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Colouring Relatives of Intervals on the Plane, II: Intervals and Rays in
Two Directions

A. V. KOSTOCHKA AND J. NESETRIL

We give exact upper bounds on the chromatic number for the intersection graphs of intervals and
rays in two directions on the plane in terms of clique number.
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1. INTRODUCTION

This paper is a continuation of our previous wogk [The topic of bounds on a chromatic
number of intersection graphs of intervals and their relatives on the plane was initiated by
Asplund and Giinbaum [] and Gyarfas and Leheld]. A number of these problems can be
stated in the following framework. For a clagsof intersection graphs and for a positive
integerk, k > 2 find or bound:

(i) f(G,k), the maximum chromatic number of a graplginvith a clique number at most
k;

(i) g(g, k), the maximum chromatic number of a graphdrwith a girth at leask (here
we assumé > 4).

Note thatf (G, 2) = g(G, 4). In [3] we obtained bounds og(G, k) for the following fami-
lies:

Z: intersection graphs of intervals on the plane;
R: intersection graphs of rays on the plane;
S: intersection graphs of families of strings on the plane such that the intersection of any
two strings is a connected subset of the plane;
Im: intersection graphs of intervals on the plane parallel to sortires;
Rm: intersection graphs of rays on the plane parallel to sonfiees.

In particular, we have proved that for every integer 6, g(R, k) = 3 and thag(R2, 5) =
3. Let us remark that the finiteness @fZ,4) = f(Z,2), 9(S,4) = f(S,2) is an open
problem.

In the present paper we are concerned wWithand Ro. Obviously, R, < 7, and thus
f(R2, k) < f(Zy, k) for everyk. The main result of this paper states that they are the same.

THEOREM 1. Letk > 2 be an integer. Then

2k, if k is even;
f(R2. b = T(Z2. 0 = { 2k~ 1, ifkis odd. @)

Recall that intersection graphs of line segments are perfect (which in our terminology is
equivalent tof (Z1, k) = k).

In Section2 we introduce some notation. In Secti®mwe give the upper bound of\(Z, k).
In the final section we present a modification of the Asplundi®Baum constructionl] to
obtain the lower bound offi (R2, k), which completes the proof of Theorein
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2. NOTATION

Suppose that a famil¥ of intervals, rays or lines is am-direction familyif there arem
(straight) linedy, ..., I, such that any member &f is parallel to somg,1 <i <m.

For a familyF of subsets oP, itsintersection graph G= G is the undirected graph with
the vertex seF such that for, p € V(G),

r,p) e E(G) «—=rnp#40.

Certainly, for a graplG, there could be different familieB’ and F” such thatG = Gg/ =
Ggr. Any such a family is called eepresentatiorof G. The maximal size of a clique in the
graphGeg will be also callecclique number of F

For a family F of intervals in a linel and a reak < I, let F™(c) denote the subfamily
of intervals inF whose left end is greater tham Similarly, F~(c) denotes the subfamily
of intervals inF whose right end is less thanand FY(c) denotes the set of intervals i
containingc.

3. THE UPPERBOUND

An interval | € F is said to bek-covered(by F) if all its points belong to at leadt/2
intervals inF (including 1), andk-uncoveredtherwise.

LeEmMA 1. For every family F of intervals in a line with clique number k, there exists a
k-colouring of G= such that the colour k is used only for colouring of vertices corresponding
to k-covered intervals.

PrROOFE By induction on|F|. Let F be a smallest family contradicting the lemma.

CAsE 1. There exists € | such thatF(c)| < k/2, F~(c) # ¥ andF*(c) # #. By the
minimality of F, there are requireki-colouringsf ~ and f * of F~(c) U F°(c) andF*(c) U
FO(c), respectively. Note thatf ~(F°(c))| = | f T(FO(c))| = |F°(c)| and the colouk is not
in f~(F°%c)) U f*t(F%c)). Hence we can rename some colours ih (not touchingk) so
that f (1) = f*(l) for everyl € FOc). Thenf~ U f* is a required colouring foF, a
contradiction.

CASE 2. For everyc e |, if |[FO(c)| < k/2, then eithefF—(c) = @ or F*(c) = @. This
means that there are at mést 1 k-uncovered intervals. We take any projecolouring of
F and rename the colours so that none of the (at nkost) k-uncovered intervals gets colour
k. This proves the lemma. o

LEMMA 2. For every2-direction family F of intervals with cligue number k, there exists a
2k-colouring of G=. Moreover, if k is odd, then there existg2k — 1)-colouring of Gr.

PrROOF The first statement is trivial: we simply colour first wikhcolours all the intervals
in the first direction, and colour with colouks+ 1, ..., 2k all the intervals in the second
direction.

Letk be odd. By Lemm&, we can colour all the intervals in the first direction with colours
1, ...,k so that colouk will be used only for somé&-covered intervals. Similarly, we can
colour with coloursk, ..., 2k — 1 all the intervals in the second direction so that collur
also will only be used for somk-covered intervals. Since necovered interval in the first
direction meets ani-covered interval in the second direction, we obtain a propler— 1)-
colouring of GE. O
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4. CONSTRUCTION

We modify the construction of Asplund and i@baum 1]. The two directions in question
will be horizontal and vertical.

4.1. Building blocks. A horizontalk-bunchwith centre ais a set ofk horizontal rays with

a common originO havingx-coordinatea, such that'k/2] of these rays are oriented to the
right and the remainingk/2| rays are oriented to the left. The rays oriented to the right are
calledthe right partof the bunch, and the rest dtee left partof the bunch.

A horizontal(k, I)-bundleis a set of Qdisjoint horizontak-bunches with different centres.
Similarly, we can define vertical bunches and bundles (where the role of the ‘right’ plays
‘up’). A k-bundleis a(k, I)-bundle withl = I(k) = [log, k].

Given a horizontalk, I)-bundle B with centresay, ..., ay (wherea; < a2 < --- < ag),
the 2-zoneis the open half-plane to the right of the lige= ay and fori =1,..., 2 -1,
thei-zoneis the open vertical strip whose left boundary is the kne g and right boundary
is the liney = &;. Let B' denote the set of rays iB intersecting thé-zone. Since no-zone
contains a centre, for eveiythe clique number of the intersection graphBJfis at most

rk/2].

LEMMA 3. Let B be a horizontalk, I)-bundle with centresa. .., a,, where @ < ap <
- < ay . For every proper colouring of @, there exists an i such that on the rays ih &
least k— 5,% colours are present.

PROOF. Letl = 0. ThenB consists of & = 1 k-bunch andB! comprises the right paiR
of this bunch. For any proper colouring @fz, exactly colourgk/2] are used orR.
Suppose that the lemma s true for every |. Let f be a proper colouring dbg. Consider
the (k, I —1)-bundleB; with centresy, ag, as, . . ., &yl _4. By the induction assumption, there
is ani such that orBi1 at Ieask—%‘r colours are present. Suppose that the set of colours present
on Bi1 is Sand|S| = s. Thex-borders of the-zone in Bi1 areap -1 andagi 1. Then at least
k — s colours not inS are present on thebunch with the centray . Therefore, eitheBZ —1
or BZ+1 meets at least + 0.5(k — s) colours. This proves the lemma. O

COROLLARY 1. Let B be a horizontal k-bundle with centres, a. ., ayw, where a <
a < --- < ayw. For every proper colouring of the intersection graph of B, there exists an i
such that on the rays in'Bat least k colours are present.

i i k k
PROOF By Lemma3, on the rays in som@' at leask — g7 = k — ST, K71 > k—1
colours are present. m]

For ak-bundleB and a colouringf of Gg, we say that an-zone isf-bad if f uses at least
k colours onB'. Then Corollaryl simply states that for every-bundle B and every proper
colouring f of Gg, there is anf -badi-zone.

4.2. The idea and an exampl&.he construction (for an eveq consists of a familyJ of
horizontalk-bundles and a family of verticalk-bunches such that for every proper colouring
f of the whole family, we can choo$é&k) verticalk-bunches forming &-bundleBg andl (k)
horizontalk-bundles such that everyzone ofBg intersects arf -bad zone of somk-bundle

in U. Then anf-bad zone ofBy (which exists by Corollaryl), intersects arf -bad zone of
somek-bundle inU. This implies that we need at leadt 2olours. Since each of the left and
right parts of everk-bunch contains exactly/2 rays, the cligue number &yt will be k.
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FIGURE 1. A 4-chromatic ray family.
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ExaMPLE. Letk = 2, thenl (k) = 2. The familyU consists of three 2-bundld, B, and
Bs. The bundleB; consists of two 2-bunches; 1 with the centre at poird; 1 = (0, 3i — 2)
andB; 2 with the centre at poirgy » = (4, 3i — 1). Note thatj-zones { = 1, 2) are the same
for all three 2-bundles.

The family T consists of six vertical 2-bunch&¥ j (i € {1,2, 3}, | € {1, 2}), where the
centre ofW, j is located aw;j j = (3(j — 1) +1, 3(i — 1)) (see Figure).

Assume that there exists a 3-colourih@f Gyut. By Corollaryl, either 1-zone or 2-zone
is f-bad for at least two 2-bundles amomig, B, and Bs. Let, for definiteness, 1-zone be
f-bad for 2-bundle$; and Bz. Consider the 2-bundM/ formed by the 2-bunche#/ 1 and
Ws 1 (here indexj was chosen to be 1, since 1-zonef idbad, and the indexwas chosen to
be 1 and 3 since the zone fsbad for B; and B3). Now, the 1-zone folV crosses arf -bad
zone forBs and the 2-zone fowW crosses arf -bad zone foBz. Thus in one of these spots,
we need at least 2 2 = 4 different colours, a contradiction.

4.3. The construction for even K.etk > 2 be even antl = I (k) = [log, k|. The family
U of horizontal rays in the construction consistd ¢f— 1) + 1 k-bundlesBy, ..., Big—1)+1.
The bundleB; consists of k-bunchesB; j, where the centre dB; j is at pointa; ;| = ((j —
DI2, (I +1)(i —1) + j). Note thatj-zones { = 1, ..., 2') are the same for ak-bundles in
u.

The family T of vertical rays in the construction consistkebunchedh; j (i € {1,...,1(—
D+1},j e ({1,...,1}), where the centre ol j is located atwi j = (1°(j — 1) +1i,( +
L —1)).
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Assume that there exists a progek — 1)-colouring f of Gyyt. By Corollaryl, every of
Bi,i =1,...,1( —1) + 1, contains anf-bad j (i)-zone for somej (i) € {1,...,1}. Then
there exists gg such thatjp-zone isf -bad for at least B;-s, say, foiiy, ..., i;. Denote byw
the k-bundle formed byk-buncheswi, j,, ..., W j,- By Corollary 1, for somes, s-zone of
W is f-bad. LetR denote the rectang[é?(j — 1), 12j] x [(I + 1)(is — 1), (I + D)is]. By the
above, the interior oR is crossed by horizontal rays of at lestolours and by vertical rays
of at leastk colours. This contradicts the choice bf

4.4, The case of odd kiIf we simply repeat the construction from Sectiér8, then the
resulting graph will have clique numble#-1, since the right parts of horizontalbunches and
up parts of verticak-bunches havék+1) /2 rays each. To avoid this, consider the construction
(U UT)k_1 fork — 1 and replace evergk — 1)-bunch inU by ak-bunch. Since for an odkl

I (k) =I(k—1), every formernk — 1)-bundleB; becomes &-bundle. Now, the clique number
of Guut is k, and repeating the argument of Sect#B, we see that at some spot, vertical
rays of at leask — 1 colours cross horizontal rays of at lekstolours. Therefore, for every
oddk we get a(2k — 1)-chromatic construction.
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