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Abstract: A multicircuit is a multigraph whose underlying simple graph is
a circuit (a connected 2-regular graph). In this pair of papers, it is proved that
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ch”(C) equal to its ordinary total chromatic number x”(C). In the present
paper, the kernel method is used to prove this for every multicircuit that
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has at least two vertices with degree less than its maximum degree A.
The result is also proved for every multicircuit C for which x"(C) > A + 2.
© 2002 Wiley Periodicals, Inc. J Graph Theory 40: 26—43, 2002
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1. GENERAL INTRODUCTION

It has long been conjectured that every (multi)graph has edge choosability
(i.e., list edge chromatic number—see the definitions in the next section) equal to
its ordinary edge chromatic number. By analogy with this conjecture, several
authors, including Borodin et al. [3], have conjectured that every multigraph has
total choosability (i.e., list total chromatic number) equal to its ordinary total
chromatic number; we call this the List-Total-Colouring Conjecture (LTCC).

Having made such a conjecture, one naturally looks for a class of graphs—any
class of graphs—for which it can be proved. In [6], we tried to prove it for
multicircuits, where a multicircuit is a multigraph whose underlying simple graph
is a circuit (a connected 2-regular graph). We shall always use n for the order and
A for the maximum degree of a multicircuit.

In [6], we proved the LTCC for multicircuits with n <5 and for multi-
circuits with even n that contain at least six suitably distributed vertices with
degree less than A. However, we underestimated the difficulty of proving the
LTCC, even for such a simple class of multigraphs, and in [6] we were really
trying to prove a stronger conjecture concerning the choosability of inflations of
total graphs of multicircuits. In the present work, we do not consider inflations
at all; instead, we complete the more limited task of proving the LTCC for all
multicircuits.

We use two essentially different approaches. In most of the present work,
we use the now-familiar kernel method that was pioneered so successfully by
Galvin [5], in order to prove the LTCC for all multicircuits of even order except
those that are A-regular, and for all those of odd order except those that are
A-regular or have n — 1 vertices of degree A and one of lower degree.

In the successor work [7], we use the method of Alon and Tarsi ([2], see also
[1]) to prove the LTCC for all multicircuits of even order and some regular and
near-regular multicircuits of odd order. The results of [7], together with those of
[6] and the present work, complete the proof of the LTCC for all multicircuits.

For nonregular multicircuits of even order, we thus have two entirely diffe-
rent proofs, one using the kernel method and one using the method of Alon
and Tarsi. In fact, there are relatively few multicircuits for which the result
does not follow from [6] and [7]. However, we believe that it is of interest to
have two such different proofs, especially since the arguments in the present
work are algorithmic, whereas the method of Alon and Tarsi used in [7] is
nonconstructive.
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2. DEFINITIONS AND PRELIMINARIES

Let G=(V,E) be a multigraph with vertex-set V(G) =V and edge-set
E(G) = E. We say that G is totally k-choosable if, whenever each element
x € VUE is given a set (“list”) L(x) of k “colours”, we can choose a colour
c(x) € L(x) for each element x so that no two adjacent vertices or adjacent edges
have the same colour, and no vertex has the same colour as an edge incident
with it; in this case we say loosely that G can be totally coloured from its lists.
The total choosability or list total chromatic number ch”(G) of G is the smallest
integer k such that G is totally k-choosable. The choosability or list (vertex)
chromatic number, ch(G), and the edge choosability, list edge chromatic number
or list chromatic index, ch’'(G), are defined similarly in terms of colouring vertices
alone, or edges alone, respectively; and so are the concepts of (vertex-)k-
choosability and edge-k-choosability. The ordinary vertex, edge and total chro-
matic numbers of G are denoted by x(G), x'(G) and x"(G). Of course, multiple
edges are irrelevant to vertex-colourings. We shall denote the simple line graph
and total graph of G by L(G) and T(G), respectively. Then ch’(G) = ch(L(G)),
c'(G) = ch(T(G)), ¥ (G)= X(L(G)), and x"(G) = X(T(G)).

In this terminology, the well-known List-Edge-Colouring Conjecture (LECC)
asserts that ch’'(G) = x'(G) for every multigraph G, and the LTCC, mentioned in
the previous section, asserts that ch”(G) = x”(G) for every multigraph G. In the
present work, we are concerned with the following more specialized conjecture
which we made in [6].

Conjecture 1. If C is a multicircuit with n vertices, m edges and maximum
degree A, then ch”(C)= x"(C)= 7(C), where

7(C) = max{A+ 1, [ﬁw h%—jﬂ } (1)

Note that if n is even then the middle term in (1) is not needed, since it cannot
exceed A+ 1; and if n >4 and A > 2 then there are only three multicircuits
(with (n, A)= (7,3), (7,4), and (10, 3)) for which the last term in (1) is needed.

Conjecture 1 was proved in [6] for n < 5. The main result of the present work
is the following theorem.

Theorem 1. Let C be a multicircuit with n > 6 vertices, m edges and maximum
degree A.

() If n is even and C is not A-regular, then ch"(C)= x"(C)= A + 1.
(i1) If n is odd and C has at least two vertices with degree less than A, then

ch”’(C)= x"(C)= max{A +1, {Hm—nJ“ }
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Note that these results agree with Conjecture 1. It is clear in each case that
ch”’(C)> x"(C) > 7(C), where 7(C) is defined in (1), and so it suffices to prove
that ch”(C) < 7(C). This we do in Theorems 2 and 3. Note that if n is even and C
is not A-regular then C has at least two vertices with degree less than A; thus
Theorem 1 follows from Theorems 2 and 3, whose hypotheses are satisfied
because of the existence of these vertices. In essence, Theorem 2 proves the result
for even n and Theorem 3 for odd n; however, Theorem 3 rests on Theorem 2,
and some parts of the proof for odd n are covered by Theorem 2.

We conclude the paper, in Theorem 4, by proving Conjecture 1 for every
multicircuit C for which 7(C) > A + 2. These are precisely the multicircuits C
for which x”(C)> A + 2, as mentioned in the Abstract, although this equival-
ence will not be clear until the proof of Conjecture 1 is finally completed in [7].

Throughout the paper, C will be a multicircuit of order n > 6 with vertices
V0, - - -, Un—1, and H will be an induced subgraph of T(C), with vertex-sets V; and
E; (i=0,...,n— 1), where, for each i, V; =) or {v;}, and E; corresponds to
(some) edges joining v;_; and v; in C. (Note this change from the terminology in
[9], where edges with subscript i went between v; and v;;.) Thus we can write
V(H) = Ufﬁal Z;, where Z»;_1 = E; and Z,; = V; for each i, and z € Z; is adjacent
to 7 € Z; (¢ # 2) if and only if |i —j| <2 (modulo 2n). Some sets Z; may be
empty, but not all. For convenience, we shall refer to the direction of increasing
subscripts as clockwise. Subscripts to V, E, and Z are to be taken modulo n, n
and 2n, respectively.

Suppose that a list of colours is assigned to each vertex of H. We say that a
colour is present on Z; if it belongs to the list of at least one vertex in Z;; clearly
this implies Z; # (. If n is odd, a colour ¢ will be called exceptional if it is present
on every set E; (0 < i < n — 1) and there exists a j such that |E;_;| = |E;| = 1 and
either ¢ is present on V; or V; = 0); c is nonexceptional otherwise. Note that a
colour with these properties is not called exceptional if 7 is even; in this case all
colours are nonexceptional. Note also that by deleting vertices from H one cannot
turn an exceptional colour into one that is nonexceptional and present on every
set E;.

For 0 <i<n-—1,letf;:=|E._i| +|Vi_1| + |Ei| and let

po ff Rz
i fi+1 if |E| =0.

Note that, if H is the whole of T(C), then f;" = f; = d(v;_;) + 1, where d denotes
degree in C; thus f;" = f; < A + 1 for every i, and by the hypotheses of Theorem 1
there are at least two values of i for which ff+1=f+1< A+ 1.

3. EVEN CASE

This section is devoted to a proof of the following theorem, which proves
Theorem 1 (i) and also goes some way towards proving Theorem 1 (ii). It is stated
in the terminology introduced in the previous section.
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Theorem 2. Let n > 6. Suppose that, for each i, each vertex in V; is given a list
of at least I; colours and each vertex in E; is given a list of at least I; colours,
where I; > . and I, > f;, and there are at least two values of i for which I; >
fit +1andl; > f; + 1. Suppose moreover that if n is odd then no nonexceptional
colour is present on every set E; (0 <i < n — 1). Then the vertices of H can be
coloured from their lists.

Proof. 1f I; :fi+ +¢ and ! =f; +¢, then we say that i, E; and V; are
e-special, and 1-special indices and sets are called simply special.

We may suppose that H is a counterexample to the Theorem with as few
vertices as possible and, subject to this condition, such that > |E;| is as small as
possible. We may also suppose that every list of colours has the minimum size
specified in the statement of the Theorem, and, for each i, that /; and [; are equal to
the lower bounds stated for them in the Theorem. Thus there are two 1-special
values of i and n — 2 O-special values.

Let D be the digraph with V(D) = V(H) in which z € Z; is joined by an arc to
7 #zifand only if 7 € Z;_, UZ;_| UZ;; so each edge of H between two vertices
in the same set Z; is replaced by two oppositely oriented arcs in D, and every
other edge of H is oriented anticlockwise. Note that, in D, each vertex in E; has
outdegree f; — 1 and each vertex in V; has outdegree at most f;" — 1, for each i,
and so,

for each vertex v, the number of colours in the list of v is 2)
strictly greater than its outdegree.

For a colour ¢, let D, denote the subdigraph of D induced by the set of all
vertices with colour c in their lists. Recall that a kernel of a digraph D is a set K
of nonadjacent vertices such that every vertex in V(D)\K is joined by an arc to at
least one vertex in K. By a pseudokernel of D., we shall mean a set K of
nonadjacent vertices such that if v € V(D,.)\K and v is not joined to a vertex in
K, then v € V; for some i with the following properties: E;_; N K # () (which
implies that ¢ is present on both E;_; and V;), and |E;_| # 1. If D, has a kernel
or pseudokernel K, then we call K a (pseudo)kernel of (the colour-class of) c.
In this case, if we give colour c to all vertices in K, delete these vertices from
H and delete ¢ from the lists of all other vertices that contain it, then we obtain a
smaller graph H’ satisfying all the hypotheses of the Theorem, since f; decreases
by 1 whenever ¢ was present on E; and f;" decreases by 1 whenever ¢ was present
on V; and v; is not deleted. Moreover, if H' can be coloured from its lists then so
can H. It follows from the minimality of H that

no colour-class has a kernel or pseudokernel. (3)

The following algorithm attempts to construct a kernel K = {k, ..., k,} of D,.

Algorithm Ker. Choose k; to be a vertex in some nonempty set Z; N D..
Having chosen ki, ..., k;, where k; € Z,, say, choose k;; 1 € Z, N D, where Z, is
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the first set after Z, » in clockwise order such that Z, N D, # (). If k; is adjacent
or equal to ki, set r := j and stop. We note that if this happens and k;; € Z, then
gq=s—2ors—1ors(modn), and K is a kernel if and only if g = 5. If k. € Z,
then Z; and Z, are called the starting set and finishing set, respectively.

We now see that

for each i, every colour c is present on at least one of Z;,_; and Z;, (4)

since otherwise we could construct a kernel of D, by Algorithm Ker, taking as
starting set the first set Z in clockwise order after Z; such that Z; N D, # (); and
this would contradict (3).

We now proceed by a sequence of claims. Let the total number of colours that
are present on V(H) be x.

Claim 3.1. x > 3.

Proof. Let i be one of the two special indices. By (4), E;_; and V;_; are not
both empty, nor are V;_; and E;, nor are E; and V;. So f; > 2 unless E; | = E; = (),
and f;* >2 always. If E; # () then x >f;+1>3, and if V; # 0 then x >
f 4+ 1 > 3. This proves Claim 3.1. ]

Claim 3.2. Not all sets E; are empty, nor are all sets V; empty.

Proof. If all sets E; are empty, then every colour is present on every set V;
by (4). This implies that no set V; is empty, so that f;" = 2 for every i. But then the
special sets V; should have more colours than other sets V;, a contradiction.

If all sets V; are empty, then every colour is present on every set E; by (4).
If n is even then every colour ¢ has a kernel, made up of vertices in E; N D, for all
even i, and this contradicts (3). If n is odd then, by the hypotheses of the
Theorem, every colour c is exceptional. The definition of an exceptional colour
implies the existence of a j such that |E;_| = |E;| = 1, which means that f; = 2.
Since every colour is present on Ej, y < 3. By Claim 3.1, x = 3. Thus /; = 3 for
each i, since if |E;| > 2then3 = x > [l > f; > 3, and if |E;| = 1 then I = x = 3
because every colour is present on the one edge in E;. But then, since there are
two special values of i, 2+ 2|E(H)| =2+ >0 fi = 3277y I! = 3n, which is
impossible because the LHS is even and the RHS is odd. This contradiction
proves Claim 3.2. ]

Claim 3.3 Let ¢ be a nonexceptional colour that is present on at least one set E;.
Then there exists an i such that c is present on both E; | and V.

Proof. Suppose the Claim is false, so that if ¢ is present on E;_; then it is not
present on V; and so it is present on E; by (4). Then c is present on every set E;
and on no set V;. Since c is nonexceptional, the hypotheses of the Theorem imply
that n is even. Thus D, has a kernel, made up of vertices in E; N D, for all even i,
and this contradicts (3). [
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Claim 3.4. Every colour c is present on at least one set E;.

Proof. Suppose c is present on no set E;. By (4), ¢ is present on every set V;.
If n is even, then D, has a kernel, made up of vertices v; for all even i, and this
contradicts (3). Thus » is odd.

Let ¢’ be a colour that is present on some set E;, which must exist by Claim 3.2.
Then there exists an i such that ¢’ is present on E;_; and V;; this follows from
Claim 3.3 if ¢’ is nonexceptional, and it follows from the definition of an
exceptional colour otherwise, since (in the present Claim) no set V; is empty.
Apply Algorithm Ker to D~ with V; as the starting set to construct a set K’;
give colour ¢’ to the vertices in K’, delete them from H, and delete colour ¢’ from
all lists containing it, to form a graph H* with corresponding digraph D*. The
finishing set is one of E; ,, V;_,, and E;_;. If it is E;_; then K’ is a kernel of D,
contradicting (3). If it is V;_, then H* satisfies all the hypotheses of the Theorem
except that vertices of E; may have lost a colour from their lists but f; has not
decreased; so give v;_; colour ¢ and delete it, which decreases f; without changing
any remaining lists; by the minimality of H, the resulting graph can be coloured
from its lists, and hence so can H. This contradiction shows that the finishing set
must be E;_,. Then H* satisfies all the hypotheses of the Theorem except that
vertices in V;_; and E; may have lost a colour from their lists without fif L or f;
decreasing.

By (4) and for reasons of parity, we see that there exists a j 7 i such that
vj € K'. Therefore there exists a j such that v; € K’ and v, ¢ K’ for all h €
{j+1,...,i—1}. Then K’ contains vertices in each of the sets Ej o,
Ei4,...,Ei_, which shows that the sequence {j+ 1,...,i— 1} has an odd
number of terms. Apply Algorithm Ker to D’ (in an obvious terminology) with
Vi1 as the starting set. Since c is not present on any set Ej,, this will construct a
kernel K of D} with v;_; € K. Give colour c to all vertices in K, delete them from
H* and delete colour ¢ from all lists containing it. The resulting graph H*
satisfies all the hypotheses of the Theorem, since we have deleted one vertex v;_
that had too few colours in H*, and in the process we have reduced f; without
removing a further colour from the list of any vertex in E;. Thus H* can be
coloured from its lists, and therefore so can H. This contradiction completes the
proof of Claim 3.4. ]

The following Claim is crucial: it is what makes the whole proof work.

Claim 3.5. If some colour c is present on both E;_| and V;, then for at least one
je{i—1,i+ 1} the following hold: |E;_,| = |V;| = 1 and c is present on both
Ei_y and V;.

Proof. Suppose the Claim is false, so that if ¢ is present on E; _, and V;_; then
|E;_»| > 2 and if c is present on E; and V; then |E;| > 2. Apply Algorithm Ker
to D. with V; as the starting set to construct a set K. The finishing set is one of
E; >, Vi, and E;_;. If it is E;_; then K is a kernel of D.. If it is E;_ or V;_, and
¢ is not present on E; then K is a pseudokernel or a kernel. If it is E;_, or V;_»
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and c is present on E; then we obtain a pseudokernel or a kernel by removing
v; from K and inserting instead a vertex of E; N D,. In each case, we obtain a
contradiction to (3) and this completes the proof of the Claim. []

Claim 3.6. For each nonexceptional colour c, there exists a j = j(c) such that
|Ej_1| = |Ej| = 1 and c is present on E; and V.

Proof. By Claims 3.3 and 3.4, there is an i such that ¢ is present on both
E;_; and V;. By Claim 3.5, we can choose i so that |E;_;| = 1, and by Claim 3.5
again we find a j such that ¢ is present on E;_;, E;, V;, and Vjy, and |E;_;|=
|Ejl = 1. ]

Recall that y is the total number of colours that are present on V(H).
Claim 3.7. x <5.

Proof. Note first that if ¢ is an exceptional colour, then by definition there is
a j such that |E;_|= |E;j| = 1 and either c is present on V; or V; = 0. If V; = ()
then every colour is present on E; by (4), and since f; < 3 it follows that x < 4.
Thus we may suppose that V; # (), so that c is present on both E; and V; (since an
exceptional colour is present on every set E; by definition). It follows that for
every colour ¢, including the exceptional colours, there exists a j = j(c) satisfying
the conclusion of Claim 3.6. For a fixed such j, let A be the set of colours present
on E; and B the set of colours present on V;, and assume that j is e-special
(¢ €{0,1}). Then |A|= |B|=f;+¢. Since f; <3 and every colour must be
present on either E; or V; by (4), the number of colours ¢ with j(c) = j is at most
|ANB|=|A| + |B] — |[AUB| < 6+ 2c — x. If x > 6 then this is at most 2¢, and
since there are only two 1-special values of j there can be at most four colours
in total, a contradiction. u

‘We now consider a number of cases, and obtain a contradiction in each case.
Case 1. x >4 and E;, = ) for some h.

By Claim 3.2, not all sets Ej, are empty, and so we may choose i so that E; = ()
and E; | # (). Then every colour c that is present on E;_; is also present on V;
by (4), and so, by Claim 3.5, |[E;_»| = |V;—1| =1 and c is present on E; , and
Vi—1. By (4), every colour is present on V;_j, and so V;_; has x > 4 colours.
If |E;_1| = 1, then we can colour all vertices of H clockwise starting at V; and
finishing with V;_;, since (2) holds in D and we can choose a colour for V;_; that
is different from the colours given to V; 5, E;_1, and V;. Therefore |E;_;| > 2.
Applying Claim 3.5 again to E;_, and V;_;, we find that |E;_3| = |V;»| = 1.
Moreover, every colour is present on V; and E;_; (since fi_; =f;", and every
colour is present on V;_;), and so by Claim 3.5 every colour is present on E; ;
and V;_; and therefore on E;_3 and V;_,. Thus we can colour all vertices of H
clockwise starting at V; and finishing at V;_;; when we reach E; ,, we give it a
colour different from the colours given to E;_3, V;_3, and V;, so that the colour of
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V; can be used on V,;_, or E;_; and is not used on V;_;. This contradiction shows
that Case 1 cannot arise.

Case 2. x >4 and V), = ) for some h.

By Claim 3.2, not all sets V), are empty, and so we can choose i so that V;_; = ()
and V; # (). Then every colour c that is present on V; is also present on E;_; by (4),
and so, by Claim 3.5, |E;| = |Vi11| = 1 and c is present on V. ;. By (4), every
colour is present on E;_; and E;, and hence on V; since [; > [! always; and so
fi > x — 1 > 3 (with equality only if i is special). Since V; ;=0 and |E;| = 1,
it follows that |E;_;| > 2. Applying Claim 3.5 again to E; and V;,, we find that
|Ei+1| = 1, which means that f;; | = 3; and since every colour is present on E;_;
and V;, therefore every colour is present on E; and V;;. Since x > 4 and f;1 = 3,
therefore i + 1 must be special. Choose an arbitrary colour ¢ that is present on
E;,» (which must exist since E;;, # () after Case 1), and apply Algorithm Ker to
D, with E;;, as the starting set to construct a set K. Give colour c¢ to the vertices
in K, delete them from H and delete colour ¢ from all remaining lists to form a
graph H*. The finishing set is either E; or V;. If it is V; then K is a kernel of D,,
contradicting (3). So it must be E;. Now (2) still holds in H*, since the only vertex
that has lost a colour without decreasing its outdegree is v;;;, which had a spare
colour since it was special. So we can colour all vertices of H* clockwise starting
from v;, and this contradiction shows that Case 2 cannot arise.

Case 3. x > 4 and there exists a j with the following properties: j + 2 is special
and j+ 3 is not special, |E;| =1 for all i except that possibly |E;| =2, and if
|Ej| = 2 then j — 1 is special. (Note that this covers the case in which x > 4 and
|Ei| =1 for every i.)

For convenience, assume j = 0. We may suppose by Case 2 that |V;| = 1 for
every i, so that fi > 3 and f, = f3 = 3. Thus there are at least three colours present
on each of E; and Vy, exactly four colours on each of E; and V>, and exactly three
on each of E5 and V3. By Claim 3.7 and (4), x < 5, and E3 and V3 have exactly
6 — x colours in common. So 3 — (6 — x) = x — 3 > 1 colours are present on V3
but not E3. We proceed as follows:

Step 1. Choose a colour c that is present on V3 but not E3. Apply Algorithm
Ker to D, with V3 as the starting set, give colour c to all the vertices in the set
K constructed by the algorithm, delete these vertices and delete colour ¢ from
all other vertices to obtain a graph H* with corresponding digraph D*. Note
that the finishing set is £}, since the other two possibilities, V| and E,, would
both imply that K was a kernel, contradicting (3).

Step 2. Choose a colour ¢’ that is present on E3 in H*. Apply Algorithm
Ker again to D}, (in an obvious terminology) with E3 as the starting set, give
colour ¢’ to the vertices in the resulting set K’, and delete these vertices and
the colour ¢’ from all other vertices to obtain a graph H*' with corresponding
digraph D*!
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Step 3. Try to colour the remaining vertices clockwise starting with Ej.

We will easily be able to complete the colouring provided that (2) still holds in
DY 1t certainly holds if Step 2 finishes on V. The only other possibility is that
Step 2 finishes on Vj. In this case Vi, Ej, and V, are isolated from the rest of
the graph and are left with at least 1, 2, and 2 colours, respectively. If the two
colours left on E, are not the same as the two colours left on V5, then we can
easily colour these three vertices before colouring all remaining vertices as in
Step 3.

The only problem arises if £, and V, are left with the same two colours. This
means that they started with the same list of four colours. By (4), therefore y = 4.
In this case, we forget the above colouring and start again from scratch. It is easy
to see that if |E;| = |V;| = 1 then the lists permit the elements of E; U V; to be
coloured with any pair of colours (although we cannot specify which vertex gets
which colour of the pair), since by (4) each colour appears in at least one of the
two lists, and each list contains at least one colour of the pair since xy = 4. Let the
four colours be labelled a, b, ¢, d, chosen so that b is present on E3 and a on V.

Suppose first that |Ey| = 1. Then colour E; and V; with a and b whenever i is
even and with ¢ and d whenever i is odd. If n is even then this colouring is proper.
If n is odd then recolour Ey and Vj with ¢ and d, E; and V; with a and b, E, with
the same colour as V3 and V, with the same colour as E, which is possible since
all four colours are present in the lists of £, and V;.

If |Eg| = 2 then n — 1 is special by hypothesis and f; = fi = 4, and so all four
colours are present on all elements of E,,_1, V,,_1, Eo, Vo, E1, V1, E», and V,. Give
these elements colours a, b, {c,d}, a, b, c, a, b, respectively. If n is odd, colour
the elements of all remaining sets E; and V; with a and b if i is even and with
c and d if i is odd. If n is even, interchange even and odd in this description, then
recolour the elements of V5, E3, and V3 with d, b, and a, respectively. In all cases,
we have the required proper list colouring, and this disposes of Case 3.

Since Case 3 includes the case in which x >4 and |E;| = 1 for each i, the
following case will complete the discussion of all possibilities with x > 4.

Case 4. x >4 and |E;| > 2 for some i.

We may suppose by Cases 1 and 2 that no set E; or V; is empty, so that f; > 3
for each i, and since x <5 by Claim 3.7 it follows that for every i there is a
colour ¢ that is present on both E;_; and V;. Choose j so that |E;| > 2 and
|Ej_1| = 1. Then Claim 3.5 implies that |[E;_,| = 1, and every colour present on
E;_; and Vj is also present on E;_, and V;_;. Since f; > 4 and f;_; = 3, there are at
least 4 + 3 — x > 2 colours common to E;_;, V;, and V;_;.

Suppose first that j — 1 is not special. Since f;_; =3 and every colour is
present on E;_; or V;_; by (4), therefore x = 4, which means that every colour
is present on V;. Therefore there are three colours common to E;_;, V;, and V;_y,
and this means that the fourth colour does not appear on E;_; or V;_;, which
contradicts (4). This shows that j — 1 is special.
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Therefore there are at least 4 +4 — x > 3 colours common to E;_i, V;
and Vj_;. If |Ej;;|> 2 then fj;; > 5 and so all five colours are present on V.
Thus there are at least four colours common to E; and V;,, and by Claim 3.5
these are present on all of E;_;, V;, and V;_;. This means that the fifth colour
cannot be present on E;_; or V;_i, contrary to (4). This contradiction shows that
|Ejy1| = 1. By the same argument, if |E;|> 3 then all five colours are present on
V; and so again there are four colours common to E;_;, V;, and V,_;. This gives
the same contradiction, showing that |E;| = 2.

Since f;11 = 4 and f;;» > 3, there are at least 4 + 3 — x > 2 colours common
to Ej;; and Vj;,. By Claim 3.5, |[E;;»| = 1 and these 7 — x colours are present on
Ej.» and Vj 3. Thus fj;» = 3 and there are at least 7 — x colours common to Ej
and Vji,. If j+2 is not special then there are at least x — (6 -7+ x) =1
colours not present on either of E;» and V; », contradicting (4). It follows that
J + 2 is special.

Since there are only two special indices and n > 6, it follows from what
we have proved so far in Case 4 that if there is an i # j such that |[E;| > 2 then
i=j+3, |Ej;3] =2, and n = 6. We may assume that this is the case, since
otherwise the result holds by Case 3. Therefore n = 6 and ; = I} > 4 for each i,
since f; > 4 for four values of i and the remaining two values are special. It follows
that there is some colour c that is present on all of V}, Ej,», Viy3, and Ej; 5 = Ej_y,
and then D, has a kernel, contrary to (3). This contradiction completes Case 4.

Case 5. y <3.

In this case, we drop the hypothesis that n > 6 and assume only that n > 3.
We shall not use any claims except for Claim 3.1. By Claim 3.1, x = 3.
Also f; < 3 for each i, and f; < 2 if i is special. We first show that |E;| < 1 for
each i. Clearly |E;| < 2, since otherwise f; > 4 (since |E;_1| + |Vi—1| > 1 by (4)).
Suppose |E;| = 2.

Suppose first that V;_; # (). Then f; = 3, E;_; = () (otherwise f; > 4), i is not
special (otherwise I; = f; + 1 = 4), and V; = () (since otherwise v; should have at
least f;* = 4 colours by hypothesis). Form H' from H by moving one vertex from
E; to V;. This does not destroy any special indices, and so H' satisfies the
hypotheses of the Theorem. It is not a counterexample, by the choice of H at the
start of the proof. Hence we can colour H’ from its lists, and the same colouring
works for H.

This contradiction shows that V;_; = (). It follows from (4) that every colour is
present on E;_; and so E;_; # (). Since f; < 3, it follows that |E;_| = 1, f; = 3,
and i is not special.

Suppose that V; # (. Then E;,; = () since otherwise f;;; >4, and i and i + 1
are not special. Form H' from H by moving one vertex from E; to V;_;. In H',
i + 1 is special, and the only index that can be special in H but not H' is i — 1;
thus, as before, H' satisfies the hypotheses of the Theorem and is not a counter-
example to it. Hence we can colour H' from its lists, and the same colouring
works for H.
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This contradiction implies that V; = (), which implies that |E; | = 1 and i + 1
is not special for exactly the same reason that |E;_1| = 1 and i is not special.
If E; » = (), then (4) implies that all three colours are present on v;_», which is
adjacent to only v;_3 and the one vertex in E;_1; thus by (2) we can colour all the
vertices of H clockwise, starting with E;_; and ending with v;_j.

So we may assume that E; , # (). If n = 4 then the two special indices are
i—1and i —2=i+2. Thus |E;»| =1 and all sets V; are empty. The five
vertices of H are now easily coloured.

So we may assume that n > 5. Note that every colour is present on each of
the four elements in E;_ UE; UE;,{, and on v;,; as well if it exists. Form H’
from H by deleting the sets V;_;, E;, and V;, and identifying E;,; with E;_j.
This does not destroy any special indices, since neither i nor i + 1 was special
in H, and if i — 1 was special in H (so that |E; »| =1 and V;_, = () then it
remains special in H'. Thus H' satisfies the hypotheses of the Theorem. Since H’
is smaller than H, it is not a counterexample to the Theorem. Therefore H' can be
coloured from its lists, and this colouring can be transferred to H by giving E;
the same colour as E; | and giving the elements of E; the other two colours.
This contradiction finally shows that |E;| < 1 for each i.

By hypothesis, there are two values of i that are special. Suppose there is only
one empty set Z;. If Z; = E; then f; = 7 = fi,y =2 butfi, =3 and fj, =f,” =3
for all other indices A; thus only i can be special, contrary to the hypothesis.
If Z; = V; then fi;; = 2 but f;, = 3 for all other indices /; thus only i + 1 can be
special, contrary to the hypothesis. It follows that there are at least two empty sets
Z;. By (4) they are not consecutive. Suppose that the sets Z; q,...,Z; are all
nonempty but that Z; = Z;,; = (). Let the three colours be 1,2, 3. Every colour is
present on every set Z;, 1, ..., Z; except that possibly only two colours are present
on Zj,». (Every colour is present on Z;, by (4).) Suppose w.l.o.g. that 2 and 3 are
present on Z;,. Colour Z;; with colour i (mod 3) for each i (1 <i<k—)),
colour Z;,, with the same colour as Z;_;, and then continue the colouring by
giving each nonempty set Z; a colour from its list that is different from any
colours assigned to Z;_; and Z;_,. The only way in which this can fail to give a
valid list colouring of H is if Z;_; gets colour 1. In that case, we obtain a valid

list colouring of H by increasing the colour of every set Zj,,...,Z; by one.
This contradiction completes the proof of Theorem 2. ]
4. ODD CASE

We now prove the corresponding more general result for odd n, which completes
the proof of Theorem 1 (ii).

Theorem 3. Suppose that n is odd (n >7) and that all the hypotheses of
Theorem 2 are satisfied, except that nonexceptional colours are permitted to be
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present on every set E;, but if any nonexceptional colour is present on every set E;
(0<i<n-—1) then

i
3

n

n]

/
[ >

(5)

Il

=3
—
ST

i

where m = Y1 |Ei|. Then the vertices of H can be coloured from their lists.

Proof. Let H be a minimal counterexample as before, with two 1-special
values of i and n — 2 O-special values. We may clearly suppose that some
nonexceptional colour ¢ is present on every set E;, since otherwise the result
follows immediately from Theorem 2.

Let us call a colour ¢ very exceptional if it is present on every set
E; (0 <i < n—1)and there exists a j such that |E;_;| = |E;| = 1 and c is present
on V;. Clearly every very exceptional colour is exceptional. By the previous
paragraph, there is a colour ¢ that is present on every set E; and is not very
exceptional; choose such a ¢ and keep it fixed throughout the proof.

Claim 4.1. There is no set V; such that c is present on V;.

Proof. Suppose c is present on v; for some j. If |E;| > 2 for every i, then we
form a pseudokernel K by choosing a vertex with c in its list from each of the sets
Vi,Ej2,Ej4,Ejs, ..., Ej_1. Suppose we give colour c to all vertices in K, delete
these vertices and delete ¢ from all remaining lists. Then the LHS of (5) goes
down by n and so does the RHS, since m goes down by [3n]. All the other
conditions are satisfied since K is a pseudokernel. Thus the remaining graph can
be coloured from its lists, and hence so can H, a contradiction.

So we may suppose that |E;| = 1 for at least one i. If we can manage to delete
such an E;, then there will no longer be a colour present on every set E; and so we
can forget about (5). Let I be the set of indices i such that |E;| = 1 and c is present
on Vi, 1. If I = () then we can proceed exactly as in the previous paragraph. So we
may suppose I # (). Since ¢ is not very exceptional, I does not contain two
consecutive indices. Therefore there must exist an i € I such that none of i — 2,
i—1,and i+ 1 is in / (since if i —2 € I whenever i € I then clearly I would
contain consecutive elements). Choose such an i and apply a modified form of
Algorithm Ker to D, with V;; as the starting set to construct a set K’: follow the
rules of Algorithm Ker, except that whenever we put into K’ a vertex in a set E;
such that j ¢ I, then the next element we choose must be in Ej;, and not in Vj,;.
Since i — 2 ¢ I, the finishing set cannot be V;_;, and so it must be E;_; or E;.
If it is E;_ then delete v; | from K’ and replace it with an element of E; | N D,;
since neither i — 1 nor i + 1 is in /, this will create a pseudokernel K. For reasons
of parity, K must contain a vertex in at least one set V;, and by its construction it
therefore contains the unique element of some set E; such that & € I. If the
finishing set is E; then K’ is a pseudokernel; set K := K’ and note that K contains
the unique element of E;, where h = i € I. In either case, if we give colour c to all
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vertices of K, delete them, and delete ¢ from all lists, then the resulting graph
H* will satisfy all the hypotheses of the Theorem, since now the set Ej is
empty and so (5) is irrelevant, and all other hypotheses are satisfied since K is a
pseudokernel. Thus H* is a smaller counterexample to the Theorem than H,
and this contradiction proves Claim 4.1. []

Claim 4.2. Not every set V; is empty.

Proof. Suppose V; = () for every i. Then we have only the vertices in the sets
E; to colour. In this case, we do not need the special values of i; (2) and (5)
suffice. This stronger result follows by the argument but not quite from the result
of Lemma 1.1 in [9]. Since Z;’:—ll fi = 2m, it follows from (5) that there exists an i
for which ; > f;. Give colour ¢ to one vertex in each of sets E;.1, Eiy3,...,Ei 2,
delete the coloured vertices, and delete colour ¢ from all remaining lists. Then the
LHS of (5) goes down by n and so does the RHS, since m goes down by L% n.
For each j # i, lj{, and f; decrease by 1, and so does l;, but f; remains unchanged.
But since [/ > f; + 1 to begin with, all the hypotheses of the Theorem remain
true for this smaller graph, which is therefore a smaller counterexample than H.
This contradiction proves Claim 4.2. [ ]

In completing the proof of Theorem 3, we shall often colour [% n| vertices of
H with colour ¢ and some vertices with another colour ¢’. It is to be understood
that we delete the coloured vertices from H, delete the colour ¢ from all remain-
ing lists, and delete ¢’ from only the lists of those remaining vertices that are
adjacent to a vertex that has been coloured with ¢/, to form a smaller graph H*.
We shall say that a vertex in E; loses or gains in total if I; — f; decreases or
increases as a result of this process, and similarly for a vertex in V; with [; — f;".
Expressions such as “c-loses” will be used as a shorthand for “loses as a result of
the colouring with ¢.”” If no vertex loses in total and either some set E; becomes
empty or (5) still holds, then H* satisfies all the hypotheses of the Theorem,
which gives rise to the required contradiction. To ensure that (5) holds, it suffices
to ensure that, for some /, there are at most / sets E; containing vertices that lose
colour ¢’ from their lists, and we assign colour ¢’ to vertices in at least %l of these
sets; then the effect of operating with ¢’ alone is that the LHS of (5) goes down by
at most / and the RHS by at least 1in/|in]| > I.

By Claim 4.1, we may suppose that ¢ is not present on any set V.
By Claim 4.2, there is a colour ¢’ that is present on some set V;. Choose such a ¢’
and keep it fixed for the remainder of the proof.

Claim 4.3. If ¢’ is present on V; then it must be present on at least one of E;
and Ej+1.

Proof. Suppose not. Then we give colour ¢’ to v; and colour ¢ to one vertex
in each of the sets Ej;,, Ej4,...,E;_;. The only vertex that can c’-lose is vj_,
which c-gains, and the only vertices that can c-lose are those in Ej.;, which
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¢’-gain. Therefore nothing loses in total, and we have a contradiction as explained
in the previous paragraph. ]

Claim 4.4. There is some i such that ¢’ is not present on E;.

Proof. Suppose ¢’ is present on every set E;. Since ¢’ is present on some set
V; by hypothesis, Claim 4.1 gives a contradiction if ¢’ is not very exceptional.
Therefore ¢’ is very exceptional, which means that there exists a j such that
|Ej_i| = |E;] = 1 and ¢’ is present on V. Let h be the first index in the sequence
Jj+2,j+4,... such that |E, N (D, UDy)| = 1; possibly E, = Ej_;. Let K be a
set comprising one vertex with ¢ in its list taken from each of the sets Ejq,
Enis,...,Ej Ejio, ..., Ep_p, where K is chosen so that (E;\K) N Dy~ # 0 for
i=j+2,j+4,...,h—2. Let H* := H— K with corresponding digraph D*.
Construct a set K’ containing one vertex with ¢’ in its list taken from each of the
sets Vj,Ei2\K,Ej14\K, ... ,Ey»\K, E), and then continuing the construction
by applying Algorithm Ker to D, (in an obvious terminology), starting with the
existing vertex of K’ in E, and stopping when we reach E;_, or V;_, or Ej_;.
Give colour ¢ to the elements of K and ¢’ to the elements of K'. Since ¢ is not
present on any set V;, if a vertex in a set V; does not c-gain then either i = h or
the only vertex of E; | was put into K; in either case, K’ contains a vertex of
Vi_1 UE;, and so v; does not ¢’-lose. The only vertex in a set E; that can c-lose
is the unique vertex of E; N (D, U D), which is deleted when we colour K.
The only vertex in a set E; that can c-lose is the unique vertex of Ej;, which is
deleted when we colour K. Therefore nothing loses in total, (5) is irrelevant since
E; has become empty, and we have the required contradiction. [ ]

From Claims 4.3 and 4.4, it follows that there exist indices 4 and j such that ¢/
is present on all of

Eh+17Eh+27 R 7E] (6)

but is not present on Ej, or Ej; possibly j + 1 = h (mod n). Let [ := j — h if this
is positive, otherwise [/ := n 4 j — h. We refer to (6) as an E-segment of length .

Suppose first that there is an E-segment of even length /, labelled as in (6).
There are two cases, depending on whether ¢’ is or is not present on V. If ¢’ is
present on Vj,, then give colour ¢’ to one vertex in each of the sets Vj, Ej >,
Eji4,...,E; and colour ¢ to one vertex in each of the sets Ej 5, Ej4,...,
Ey_1,Ept1,...,Ej—;. The only vertices that can c’-lose are vj_1, Up+3, Unts, - - -
vj—1, all of which (if they exist) c-gain. The only vertices that can c-lose are those
in E;;;, which ¢’-gain. So nothing loses in total. Since the only sets E; containing
vertices that lose colour ¢’ from their lists are the [ sets in (6), and we have given
colour ¢’ to %l of these vertices, it follows that (5) still holds, and we have the
required contradiction.
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So suppose that there is an E-segment of even length, labelled as in (6), and that
¢’ is not present on V,. Give colour ¢’ to one vertex in each of the sets
Epi1,Epgs, ..., Ei_1; note that this includes %l vertices of the E-segment (6).
Delete these vertices and delete colour ¢’ from the lists of all remaining vertices
in this E-segment to form a graph H* with corresponding digraph D*. We may
suppose that some vertex c’-loses, since otherwise we have the required
contradiction immediately, without using colour ¢ at all. The only vertices that
can ¢’-lose are vy, y2, Vpi4, .. ., vj; let v; be the first of these that c'-loses. Note that
v; ¢-loses because the only vertex of E; | has been given colour ¢’ and deleted.
So form a set K consisting of one vertex of D in each of the sets E;, E;1», . . .,
E;j,Ej>,...,E,_1 and then continuing the construction by applying Algorithm
Ker to D7, starting with the existing vertex of K in Ej,_; and stopping when we
reach E; 3 or E; ,. Then all the vertices that ¢’-lose also c-gain, and no vertex
c-loses since the set E;_| has already become empty. Thus no vertex loses in total,
and we have the required contradiction.

So we may suppose that there are no E-segments of even length. For reasons of
parity, there must be an E-segment of odd length [, labelled as in (6), such that ¢/
is present on neither Ej,; nor Ej,», and then by Claim 4.3, ¢’ cannot be present
on V; either. So give colour ¢ to one vertex in each of the sets Ej 5, Ej 4, ...,
Ey,Epio,...,Ej_1 and colour ¢ to one vertex in each of the sets Ej,q,
Ej13, ..., Ej (note that this includes more than %l vertices of the E-segment (0)).
The only vertices that can ¢’-lose are vy, vy 2, . .., vj_1, all of which (if they exist)
c-gain, and the only vertices that can c-lose are those in Ej,;, which ¢’-gain.
So nothing loses in total, and this contradiction finally completes the proof of
Theorem 3. [ |

5. CONJECTURE 1 FOR z(C)> A +2

We conclude this work by proving that Conjecture 1 holds whenever
7(C) > A + 2. This follows from the following theorem.

Theorem 4. If C is a multicircuit with n vertices, m edges, and maximum
degree A, then ch”(C) < 7/(C), where

7(C) = max{A—i—Z, {ﬁw }

Proof. Let C have vertex-set V(C) = {vo,...,v,—1} and edge set E(C) =
EyU---UE,_, where E; is now the set of all edges joining v;_; and v;. Suppose
every element x of V(C)UE(C) is given a list L(x) of at least 7/(C) colours.
By ([9], Theorem 1), the edges of C can be coloured from these lists. Let ¢(e)
be the colour assigned to edge e; let C; := {c(e) : e € E; UE;;;}, which is the
set of colours used on edges incident with v; and let L'(v;) := L(v;)\C:.
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Then |L'(v;)| > 2 for each i. It is well known (and easy to prove, [4,8]) that
the vertices v; can be coloured from the lists L'(v;) unless n is odd and all the
lists are identical and of cardinality 2, say L'(v;) = {«, 3} for each i. Suppose
this is the case. Then C is A-regular, and |C;| = A and L(v;) = C; U {a, B} for
each i.

If « or 3 belongs to the list of some edge e, then we can recolour ¢ with o or 3
and we will be able to extend the new colouring to the vertices of C. Thus for
every edge e € E;, we may suppose that o, 3 ¢ L(e), and so there are at least two
colours in L(e)\L(v;_1). Choose such a colour, for each edge e, and call it y(e).
If no edge of E;; is coloured with «(e), then we can recolour e with y(e) and
we will be able to extend the new colouring to the vertices of C. Thus we may
suppose that, for each i and each edge e € E;, there is an edge g(e) € E;;; that
has been coloured with ~(e).

Now consider the edges of C as vertices of the line graph L(C). Starting at an
arbitrary vertex x, follow the path in which, whenever you are at a vertex y, you
move to g(y). Sooner or later you must arrive at a vertex you have been to before,
thereby completing a directed circuit D. If D goes k times round L(C), then
|E; N V(D)| =k for every i. For every e € V(D), recolour e with y(e). Since
v(e) ¢ L(vi—1) = Ciz1 U{a, B}, for each e € E;, the new colouring is a proper
vertex colouring of L(C), giving a proper edge colouring of C. But now every
vertex v; of C has an incident edge e with a colour y(e) ¢ L(v;), and so we have
at least three colours available with which to colour v;. The vertices can now be
coloured greedily, and this completes the proof. ]
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