denote their Hamming distance, that is, the number of coordinates in which they differ. We
use the well-known fact that any sufficiently large subset of {0,1}™ contains two almost
antipodal vectors. More precisely, we apply the following classical result of Kleitman [11].

Lemma 3.1. Let t <m/2, A< {0,1}", and

t
m
A4l >>" (;)
i=0
Then there is a pair of vectors a; and ap in A such that p(ay,ay) > 2t + 1.

We will also use the following standard Chernoff estimates (see, e.g., [2, Appendix A,
Theorem A.4]) for binomial distributions.

Lemma 3.2. Let / and p be positive integers, A < p/2. Then
Z (N) <M e-z)?/ﬂ'
0<au/2—2 a

Having finished all the necessary preparations, we are now ready to complete the proof
of Theorem 1.6. Our approach here was influenced by the well-known construction of
Bollobas and Erdds [3] of dense Ky4-free graphs without large independent sets.

Proof of Theorem 1.6. Let m= log,n+ (log,log, n)/4 —log,log,log,n and let V =
{0,1}™ be the set of binary vectors of length m. Let H be the graph on the vertex set
V in which two vertices x,y € V are adjacent if and only if their Hamming distance
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p(x,y) < m/2. We claim that neither graph H nor its complement H contains a (2,n)-
common subgraph. We assume that H or H contains a (2, n)-common subgraph G, and
obtain a contradiction.

Let U denote the set of vertices of G. Since G is (2, n)-common, by definition, the order
of U is at least n=(1 + 0(1))2’”% > 2’”/\/ﬁ Therefore, by Lemma 3.2 (with u=m and
A=0.5y/mlog, m) and Lemma 3.1 (with t=0.5m —0.5,/mlog, m)), U contains a pair of
vertices uy, u such that p(uy,uy) > m — /mlog, m. We obtain a contradiction by proving
that the total number of vertices in H and also in H adjacent to both u; and u, is less
than n. Without loss of generality we can assume that u; is the all-zero vector, and u, has
0 in its first k < y/mlog, m coordinates and 1 in the remaining m — k coordinates.

Case 1: G is contained in H.

Let x be a vertex of V' which has precisely a ones in first k coordinates and b ones in

the remaining m — k coordinates. The number of such vertices in H is (¥) (";%). If x is

adjacent to both u; and u, then, by the definition of H, p(x,u;)=a+b<m/2 and

p(x,uz)=a+ (m—k —b) < m/2. This implies that m/2 —k+a<b<m/2—a and a<k/2.
First we consider the case when k < m!/4. By the above discussion the total number of

vertices of H adjacent to both uy,u, is at most

O 00 1470 =15 =y

a<k/2 m/2—k+a<b<m/2—a 2

2m—k . om
< = =
\O(kWZ) O<m1/4) o(n).
In these inequalities we use the fact that the largest binomial coefficient is the central one,

Stirling’s formula, and the estimate n = (1 + 0(1))2"11‘:5—%".

Next suppose that k > m'/%. In this case, first note that by Lemma 3.2

3 (k><2e2;'2/k2k.
aky2)>s N4

By choosing 2= /kInk and using the facts that {m <k=0(y/mlog,m), n=(1+
0(1))2'”'?5% together with Stirling’s formula, we obtain that the total number of vertices
of H adjacent to both uy,u; is at most

|Ng(u,up)| = Z Z <Z) (’”;k>

a<k/2 m/2—k+a<b<m/2—a

SRR N VY[ () L S M W G

la—k/2|>/kInk b [2a—k|<JkInk m/2—k+a<b<m/2—a

2k m—k k\ /fm—k
S O ReG [c

la—k/2|<2KInk 2

2k2m—k 2m—k 2m+1 om 1n3/4 m

m—k ﬁ

This completes the proof of Case 1.
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Case 2: G is contained in H.

Let v;, i =1,2 be the vertex in V antipodal to u; (e.g., vy is the all-one vector). Then
p(v1,v2) = p(uy, up) and a vertex x is adjacent to both u; and u, in H if and only if x is
adjacent to both v; and v, in H. According to Case 1, there are only o(n) vertices with
this property. This proves the theorem. L]

4. Embedding (d, n)-common graphs

In this section we prove the following statement, which implies Theorem 1.4.

Theorem 4.1. Let d,n and N be positive integers such that d < 0.1 /Inlnn,
n < Nexp(—9%(In N/, (4.1)

and let H be a graph of order N. Then either H or its complement H contains a (d,n)-
common subgraph.

First we show how Theorem 1.4 follows from Theorem 4.1 (which will be proved in the
next three subsections). Suppose some 0 < € < 1is given and n > ng(€). Let d < 0.1/Inlnn
and let H be a graph on N = n'* vertices. Checking that our d,n and N satisfy (4.1) is
equivalent to checking that

1 < ne exp(_90.4,/lnlnn((1 4 6) In n)2d/(2d+l))'

The last inequality would follow from

elnn > 90.41/1n1nn2(1n n)1—2/«/]nlnn. (42)

Since

90.41/1n1nn 90,4 JInlnn
( ) = o(1),

(In )2/t e

inequality (4.2) holds for sufficiently large n. Therefore, by Theorem 4.1, either H or H
contains a (d, n)-common subgraph.

Our important tool will be the Tripartite Lemma proved in Section 4.1. It is an
elaboration of similar lemmas proved in [7], [12] and [15]. The difference from previous
applications is that we have managed to keep some useful properties on all steps of a
procedure. After proving the Tripartite Lemma and a technical lemma, we conclude the
proof of Theorem 4.1 in Section 4.3 by presenting a procedure that, for every graph H
satisfying the conditions of the theorem either in H or in H, finds d + 1 disjoint vertex
subsets X,..., X;,,, with the property that each d-tuple of vertices in X' = U?:ll X, has at
least n common neighbours in X’. The above-mentioned technical lemma helps to control
the sizes of current sets and their neighbourhoods during the procedure.

4.1. Tripartite lemma
Let G be a graph and let X and Y be two disjoint subsets of G. Then we let e(X,Y)
denote the number of edges of G incident with exactly one vertex from X and one from Y.
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Lemma 4.2. Let G = (V,E) be a tripartite graph with parts X,Y and Z such that |X| = m,
|Y |+ |Z| < m?, and suppose that
mlY|

eX,Y) > , (4.3)
a

for some a > 0. Let s and r be positive integers and let o be a positive real number such
that

sin” > 2rlnm. (4.4)

Suppose also that |Y | > 2a°. Then there exist S < X and T < (Y UZ)N N(S) such that

(a) IS < s,

B |TNY|>05Y]a",

(c) IN(R)N X| > o for every subset R < T of sizer,
@Y UZ)NNES)\T| < 2a°.

Proof. Let xi,...,x; be a sequence of not necessarily distinct vertices of X which
we choose uniformly and independently at random, and denote S = {xi,...,x;}. The
probability that a given vertex y € Y is in N(S) is (|N(y) N X|/m)*. Thus, using (4.3) and
Jensen’s inequality, we obtain that the expected value of [N(S)N Y] is

Z(M) - E(Zyey IN(y)ﬂXI)S Iy (e(X,Y))s 1Y)

m “ms |Y | ms Y| as’

yey

Let u(S) denote the number of r-tuples of vertices in (Y U Z) N N(S) having at most o
common neighbours in X. If some r-tuple R = Y U Z has at most o common neighbours
in X, then the probability that R = N(S) is at most («/m)°. Therefore, by (4.4), the
expectation of p(S) is at most

E(u(S)) < <'Yj|z|) (%) < (M) (a/m)’ =exp<2rlnm—s(ln%>) <1

Hence, by linearity, the expectation of |[N(S)N Y| —0.5]Y |a—*u(S) is at least

W1l s XYl

a  2a° a 208 a8’

Thus there exists a particular choice of S such that |S| < s, and
IN(S)NY|—0.5Y|a*u(S) > 0.5]Y|a". (4.5)

Fix such a set S and delete a vertex from every r-tuple R < (Y UZ) N N(S) having fewer
than o common neighbours in X. This produces a set T that together with S satisfies
statements (a) and (c) of the lemma. Next we use (4.5) together with the fact that |Y | > 24°
to conclude that

ITAY|>|INS)NY|—u(S) = INS)N Y| —0.5]Y [au(S) = 0.5]Y |a.

This implies that T also satisfies statement (b).
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Finally, note that we have deleted at most u(S) vertices, and (4.5) yields

INS)NY] Y] _
05[Y|a> ~05Y|a>

S

wS) <

This proves (d) and completes the proof of the lemma. [

Remark. To prove Theorem 4.1 we will use the assertion of this lemma only for a=2.
Nevertheless we include here the proof of a slightly more general result, since it can be
applied to obtain a multicoloured version of Theorem 4.1.

4.2. A technical lemma
To dispose of boring calculations in the proof of Theorem 4.1, we deal with them in
the present subsection, which can be omitted at first reading. The relations we prove are
routine, but we fix them to be on the safe side. Let d, n and N be the positive integers
which satisfy the conditions of Theorem 4.1, and let to = N. For i =1,2,...,2d, let us
define inductively integers s;, r;, t;, m; and reals «; as follows.

Let

my = lto/3],  s1=|9d(InNPYCHV] 41, = 055 (In N)T/EED

t = {];]2“—‘ and oy = my exp(—(In N)2/24+D),

Fori=2,3,...,2d, let
si=105r1), 1= [05s(InN)"VEHD | g = [N2TSITRT 3T

ti_
m; = {I—IJ and o; = m;exp(—(In N)Zd/(z’””).

Lemma 4.3. Let the numbers s;,ri, t;,m; and o; be defined as above. Then

(pl) F> 3 92d7id(1n N)(dei)/(2d+1) and s; > 92d+1fid(ln N)(2d+17i)/(2d+1) fOV every i, 1<ig
2d,

(p2) Z 45' and Z ﬁ for every i, 1<i<2d,
(p3) r; —Zj 18 =5 for every i, 1 <i<2d,

(p4) t; > Tnexp((In N)zd/(z’””) for every i < 2d,

(pS) tl > 3 2%t for every i < 2d — 1,

(p6) = > n 7t > Inm; for every i < 2d,

(p7) o — Z} i412°2% = n for every i, 1 <i< 2d.

Proof.  Since, for every real ¢ > 6, |§] > 4, it is easy to see that r; and s; satisfy (pl).
If (p1) holds for r; and s, it also holds for s;;1, since

3. 92d—id InN (2d—i)/(2d+1)
Si+l:[0.5riJ >%> (Il3)

— QU=+ g1y N2+ () 2+
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and then also for r;;1, since

rivr = [0.5sip1(In N) /40|
> |_0-5 . 92d+1—(i+1)d(1n N)(2d+l—(i+1))/(2d+l)(1n N)—l/(2d+1)J
92d+1—(i+1)d(1n N)(2d—(i+1))/(2d+1)

3
=3 92d—(i+1)d(1n N)(Zd—(i+l))/(2d+l).

>

To prove (p2), it is enough to observe that r;; < 0.5s;11 < 0.5(0.57;) < 0.5(0.25s;) and thus
riv1 < ri/4 and ;11 < s;/4. The same observation together with (p2) proves (p3).
Next, from (4.1), definitions of ¢; and (p2), it follows that the inequality

ti >ty > N27*1/33720 > Tnexp((In N)/4+D),
holds if
exp(94d(ln N)Zd/(2d+l)) >7. 32d222(4/3)92dd(1n N)2d/Qd+1) exp((ln N)2d/(2d+1)).
This in turn is true if
9%(In N/ > 1n28 4 2dIn 3 + ((4/3)9%dIn2 + 1)(In N)*/ 24D,

Since the last inequality holds for every d > 1, we have (p4). The relation (p5) follows
from (p4) and the facts that s;1; < s; and that d < 0.1 /Inlnn.
By the definitions, s; > 2ri(In N)"/4*1) and ™ = exp((In N)*¥/4tD). Therefore, to
obtain (p6) note that
S T s (1n M)V (In NPYCHD — In N > nm,.
2r,— o
Finally, to prove (p7), observe first that the inequalities s;; < s;/4 and d < 0.1/Inlnn
yield
2d
D 2:29 <42 =o(n).
Jj=it+1

So, it suffices to prove that o; > 2n, which would follow from m; > 2nexp((In N)*/C4D),

This, in turn, follows from (p4) and the fact that m; = | %5*]. The lemma is proved. ]

4.3. Proof of Theorem 4.1

Let the numbers s;,r;,t;,m; and o; be as defined in the previous subsection and let H be
a graph which satisfies conditions of Theorem 4.1. We will now construct an auxiliary
graph G using the following procedure.

Step 1. Let Ty=V(H) and let X; be a subset of V(H) of size m; and Y; =Ty — X;.
Define Hy =H if ey(X1, Y]) > M and H; = H otherwise. If H; = H, then we will say
that 1 is an H-number, and otherwise we will say that 1 is an H-number. Let G| be the
graph with V(G;) = V(H) and E(G;) = Ep, (X1, Y1). Then Gy is a bipartite graph with at
least M edges between X; and Y;. Observe that the graph Gy, together with the sets

X1,Y;, and Z; = 0, satisfies the conditions of Lemma 4.2 with a = 2,s = s;,m = m; and
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r = ry. This implies that there exist S; < X; and T; < Y; such that:
(@) [S1] < s1,

(b) [T1| = t1,

(c) X1 N Ng,(R)| = oy for every R < T of size ry.

Define X1,1 = Xl.

Step k (2 < k <2d). Assume that at step k —1 we have an auxiliary graph Gj_g, a
decreasing sequence of k sets Top o Ty = --- o Ty_1, and a family of kK — 1 disjoint vertex
sets Xik—1, Xok—1,--., Xx—14k—1 With the following properties.

(1) |T;| =t foreveryi, 1 <i<k—1.

(i1) Xjg—1 < Tizy \ T forevery i, 1 <i<k—1.
(ii1) For every i, 1 <i < k—1, there is an S; < Xj;_; such that

N (S) 2 Ti 2 Xigix—1 V- UXj—1x—1 U Ty and  [S;] < s (4.6)

(iv) For every i, 1 < i<k —1, and every subset R of the set Uy_; — X;x—1, where Uy_; =
_ . k—1
Ti—q U Ul;:]lX/',k_l with ‘R| <ri— Zj:i-ﬁ-l Sj,

NG, (R) N Xijt] = 05— Y 229, 4.7)
j=itt
(v) For every 1 <i< k— 1, the edges of Gy_; connecting X;;_; with T; either all belong

to H or all belong to H.

Note that we have properties (i)—(v) after step 1. Next we will describe step k, and prove
that after step k we will still keep all these properties (with k in place of k — 1).

Let X be a subset of Tj,_; of size my and Y, = Ty_1 — X. Define H, = H if ey (X}, Yi) >
w and H; = H otherwise. If H, = H, then we will say that k is an H-number, and
otherwise we will say that k is an H-number. Let G be the graph with V(Gy) = V(H) and
E(Gy) = E(Gi—1) U En, (X, Yi). Then Gy is a (k + 1)-partite graph with at least M
edges between X; and Y. It follows that the sets X = X and Y = T;,_; — Xi satlsfy
condition (4.3) of Lemma 4.2 for a = 2. Now we check that the remaining conditions of
this lemma are satisfied for Z = Uf.‘;l Xik—1, S = Sk, m = my, ¥ =ry, o = ax. Indeed, (p4)
together with the fact that my = | %] yields |Y|+|Z| < N <n? <mj, (p5) yields that
Y| > 2ty_1/3 > 2- 2%, and (p6) yields (4.4).

Thus, by Lemma 4.2, there exist Sy < Xy and T < (Y UZ) N Ng,(Sk) such that:

(a) ISkl < sk,

() [TNY] > 05]Y[27% = 0.5(tx—1 — my)27% > 5L27% > 1,
(¢) | Xk N Ng, (R)| = o for every R <= T of size rk,

(@Y VZ)N NG (SD\T| < 2- 2%

Let Ty denote any subset of TNY of size t; (the existence of such a subset follows
from (b)). Let

Xk,k =X, and X,-’k = Xi,k—l NT. (48)

Next we check that properties (i)—(v) still hold after this step (with k in place of k — 1).
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The set Ty was chosen to satisfy (i). By construction, X = Tk—1, Xk N T = 0 and
Xik € Xij—1 foreveryi=1,...,k — 1. This implies (ii). Now (iii) follows from the definition
of Sy, (4.8), and the induction hypothesis.

To check (iv), consider an arbitrary i, 1 <i <k, and R < Uy — X;; with |[R| <r —
S 18 If i=k, then |[R|<ri, Uy — X, = T and (4.7) reads [Xi N N, (R)] = [ X
N, (R)| > o, which is true, owing to (c). Let 1 < i < k — 1. Since the sets X1, .., Xx—14—1
and T are pairwise disjoint, by definition, we have Uy — X, < Ui_1 — Xix—1 for every
i<k—1 Let R =RUS. Then |[R'| <1 — sz\ 114_1 sj. By property (iv) of the induction
hypothesis, we have

NG (R) N Xijy| Z 05— Y 229, (4.9)
Jj=i+1
According to (d), Xjx is obtained from X;,_; N N, (Sk) by deleting at most 2 - 2% vertices.
Hence Xk N Ng, (R) is obtained from X;x_1 N Ng,(Sk) N Ng, (R) by deleting at most 2 - 2%
vertices. But X;x_1 N Ng,(Sk) N Ng,(R) = Xix—1 N Ng,(R') and therefore, by (4.9),

k
|Xix N N, (R)| = Z 2:29 | =22 =y — Y 2029,
j=it1 j=itl

This implies that (iv) still holds after step k. To finish the proof of this induction step,
note that X;x < X;x—1 and that for 1 <i <k —1 the edges of G connecting X;,_; and
T; either all belong to H or all belong to H. This implies that X, 1 < i < k — 1 satisfies
(v). Also, from the definition of Hj we conclude that (v) holds for Xjx as well.

Let Xi24,...,X2424 be the disjoint sets obtained after step 2d. Define Vy = UfilX,;Zd
and G = Gy. By (iv) and (p7), for every i, 1 < i < 2d and every subset R < V — X;»; with
IRl <ri— Z?i,-ﬂ Sjs

ING(R) N Xipal Z 06— Y 22 >n. (4.10)
j=itl

In addition, observe that, for every i < 2d, by (p3) and (p1) we have

2d
- Zsj>rl/3>

j=it1

Therefore, in our auxiliary graph G, for every i, 1 < i< 2d, every set of d vertices in
Vo — Xi2q has at least n common neighbours in X .

To finish the proof, observe that the set {1,2,...,2d — 1}, either contains d H-numbers,
or contains d H-numbers. Without loss of generality suppose that the former holds and
assume that 1 < j; < -+ < jy < 2d — 1 are some H-numbers. Define j;1; = 2d. Then the
subgraph G’ of G induced by the set V' = U;lill X 24 1s also a subgraph of H.

Let vy,...,vq be arbitrary vertices of G'. Since the sets X 54 are disjoint and there are
d+ 1 of them, there is an index ji such that vy,...,v4 € X, 24. Therefore, by (4.10), the
number of common neighbours of vy,...,v, in X, 54 and thus also in graph G’ is at least n.
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This implies that G’ is a (d,n)-common subgraph of H, and completes the proof of the
theorem. (]

5. Concluding remarks

(1) Note that, for sufficiently large n, the proof of Theorem 2.2 gives nearly linear
bounds on N not only for fixed d and c. Indeed, if d and ¢ are functions of n satisfying
d1n’(1/¢) = o(Inn), then the bound on N in (2.1) is still n'*t°("). This implies the following
two conclusions of independent interest.

First, repeating the proof of Corollary 2.3, we observe that in any colouring of edges of
the complete bipartite graph Ky y with a colours, some colour is used on at least N?/a
edges. Applying Theorem 2.2 and the previous remark to the graph spanned by the edges
of the majority colour, we obtain the following extension of Corollary 2.3.

Corollary 5.1. Let d and a be integer-valued functions of n such that d1n* a = o(Inn). Then,
for every family of bipartite d-degenerate graphs Gy,...,G, of order n, the Ramsey number
r(Gi,...,Gy) is n'Tol),

Second, note that, for fixed ¢, the condition dIn’(1/¢) = o(Inn) is equivalent to d =
o(Inn). In particular, we obtain that the Ramsey number r(G, G) of each d-degenerate
bipartite graph G of order n is still n'*°!) even when d is as large as Inn/w(n), where
w(n) tends to infinity arbitrarily slowly together with n. This bound is nearly tight. For
example, if d = 3log, n then the random colouring of K,s», where the colour of every
edge is chosen independently with probability 1/2, does not contain monochromatic K 4.
Therefore the Ramsey number of K, is at least n*/2.

(2) The proof of Theorem 1.4 shows that d can also grow, with # still keeping the bound
on N as n!t°()_ but in the general case the restrictions on d are much stronger than in
the bipartite one. Here d must grow no faster than /Inlnn. It would be interesting to
determine how large d can be, as a function of n, such that the assertion of Theorem 1.4
still holds.

(3) Using the Tripartite Lemma for a > 2, we can generalize Theorem 4.1 to edge
colourings of Ky with a colours. In this more general case the structure of the proof will
remain the same, only the procedure in Section 4.3 will have ad steps, and the formulas
will become somewhat uglier. We obtain that, for a and d which grow sufficiently slowly
with n, in every a-colouring of edges of K, there will be a monochromatic (d,n)-
common graph. This immediately implies the corresponding bound on Ramsey number
r(Gy,...,G,) for every family of d-degenerate graphs of order n.

(4) Finally, note that Theorem 2.2 is a Turan-type theorem, but Theorem 1.4 is a Ramsey-
type theorem. It is easy to see that it is not enough to have restrictions only on average
degree of the whole graph to guarantee the conclusion of Theorem 1.4. Indeed, the
complete bipartite graph Ky n has average degree N but does not contain triangles. On
the other hand we can prove the following quasi-Turan-type analogue of Theorem 1.4,
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Proposition 5.2. For every € > 0 and positive integers d and a, there exists ng = ny(e, d, a)
such that, for every n > ng, the following holds. Let H be a graph of order n'*¢ in which
every induced subgraph on k > 8n vertices has at least %(g) edges. Then H contains a (d,n)-
common subgraph. ]
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