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Abstract: A multicircuit is a multigraph whose underlying simple graph is
a circuit (a connected 2-regular graph). In this paper, the method of Alon and
Tarsi is used to prove that all multicircuits of even order, and some regular
and near-regular multicircuits of odd order have total choosability (i.e., list
total chromatic number) equal to their ordinary total chromatic number. This
completes the proof that every multicircuit has total choosability equal to its
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total chromatic number. In the process, the total chromatic numbers of all
multicircuits are determined. � 2002 Wiley Periodicals, Inc. J Graph Theory 40: 44–67, 2002
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1. INTRODUCTION

The main result proved in this paper, and the motivation for it, were discussed in
[10]. This paper follows on from [10] and uses the same terminology. The specific
conjecture stated in [9] and [10], which we can now state as a theorem, is the
following.

Theorem 1. If C is a multicircuit with n vertices, m edges and maximum degree

�, then ch00ðCÞ ¼ � 00ðCÞ ¼ �ðCÞ, where

�ðCÞ :¼ max �þ 1;
m

b1
2
nc

& ’
;

mþ n

b2
3
nc

& ’( )
:

Here ch00 and � 00 denote the list and ordinary total chromatic numbers, res-
pectively, and a multicircuit is a multigraph whose underlying simple graph is a
circuit (a connected 2-regular graph). We call a multicircuit semiregular if it has
at most one vertex with degree less than its maximum degree �; note that
semiregular multicircuits of even order are regular. In [9] and [10], Theorem 1
was proved for all multicircuits with order n � 5, for all multicircuits that are
not semiregular, and for all multicircuits C with maximum degree � such that
�ðCÞ � �þ 2; it thus remains to prove it for all semiregular multicircuits with
order n � 6 such that �ðCÞ ¼ �þ 1. We do this mainly by using the method of
Alon and Tarsi ([2], see also [1]). In fact, we shall include a proof for all multi-
circuits of even order, since it would not be any shorter to prove the result here
just for semiregular multicircuits, and it seems interesting to have an alternative
proof to that of [10] for the nonregular even cases.

It is clear in all cases that ch00ðCÞ � � 00ðCÞ � �ðCÞ, and so it suffices to prove
that ch00ðCÞ � �ðCÞ. Let � denote the minimum edge-multiplicity of a multicir-
cuit C, that is, the smallest number of edges joining two consecutive vertices
around C. It is easy to see that if C is a semiregular multicircuit of odd order n and
minimum edge-multiplicity � for which �ðCÞ ¼ �þ 1 then n � 2�þ 1, since if
n ¼ 2k þ 1 then

�þ 1 ¼ �ðCÞ � m

b1
2
nc

¼ ðk þ 1Þ�þ kð�� �Þ
k

¼ �þ �

k
;

and so k � �. Moreover, it is easy to check that �ðCÞ ¼ �þ 2 if � ¼ 2 and
n 6� 0 (mod 3), or if C is semiregular with ðn;�Þ ¼ ð7; 3Þ, or if C is regular with
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ðn;�Þ ¼ ð7; 4Þ or ð10; 3Þ. In view of these statements and the results of [9] and
[10] mentioned earlier, it is not difficult to see that Theorem 1 follows from the
following theorem, which is the main result of this paper.

Theorem 2. Let C be a multicircuit with n � 6 vertices, maximum degree �
and minimum edge-multiplicity �. Suppose moreover that if � ¼ 2 then n � 0
(mod 3), and that if n is odd then C is semiregular and n � 2�þ 1. Then
ch00ðCÞ � �þ 1 except when C is semiregular and ðn;�Þ ¼ ð7; 3Þ , or C is
regular and ðn;�Þ ¼ ð7; 4Þ or ð10; 3Þ.

Theorem 2 is proved in Sections 3–8. The proof when n ¼ 7 or 10 is rather
tricky. The semiregular cases with ðn; �Þ ¼ ð7; 1Þ, ð7; 2Þ or ð10; 1Þ are somewhat
exceptional and are postponed until Section 8.

2. PRELIMINARIES

Before getting into anything more difficult, let us dispose of a simple but neces-
sary lemma.

Lemma 1. Let Lðn; rÞ ðrespectively Cðn; rÞÞ denote the number of ways of select-
ing r objects from n objects arranged in a line ðrespectively, arranged in a circleÞ
in such a way that no two consecutive objects are selected. Let

lðnÞ :¼
X
r�0

ð�1ÞrLðn; rÞ and cðnÞ :¼
X
r�0

ð�1ÞrCðn; rÞ:

Then lðnÞ ¼ ð2=
ffiffiffi
3

p
Þ sinððnþ 2Þ�=3Þ and cðnÞ ¼ 2 cosðn�=3Þ; that is,

if n � 0 1 2 3 4 5 ðmod 6Þ
then lðnÞ ¼ 1 0 �1 �1 0 1

and cðnÞ ¼ 2 1 �1 �2 �1 1:

Proof. It is an elementary exercise (see e.g., [4], p. 27) to prove that

Lðn; rÞ ¼ n� r þ 1

r

� �
and

Cðn; rÞ ¼ Lðn� 1; rÞ þ Lðn� 3; r � 1Þ ¼ n

n� r

� n� r

r

�
:

In view of this, the result for cðnÞ can be recognized as the so-called Hardy
identity (see e.g., [3], p. 26–27, or (1.68) in [7]). The result for lðnÞ is (1.75) in
[7], and is also equivalent to the case z ¼ �1 of Problem 1.35 in [12] and 1.42(g)
in [11]. The two results can also be derived quite easily from each other, since it
follows from the above equations that cðnÞ ¼ lðn� 1Þ � lðn� 3Þ. &
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We now summarize the method of Alon and Tarsi ([2], see also [1]), which
was used also by Ellingham and Goddyn [5], Fleischner and Stiebitz [6] and
Häggkvist and Janssen [8]. Let D0 be an arbitrary orientation (the so-called
reference orientation) of an undirected multigraph G. If D is any other orientation
of G, let aðDÞ be the number of edges that have opposite orientations in D and D0,
and define signðDÞ to be 1 or �1 according as aðDÞ is even or odd. We call D
positive or negative if signðDÞ ¼ 1 or signðDÞ ¼ �1, respectively. Let O denote
the set of all orientations of G in which every vertex v has the same outdegree
dþðvÞ that it has in D0 and let �ðD0Þ :¼

P
D2O signðDÞ. Suppose that every vertex

v of G is given a list LðvÞ of at least dþðvÞ þ 1 colors. The main result of Alon
and Tarsi is that, if �ðD0Þ 6¼ 0, then G can be colored from these lists.

Now let C1; . . . ;Cr be edge-disjoint complete subgraphs of G, and let O0 denote
the subset of all orientations in O that are acyclic on every clique Ci. A refine-
ment of the basic method (see the discussion on page 13 of [1], or Proposition 2.3
of [8]) is to observe that �ðD0Þ ¼

P
D2O0signðDÞ; that is, in calculating �ðD0Þ, we

need only consider orientations that are acyclic on every Ci. The proof of these
surprising facts, using the graph polynomial, is fascinating but it is explained in
[1,2,8] and elsewhere and so we do not include it here.

To explain how we apply this method, we first need to introduce our termino-
logy for multicircuits. Throughout the paper, C will be a multicircuit of order
n � 6, with vertex-set VðCÞ ¼ fv0; . . . ; vn�1g and edge-sets E0; . . . ;En�1, where
Ei is the set of edges joining vi�1 and vi in C. (Subscripts to v and E should be
interpreted modulo n throughout.) Let Ei ¼ fei;1; . . . ; ei;�i

g, where �i ¼ jEij. Let
G be obtained from the simple total graph TðCÞ of C by doubling every edge that
joins two vertices in the same set Ei; that is, replacing it by two parallel edges. So
G has vertex-set VðCÞ [

Sn�1
i¼0 Ei, with a single edge viviþ1 for each i, a single

edge xvi whenever x 2 Ei [ Eiþ1, a single edge xy whenever x 2 Ei and y 2 Eiþ1,
and two parallel edges xy whenever x; y 2 Ei (0 � i � n� 1).

For convenience, we shall refer to the direction of increasing subscripts as
clockwise. It might seem natural to take a clockwise orientation of G as our re-
ference orientation, but it makes little difference in practice, and so for con-
sistency with [10] we shall take an anticlockwise reference orientation. However,
we need to describe the orientation more carefully than in [10], since reversing
the directions of the edges in a directed 2-cycle will give a different orientation in
the sense of Alon and Tarsi, even though the new orientation is isomorphic to the
old one and is entirely equivalent to it for all purposes discussed in [10].

We can write G as the edge-disjoint union of graphs � and C0; . . . ;Cn�1, where
� is the subgraph of G (an n-cycle) induced by VðCÞ, and Ci is a clique with
vertex-set VðCiÞ ¼ Ei [ fvig [ Eiþ1 and order �i þ �iþ1 þ 1 (0 � i � n� 1). By
a proper orientation of G, we shall mean an orientation that is acyclic on each
clique Ci. Note that these cliques are not vertex-disjoint; an acyclic orientation of
the edges of Ci corresponds to an ordering of its vertex-set VðCiÞ, but the order-
ings of the vertex-sets of overlapping cliques in a proper orientation need not
agree on their intersection. In fact, we shall soon impose conditions requiring the
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ordering of Ei induced by the acyclic orientation of Ci to be the opposite of the
ordering induced by the acyclic orientation of Ci�1.

A proper orientation D of G can thus be specified by the orientation Dð�Þ that it
induces on �, and the induced orderings DðCiÞ of the vertex-sets of the n cliques
Ci. We shall write

DðCiÞ ¼ ðz ��i

i ; z ��iþ1
i ; . . . ; z �1

i ; z 0
i ; z

1
i ; . . . ; z

�iþ1

i Þ;

and refer to the vertex z
j
i as being in position j in DðCiÞ (��i � j � �iþ1), where

the edges of Ci are oriented in D from vertices in higher positions towards those
in lower positions. In diagrams, we shall represent the orderings DðCiÞ vertically,
with position 0 of each DðCiÞ being on the same horizontal line, with position 1
on the line above and position �1 on the line below.

A good orientation D of G is a proper orientation in which, for each i
(i ¼ 0; . . . ; n� 1),

dþðviÞ ¼ �i þ 1 and

dþðxÞ ¼ �i�1 þ �i for each x 2 Ei;
ð1Þ

where dþ denotes outdegree in D. Since the vertex in position j in DðCiÞ has
outdegree �i þ j in the induced acyclic orientation of Ci, we can interpret (1) as
saying that, for each i,

vi is in position 1; 0 or �1 in DðCiÞ according as

vi has outdegree 0; 1 or 2 in Dð�Þ
ð2Þ

and

if a vertex of Ei is in position j in DðCiÞ
then it is in position � j in DðCi�1Þ:

ð3Þ

For our reference orientation of G, we take the orientation D0 in which � has the
anticlockwise orientation (that is, each edge vi�1vi is directed from vi towards
vi�1), and

D0ðCiÞ ¼ ðei;�i
; . . . ; ei;1; vi; eiþ1;1; . . . ; eiþ1;�iþ1

Þ

for each i; clearly this is a good orientation. Also, since �i þ 1 � �i�1 þ �i � �
for each i, every vertex of G has outdegree at most � in D0; and so if we can
prove that �ðD0Þ 6¼ 0 then it will follow by the method of Alon and Tarsi
described above that ch00ðCÞ � �þ 1.

A basic orientation of G is a good orientation D such that, for each i, vi is in
position 0 in DðCiÞ, that is, z 0

i ¼ vi. So D0 is a basic orientation. The pattern of a
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proper orientation D is obtained by replacing each element of Ei in DðCiÞ by Ei

and each element of Eiþ1 by Eiþ1, for each i; in other words, it specifies whether
the vertex in each position in each DðCiÞ is vi or belongs to Ei or to Eiþ1, but in
the last two cases it does not specify which vertex of Ei or Eiþ1 it is. A good

pattern or basic pattern is the pattern of a good orientation or a basic orientation,
respectively. A nonbasic good pattern uniquely determines the orientation Dð�Þ
of � but a basic pattern does not, since by (2) it implies only that each vertex vi
has outdegree 1 in Dð�Þ and so � can have either the clockwise or the anti-
clockwise orientation; a full pattern consists of a pattern together with a possible
orientation for �.

Lemma 2. All the good orientations corresponding to the same full pattern have
the same sign.

Proof. Let D and D0 be good orientations corresponding to the same full pat-
tern. Suppose that x; y 2 Ei and, in D, z

�j
i�1 ¼ z

j
i ¼ x and z �k

i�1 ¼ z ki ¼ y, where
j < k. Suppose we interchange x and y so that z

�j
i�1 ¼ z

j
i ¼ y and z �k

i�1 ¼ z ki ¼ x.
For each h ( j < h < k) this reverses the orientations of the two arcs xz �h

i�1 and
z �h
i�1y in Ci�1 and the two arcs yz hi and z hi x in Ci, and it also reverses the orien-

tations of the arc xy in Ci�1 and the arc yx in Ci; it thus reverses an even number
of arcs. Since D can be converted into D0 by a finite sequence of interchanges of
this type, it follows that D and D0 have the same sign. &

In view of Lemma 2, if P is a good full pattern then we can define signðPÞ to be
the sign of any good orientation with pattern P. Let �ðD0Þ :¼

P
signðPÞ, where

the sum is over all distinct good full patterns P; note that these correspond pre-
cisely to orientations D in which every vertex v has the same outdegree as in D0.

Lemma 3. �ðD0Þ ¼
Qn�1

i¼0 �i!
� �

�ðD0Þ.
Proof. Let P be a good full pattern. The �i vertices of each set Ei can be

assigned to the positions marked Ei in DðCiÞ in �i! ways, and by (3) this assign-
ment uniquely determines the positions of these vertices in DðCi�1Þ as well. Thus
the number of good orientations corresponding to P is

Qn�1
i¼0 �i!, and they all have

sign signðPÞ by Lemma 2. The result follows. &

In order to count the basic patterns, we need the concept, already introduced,
of the minimum edge-multiplicity � :¼ minf�i : 0 � i � n� 1g. For even n we
need also the analogous minimum even and odd edge-multiplicities

�e :¼ minf�i : i is eveng and �o :¼ minf�i : i is oddg:

Lemma 4. The number of basic patterns is �eþ�o

�o

� �
if n is even and 2� if n is

odd.

Proof. Suppose first that n is even. Let D be a basic orientation. Suppose that
i is even, 1 � j � �iþ1, and the vertex z

j
i in position j in DðCiÞ is an element of Ei
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(not Eiþ1, as it would be in D0). Then z
�j
iþ1 =2Eiþ1 (since, by (3), this would require

z
�j
iþ1 ¼ z

j
i Þ, and so z

�j
iþ1 2 Eiþ2. Thus, by (3) again, z

�j
iþ1 ¼ z

j
iþ2, which means

that z
j
iþ2 and j � �iþ3 (since otherwise the element z

j
iþ2 would not exist).

Continuing in this way, we find that z
j
h 2 Eh and j � �hþ1 for every even h, so

that j � �o.
In a similar way, if 1 � j � �iþ1 and z

j
i 2 Ei for some odd i, then this holds for

every odd i and so j � �e. What this shows is that in every basic pattern, the
vertices z

j
i with i even and �o < j � �iþ1 are all in Eiþ1, and so are the vertices z

j
i

with i odd and �e < j � �iþ1. It also shows that, for every i, the values of j > 0 for
which z

j
i 2 Ei are the same as the values of j > 0 for which z

j
iþ2 2 Eiþ2 and the

values of j > 0 for which z
j
iþ2 2 Eiþ2. So the basic patterns correspond to the�

�eþ�o

�o

�
partitions of the set f��e; . . . ;�1; 1; . . . ; �og into two disjoint subsets

A;B with jAj ¼ �e and jBj ¼ �o, in the following way: if i is even, then z
j
i 2 Ei if

j 2 A and z
j
i 2 Eiþ1 if j 2 B, while if i is odd then z

j
i 2 Ei if �j 2 B and z

j
i 2 Eiþ1

if �j 2 A. This proves the result for even n.

If n is odd, the argument is similar, except that there is no distinction between
even and odd values of i, and �e and �o are both replaced by �. The argument
shows that, for every i, if � < j � �iþ1 then z

j
i 2 Eiþ1, and the values of j > 0 for

which z
j
i 2 Ei are the same as the values of j > 0 for which z

�j
i 2 Eiþ1. So the

basic patterns correspond to the 2� partitions of the set f1; 2; . . . ; �g into two
disjoint subsets A;B of arbitrary cardinality, in the following way: if 1 � j � �,
then z

j
i 2 Ei and z

�j
i 2 Eiþ1 if j 2 A, while z

j
i 2 Eiþ1 and z

�j
i 2 Ei if j 2 B. This

completes the proof of Lemma 4. &

In contrast with Lemma 2, the following lemma works only if n is even.

Lemma 5. Suppose that n is even. Then all basic orientations have the same

sign.

Proof. Let D be a basic orientation. We shall show that D has sign 1, that is,
it has the same sign as the reference orientation D0.

In �, every vertex vi has outdegree 1 in both D and D0, by (2), and so an even
number of edges of � (either 0 or n) change direction between D0 and D.

Every vertex x of Ei is joined by edges to exactly two vertices of �, namely
vi�1 and vi. By (3), in each of D and D0, one of these edges is oriented towards x
and the other away from x. Thus an even number of edges between � and
VðGÞ � � change direction between D0 and D.

For each two vertices x; y 2 Ei, there are exactly two edges of G between them,
one in Ci�1 and one in Ci. By (3) again, in each of D and D0, one of these edges is
oriented from x to y and the other from y to x. Thus an even number of edges of
this type change direction between D0 and D.

All edges of G not so far considered join Ei and Ej for some i and j such that
ji� jj ¼ 1. These edges form a bipartite graph F with partite sets X; Y , where
X ¼

S
fEi : i is eveng and Y ¼

S
fEi : i is oddg. By the previous two para-

graphs, in each of D and D0, each vertex x 2 Ei has one edge directed out of it
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towards � and �i � 1 edges directed out of it towards other vertices in Ei, and so
by (1) it must have �i�1 edges directed out of it in F. Thus the sum of the out-
degrees of all vertices of X in F is the same in D as it is in D0. Since reversing the
direction of one edge of F changes the parity of this sum, an even number of
edges of F must change direction between D and D0. Thus an even number of
edges of G change direction between D and D0, which means that D and D0 have
the same sign. &

Finally, before applying these results, we introduce the concept of a 3-switch-
ing. If for some i, vi is in position 1 in DðCiÞ, vi�1 is in position �1 in DðCi�1Þ,
some vertex x 2 Ei is in position 0 both in DðCiÞ and DðCi�1Þ, and the edge vi�1vi
is directed from vi�1 towards vi in Dð�Þ, then reversing the directions of the three
arcs vix, xvi�1; and vi�1vi will move both vi and vi�1 into position 0 in DðCiÞ and
DðCi�1Þ, respectively. A similar remark applies if vi is in position �1 in DðCiÞ,
vi�1 is in position 1 in DðCi�1Þ, and the edge vi�1vi is directed from vi towards
vi�1 in Dð�Þ; in this case we reverse the directions of the three arcs vi�1x, xvi, and
vivi�1 to get vi and vi�1 into position 0. We refer to either of these operations as a
3-switching. Note that a 3-switching changes the sign of the orientation. We call a
good orientation reduced if it is not possible to carry out any 3-switchings, and
the pattern of a reduced orientation is a reduced pattern.

Lemma 6. A good orientation is reduced if and only if it is basic.

Proof. It is clear that all basic orientations are reduced. Suppose that D is a
nonbasic good orientation. Then some vertex vi is not in position 0 in DðCiÞ. By
(2), either vi is in position 1 in DðCiÞ and has outdegree 0 in Dð�Þ, or else vi is in
position �1 in DðCiÞ and has outdegree 2 in Dð�Þ. Suppose the former. (The
other case is similar.) The vertex z 0

i in position 0 in DðCiÞ belongs to either Ei or
Eiþ1; suppose it is an element x of Ei. (Again, the other case is similar.) Then
z 0
i�1 ¼ z 0

i ¼ x by (3), and so vi�1 is not in position 0 in DðCi�1Þ. Since vi has
outdegree 0 in Dð�Þ, the edge vi�1vi of � is directed from vi�1 towards vi, and so
vi�1 has outdegree at least 1 in Dð�Þ. It follows from (2) that vi�1 has outdegree 2
in Dð�Þ and is in position �1 in DðCi�1Þ. Then we can carry out a 3-switching of
the first type described above. Thus a nonbasic orientation is not reduced. This
completes the proof of the Lemma. &

In some later sections, we shall modify G slightly so that Lemma 6 is no longer
true. However, we will still be able to use the method of proof of this Lemma to
show that, in a reduced orientation, all but a small number of vertices vi are in
position 0 in DðCiÞ.

3. CASE n � 0 (mod 6)

In this section, we shall use G and D0 exactly as defined in the previous sec-
tion. We wish to evaluate �ðD0Þ, or more directly �ðD0Þ, by considering all the
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(patterns of) good orientations. We can do this by an appropriate consideration of
just the basic orientations, since, by the argument of Lemma 6, every nonbasic
good orientation can be reduced to a unique basic orientation. However, not every
basic orientation corresponds to the same number of nonbasic orientations, and
so we need to classify the basic orientations into types according to the patterns
of the elements in positions 0, 1 and �1 of the orderings DðCiÞ. There are four
essentially different patterns, for each of which there are two different orienta-
tions of �, as shown in Fig. 1. (For comparison with later figures, we label the
four patterns in Fig. 1, rather incongruously, as types 1, 2, 7, and 8.) Here each
isolated black blob represents a vertex vi in position 0 in DðCiÞ. The vertex z 1

i

above it, in position 1 in DðCiÞ, may be in Ei or in Eiþ1. If it is in Ei then it equals
z �1
i�1, and a line sloping down to the left is shown connecting the equal elements

z 1
i and z �1

i�1. If however z 1
i 2 Eiþ1, then z 1

i ¼ z �1
iþ1 and a line sloping down to the

right is shown connecting these equal elements. The reference orientation D0 is of
type 1A.

We must calculate how many good orientations we can obtain from basic
orientations of each of these types by applying reverse 3-switchings. For basic
orientations of types 1A and 2B, the answer is 1; no reverse 3-switchings are
possible. For basic orientations of types 1B and 2A, we can apply reverse
3-switchings to any subset of the edges of �, provided that we do not attempt
to reverse two consecutive edges (since once one edge has been reversed, as in
Fig. 2, it is no longer possible to reverse the adjacent edges). Since each reverse
3-switching changes the sign of the orientation, the sum of the signs of all the
orientations that we can obtain from a given basic orientation of either of these
two types is cðnÞ, as in Lemma 1.

For basic orientations of types 7A, 7B, 8A, and 8B, we can apply reverse
3-switchings to any subset of the edges of � that correspond to the crosses in the
diagram, as shown in Fig. 2. There are thus 2n=2 possible switchings, of which
half have sign 1 and half have sign �1. Their net contribution to �ðD0Þ is thus 0.

FIGURE 1. Basic orientations of G.
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In fact, whenever the diagram representing a type of reduced orientation contains
a cross �><� , the contribution of that type to �ðD0Þ will be 0. For, it must be possible
to make a reverse 3-switching of the corresponding edge of �, without interfering
with anything else that we do, and the contributions of the orientations in which
this switching is made will exactly cancel out the contributions of those in which
it is not made.

In view of Lemma 3, we shall consider basic patterns rather than basic orienta-
tions. By the argument of Lemma 4, the basic patterns of type 1 correspond to
partitions of the set f��e; . . . ;�1; 1; . . . ; �og into two disjoint subsets A;B with
jAj ¼ �e and jBj ¼ �o such that �1 2 A and 1 2 B. The basic patterns of type 2
are similar except that 1 2 A and �1 2 B. In each case the number of basic pat-
terns is

�
�eþ�o�2
�o�1

�
. This is the number of full basic patterns of each of types 1A,

1B, 2A, and 2B, and so �ðD0Þ is a nonzero multiple of 1 þ cðnÞ; to be precise,

�ðD0Þ ¼
Yn�1

i¼0

�i!

 !
�ðD0Þ where �ðD0Þ ¼

�e þ �o � 2

�o � 1

� �
2ð1 þ cðnÞÞ:

For even values of n, we see from Lemma 1 that 1 þ cðnÞ ¼ 3 if n � 0 (mod 6)
and 1 þ cðnÞ ¼ 0 otherwise. Thus we can deduce that �ðD0Þ 6¼ 0, and Theorem 2
is proved, for all multicircuits of order n � 0 (mod 6).

4. CASE n � 2 (mod 6)

It is not surprising that the argument of the previous section failed to prove the
result for even n 6� 0 (mod 6), since we did not assume there that � > 2, and if

FIGURE 2. Sample reverse 3-switchings.

TOTAL CHOOSABILITY OF MULTICIRCUITS II 53



� ¼ 2 then it is not true that ch00ðCÞ � �þ 1 when n 6� 0 (mod 3). To prove the
result for n � 2 (mod 6), we shall therefore assume that � � 3. Note that
�o þ �e � �, since every vertex has degree at least �o þ �e in G. Assume with-
out loss of generality that

�1 ¼ �o � �e; ð4Þ

so that �1 � �� 2; this follows because �1 � �� �e � �� �1 � �� 2 if
�1 � 2, and it is obvious if �1 ¼ 1 since � � 3.

Form Gð1Þ from G and �ð1Þ from � by adding an extra edge between v0 and v1.
Form the reference orientation D

ð1Þ
0 from D0 by orienting this extra edge from

v1 to v0, in the same direction as the existing edge between v0 and v1. Note that
v1 has outdegree �1 þ 2 � � in D

ð1Þ
0 , and so if we can prove that �ðDð1Þ

0 Þ 6¼ 0 then
it will follow as before that ch00ðCÞ � �þ 1.

Let a proper orientation D of Gð1Þ be called good if every vertex v has the same
outdegree in D as in D

ð1Þ
0 , so that D makes nonzero contribution to �ðDð1Þ

0 Þ. As
before, a good orientation D is basic if every vertex vi is in position 0 in DðCiÞ,
and reduced if no 3-switching is possible to move two vertices from positions �1
to position 0. Lemmas 2–5 still hold, but Lemma 6 does not; that is, it is not now
true that every reduced good orientation is basic. However, the argument of
Lemma 6 shows that every good orientation can be reduced by 3-switchings to an
orientation D such that, for each i 2 f3; 4; . . . ; n� 2g, vi is in position 0 in DðCiÞ.
It is now not difficult to classify the reduced orientations into types according to
the positions of vn�1, v0; v1, and v2 and the patterns of the elements in positions
0, 1, and �1 of the orderings DðCiÞ. The different types are shown in Fig. 3. As
before, the reference orientation is of type 1A. For each of types 1B, 2B, 7B, and
8B, only one of two examples is shown, the other being obtained by orienting the
2-cycle of �ð1Þ in the opposite direction. We can ignore types 7–11, since (when
n � 6) each of them contains the cross �><� above a single edge of �, and these
types therefore make zero contribution to �ðDð1Þ

0 Þ, as explained in the previous
section. We must consider types 1–6.

Types 1A, 1B, 2A, and 2B are basic orientations, and by Lemma 5 they all
have the same sign. For convenience, let ei denote the sloping edge of Ei shown in
the diagrams for types 1 and 2; so ei ¼ z 1

i�1 ¼ z �1
i in type 1, and ei ¼ z �1

i�1 ¼ z 1
i

in type 2. Then we can convert an orientation of type 2A into one of type 3 by
reversing a 7-cycle v2v1v0vn�1e0e1e2 and a 3-cycle v1v0e1. This gives a bijection
between orientations of types 2A and 3. By the argument in the previous section,
there are thus exactly

�
�eþ�o�2
�o�1

�
full patterns of each of types 1A, 1B, 2A, 2B,

and 3, all with the same sign as D
ð1Þ
0 . (There are also the same number of each

type obtained from 1B and 2B by reversing the 2-cycle of �ð1Þ.)
Now let us consider orientations of type 1A, 1B, 2A, and 2B in which z �2

0 ¼
z 2

1 ¼ x, say, so that z 2
1 2 E1 (not E2, as it would be in D

ð1Þ
0 ); let us call these

flexible orientations. Then z �2
i�1 ¼ z 2

i for every odd i, by the argument of
Lemma 4. By the same argument, if �e ¼ 1 then there are no flexible orientations;
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this is obvious in any case since if �e ¼ 1 then (4) implies �1 ¼ 1, so that e1 is the
unique element of E1. Otherwise, by the same argument as before, the flexible
orientations of type 1A or B correspond to partitions of the set f��e; . . . ;�1;
1; . . . ; �og into two disjoint subsets A;B with jAj ¼ �e and jBj ¼ �o such
that �1 2 A, 1 2 B, and �2 2 B. The flexible orientations of type 2A or B are

FIGURE 3. Reduced orientations of G(1).
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similar but with 1 2 A, �1 2 B, and �2 2 B. In each case, the number of such
partitions is

�e þ �o � 3

�o � 2

� �
¼ �o � 1

�e þ �o � 2

�e þ �o � 2

�o � 1

� �
� 1

2

�e þ �o � 2

�o � 1

� �
ð5Þ

by (4).
We can convert a flexible orientation of type 1A into an orientation of type 4

by reversing a 3-cycle v1v0x and a 5-cycle v1v0e0xe2. We can convert a flexible
orientation of type 2A into an orientation of type 5 by reversing two 3-cycles
v1v0x and v1v0e1 and the 2-cycle xe1. And we can convert a flexible orientation of
type 1B into one of type 6 by reversing the 3-cycles vn�1v0e0, v1v0x, and v1v2e2.
Moreover, these mappings define bijections, which show that the number of reduc-
ed patterns of each of types 4, 5 and 6 is

�
�eþ�o�3
�o�2

�
, those of types 4 and 5 having

the same sign as D
ð1Þ
0 and those of type 6 having the opposite sign.

It is relatively straightforward to calculate the sum of the signs of all the pat-
terns that we can obtain from each reduced pattern by reverse 3-switchings, mak-
ing due allowance for the fact that when the two edges of � between v0 and v1

have opposite orientations, it makes a difference which way round they are. We
tabulate the results in Table I, using the function lðnÞ from Lemma 1. For clarity,
we write signs in tables as þ and � rather than as 1 and �1; the signs given in
Table I for odd n need careful interpretation, and are discussed in Section 6.

If we write f1ðnÞ for the sum of the contributions of types 1A, 1B, 2A, 2B and
3, and f2ðnÞ for the sum of the contributions of types 4, 5 and 6, we thus have the
following values, obtained using Lemma 1.

n � 0 2 4 ðmod 6Þ
f1ðnÞ ¼ 2 þ 3lðn� 1Þ � 3lðn� 3Þ þ lðn� 5Þ ¼ 8 �2 0

f2ðnÞ ¼ 1 þ lðn� 3Þ � lðn� 5Þ ¼ 0 3 0

TABLE I. Contributions to �(D0
(1))

Sign

Type (n even) (n odd) Contribution

1A þ þ 1
1B þ � 2l (n� 1)� l (n� 3)
2A þ � l (n� 1)� 2l (n� 3)
2B þ þ 2� 1¼ 1
3 þ � l (n� 5)

4 þ � 1
5 þ þ l (n� 3)
6 � � l (n� 5)
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For n � 0 (mod 6), the result has already been proved in the previous section;
and for n � 4 (mod 6), we can deduce nothing because �ðDð1Þ

0 Þ is clearly zero.
But for n � 2 (mod 6), we can deduce that

�ðDð1Þ
0 Þ ¼ �2

�e þ �o � 2

�o � 1

� �
þ 3

�e þ �o � 3

�o � 2

� �� �
< 0

by (5). Since �ðDð1Þ
0 Þ ¼

�Qn�1
i¼0 �i!

�
�ðDð1Þ

0 Þ 6¼ 0, Theorem 2 is proved for all multi-
circuits of order n � 2 (mod 6).

5. CASE n � 4 (mod 6)

It is again not surprising that the argument of the previous section failed to prove
the result for n � 4 (mod 6), since we did not assume there that n > 10 or � > 3,
and if ðn;�Þ ¼ ð10; 3Þ then it is not true that ch00ðCÞ � �þ 1. To prove the result
for n � 4 (mod 6) will actually require three subcases.

The basic idea is to add two extra edges to G instead of one. Form Gð2Þ from G
and �ð2Þ from � by adding two extra edges, one between v0 and v1 and the other
between vp and vpþ1, where p will be specified later, and let q :¼ n� p. Form the
reference orientation D

ð2Þ
0 from D0 by orienting these extra edges anticlockwise,

in the same direction as the existing edges between the same pairs of vertices.
Let a proper orientation D of Gð2Þ be called good if every vertex v has the
same outdegree in D as in D

ð2Þ
0 , so that D makes nonzero contribution to �ðDð2Þ

0 Þ.
Basic and reduced good orientations are defined as before and Lemmas 2–5 still
hold.

Provided that p and q are not too small, many of the reduced good orientations
can be categorized by a pair of the types given in Fig. 3 for D

ð1Þ
0 , e.g., type

f1A; 4g, the two types in the pair describing the structure of the orientation in the
neighborhoods of E1 and Epþ1. We refer to these as standard types. In addition to
these there are also four types that cannot be so described, which we refer to as
exotic types. Two of these are shown in Fig. 4 in case p ¼ 4; note that they exist
only if p is even, and make zero contribution to �ðDð2Þ

0 Þ if p � 6, because of the
presence of the cross �><� above a single edge of �. The other two exotic types,
which we shall call E10 and E20, are obtained from E1 and E2 by interchanging
the roles of Epþ1 and E1; they exist only if q is even, and make zero contribution
to �ðDð2Þ

0 Þ if q � 6.
The sums of the signs of all the patterns that we can obtain from each standard

type of reduced pattern by reverse 3-switchings are shown in Table II. Here we
use the notation tðrÞ :¼ lðp� rÞlðq� rÞ. All the standard types listed in Table II,
even types f3; 3g and f6; 6g, exist if p � 4 and q � 4, and the contributions in
Table II are then correct if we define lð�1Þ :¼ lð0Þ :¼ 1; this definition preserves
the important property that lðrÞ and tðrÞ both depend only on the congruence class
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of r (mod 6). (However, if p ¼ 4 or q ¼ 4 then there are also contributions
from exotic types, which are not listed in Table II.) We count a reduced good
orientation as being of type fa; bg if (i) it has the structure of type a at E1 and the
structure of type b at Epþ1, or (ii) it has the structure of type b at E1 and the
structure of type a at Epþ1; these two ordered subtypes, (i) and (ii), make equal
contributions to �ðDð2Þ

0 Þ, and so each standard type fa; bg with a 6¼ b is shown in
Table II as making twice the contribution of an ordered subtype. As in Table I, the
signs given in Table II for odd n need careful interpretation and are discussed in
Section 6.

TABLE II. Standard Types of Contribution to
�(D0

(2))

Sign

Type (n even) (n odd) Contribution

{1A, 1A} þ þ 1
{1B, 1B} þ � 4t(1)� 4t(2)þ t(3)
{2A, 2A} þ � t(1)� 4t(2)þ 4t(3)
{2A, 3} þ � 2[t(3)� 2t(4)]
{3, 3} þ � t(5)
{2B, 2B} þ þ 4� 4þ 1¼ 1

{1A, 4} þ � 2[1]¼ 2
{2A, 5} þ þ 2[t(2)� 2t(3)]
{3, 5} þ þ 2[t(4)]
{1B, 6} � � 2[2t(3)� t(4)]

{4, 4} þ � 1
{5, 5} þ þ t(3)
{6, 6} þ þ t(5)

FIGURE 4. Exotic reduced orientations of G(2).
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Let us write g1 for the sum of the contributions of the first six types in Table II,
g2 for the sum of the contributions of the next four types, and g3 for the sum of
the contributions of the last three types. Then (for even n)

g1 ¼ 2 þ 5tð1Þ � 8tð2Þ þ 7tð3Þ � 4tð4Þ þ tð5Þ;
g2 ¼ 2½1 þ tð2Þ � 4tð3Þ þ 2tð4Þ�;
g3 ¼ 1 þ tð3Þ þ tð5Þ:

For the congruence classes of p and q (mod 6) that we are particularly interest-
ed in, we have the following values:

ðp; qÞ tð1Þ tð2Þ tð3Þ tð4Þ tð5Þ g1 g2 g3

ð6; 4Þ �1 0 0 �1 0 1 �2 1

ð5; 5Þ 0 1 1 0 1 2 �4 3

ð6Þ

We now consider three subcases.

Subcase 5.1. n � 16. In this case we choose p ¼ 6. To apply the above results,
we need to find an index i such that �i < �� 1 and �iþ6 < �� 1. Call an index
i good if �i < �� 1 and bad if �i ¼ �� 1. If there is no index i as required,
then iþ 6 is bad whenever i is good; thus there are at least as many bad indices
as good ones. But two consecutive indices cannot both be bad, since we are
assuming that � � 3 and so the indices must alternate between good and bad; but
then we can find good indices i and iþ 6. Thus there must exist an i as required;
without loss of generality, �1 < �� 1 and �7 < �� 1. Then, in D

ð2Þ
0 , v1 has

outdegree �1 þ 2 � � and v7 has outdegree �7 þ 2 � �.
Let us say that a reduced orientation D of type f1A; 1Ag, f1B; 1Bg, f2A; 2Ag,

or f2B; 2Bg is flexible at i if z �2
i�1 ¼ z 2

i , so that z 2
i 2 Ei (not Eiþ1, as it would be

in D
ð2Þ
0 ). By the argument of Lemma 4, if D is flexible at i and i is odd then 2 � �e

and D is flexible at i for every odd i. Thus D is flexible at 1 if and only if D is
flexible at 7. In the previous section, we described a number of bijections, e.g.,
one between reduced orientations of Gð1Þ of type 4 and flexible orientations of
type 1A. There are analogous bijections between reduced orientations of Gð2Þ of
type f4; 4g or of type f1A; 4g and orientations of type f1A; 1Ag that are flexible
(at 1, or at 7, it is the same). So for each of the first six standard types of reduced
good pattern listed in Table II, there are

�
�eþ�o�2
�o�1

�
patterns conforming to this

type, and for each of the last seven types, there are ð�eþ�o�3
�o�2

Þ patterns.
By (6), each non-flexible pattern makes a contribution of g1 ¼ 1 to �ðDð2Þ

0 Þ
and each flexible pattern makes a contribution of g1 þ g2 þ g3 ¼ 0. Since there
exist non-flexible patterns (the pattern of the reference orientation D

ð2Þ
0 itself, for

example), it follows that the total contribution is positive and �ðDð2Þ
0 Þ 6¼ 0.

This shows that the result of Theorem 2 holds for all multicircuits of
order n � 4 (mod 6), n � 16. The argument fails if n ¼ 10 because then
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q ¼ n� p ¼ 10 � 6 ¼ 4, and the exotic orientations of type E20 make a nonzero
contribution which we have ignored. Of course, the argument must fail if n ¼ 10,
since we have allowed � ¼ 3 and the result is false if ðn;�Þ ¼ ð10; 3Þ.
Subcase 5.2. n ¼ 10 and C is regular with �o ¼ 1 and �e ¼ �� 1. This is the
case that requires � � 4; it is postponed until Section 8.

Subcase 5.3. n ¼ 10 and Subcase 5.2 does not apply. In this case we choose
p ¼ 5. To apply the above results, we need to find an index i such that �i < �� 1
and �iþ5 < �� 1. Suppose that this is not possible. By the argument in Subcase
5.1, we quickly deduce that �i ¼ 1 for all i of one parity, say for all odd i, and
�i ¼ �� 1 for all even i. Thus unless C is regular with �o ¼ 1 and �e ¼ �� 1
(when Subcase 5.2 applies), we can find an i as required; without loss of gene-
rality, �1 < �� 1 and �6 < �� 1. Then in D

ð2Þ
0 , v1 has outdegree �1 þ 2 � �

and v6 has outdegree �6 þ 2 � �.
Since 5 is odd, there may now be reduced patterns that are flexible at 1, or at 6,

but not at both. These contribute g1 þ 1
2
g2 ¼ 0 to �ðDð2Þ

0 Þ, by (6). Patterns that are
flexible at 1 and at 6 contribute g1 þ g2 þ g3 ¼ 1, while those that are flexible at
neither contribute g1 ¼ 2. The total contribution is nonzero and so �ðDð2Þ

0 Þ 6¼ 0.
This shows that the result of Theorem 2 holds for all multicircuits of even order
except for those of order 10 that are regular with �o ¼ 1 and �e ¼ �� 1, which
are dealt with in Section 8.

6. ODD n AND l � 2

For odd values of n, we shall need a new argument (in Section 7) when � � 3, but
for � ¼ 1 or 2 we can adapt the arguments we have used for even n. We shall
suppose throughout this section that C is a semiregular multicircuit of order n � 7
with edge-multiplicities � and �� �, labeled so that �1 ¼ �3 ¼ �4 ¼ �6 ¼
� � � ¼ �n�1 ¼ �.

The signs given in the tables for odd n refer to orientations obtained from the
reference orientation by reversing specified cycles. For example, the reference
orientation D

ð1Þ
0 of Gð1Þ is of type 1A and is positive by definition (see Table I). By

reversing a 2n-cycle v0e0vn�1en�1 � � � v1e1 and an n-cycle e0en�1 � � � e1, we obtain
an orientation of type 2A, which is therefore negative. By reversing an n-cycle
v0vn�1 � � � v1 in either of these orientations we obtain orientations of types 1B and
2B, which are therefore negative and positive respectively. By reversing two odd
cycles in the orientation of type 2A, as described in Section 4, we can obtain a
negative orientation of type 3.

We call an orientation flexible if z �2
i�1 ¼ z 2

i for every i. None of the five orienta-
tions described so far is flexible: if � ¼ 1 then for some values of i the element z 2

i

does not exist, while if � � 2 then z 2
i 2 Eiþ1 and so equals z �2

iþ1, not z �2
i�1. But if

� � 2 and z 2
i ¼ z �2

iþ1 ¼ fi, say, for each i, then by reversing the orientations of
the 6n edges z 2

i z
h
i and z hi z

�2
i (0 � i � n� 1, �1 � h � 1) and the n edges of the
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n-cycle f0 fn�1 � � � f1, we obtain a flexible orientation of the same type and the
opposite sign. Now we can obtain orientations of types 4, 5, and 6 by revers-
ing cycles in the flexible orientations of types 1A, 2A, and 1B as described in
Section 4.

Similar remarks apply to orientations of Gð2Þ as summarized in Table II. Notice
that the edge-reversal that converts type 1A into type 2A, say, in Table I is
‘‘global,’’ and so converts type f1A; 1Ag into type f2A; 2Ag in Table II, where-
as the edge-reversal that converts the flexible type 1B into type 6 in Table I is
‘‘local,’’ and so must be carried out twice in order to convert the flexible type
f1B; 1Bg (which is positive, since the inflexible type f1B; 1Bg is negative) into
type f6; 6g in Table II. This accounts for the signs in the tables.

Let us concentrate on Table II. Recall from Lemma 4 that there are 2� basic
patterns when n is odd. If � ¼ 1, then one of these (the pattern of the reference
orientation) is of type 1 and the other is of type 2. There is thus one full basic
pattern of each of the six types in the top six lines of Table II. Let the sum of the
contributions to �ðDð2Þ

0 Þ of these six patterns be h1. Since none of these patterns is
flexible, there are no patterns of any of the types in the bottom seven lines of the
table.

If � ¼ 2, then there are two full basic patterns of each of the first six types,
one flexible and one inflexible with opposite sign and the contributions of all
these patterns therefore cancel out. However, from the flexible patterns, we can
derive one basic pattern of each of the last seven types. Let the sum of the con-
tributions of these seven patterns be h2.

If � � 3 then there are 2��1 full basic patterns of each of the first six types and
2��2 of each of the last seven types, and in each case half the patterns are posi-
tive and half are negative, and so everything cancels out. The present method
therefore only works when � � 2.

From Table II we find that (for odd n)

h1 ¼ 2 � 5tð1Þ þ 8tð2Þ � 7tð3Þ þ 4tð4Þ � tð5Þ;
h2 ¼ �3 þ 2tð2Þ � 7tð3Þ þ 4tð4Þ þ tð5Þ:

We shall take p ¼ 5, q ¼ n� 5, noting that provided � � 3 then �1 ¼ �6 ¼
� � �� 2, and so v1 and v6 both have outdegree equal to �þ 2 � � in D

ð2Þ
0 .

There is no contribution from exotic types provided that n � 11, so that q � 6.
The values of h1 and h2 depend only on the congruence classes of p and q (mod 6),
as shown for representative values as follows:

ðp; qÞ tð1Þ tð2Þ tð3Þ tð4Þ tð5Þ h1 h2

ð5; 6Þ 0 0 1 0 0 �5 �10

ð5; 8Þ 0 �1 �1 0 �1 2 1

ð5; 10Þ 0 1 0 0 1 9 0

ð7Þ
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Since five of these six values of h1 and h2 are nonzero, it follows that
ch00ðCÞ � �þ 1 whenever n is odd, n � 11, � � 3, and � � 2; except when
� ¼ 2 and n � 3 (mod 6). There remain several special subcases to consider.

Subcase 6.1. � ¼ 2 and n � 3 (mod 6). In this case, instead of taking p ¼ 5 and
q ¼ n� 5 we take p ¼ n� 4 and q ¼ 4. The value of h2 is unchanged by this and
so equals 0 from the bottom line of (7). However, there is now a nonzero
contribution from exotic type E20. There is exactly one negative pattern of type
E20, which is obtained from the (positive) inflexible pattern of type f2B; 2Bg,
with z 2

n�1 ¼ z �2
0 ¼ x and z 2

n�3 ¼ z �2
n�2 ¼ y, say, by reversing a 7-cycle vn�3vn�2

vn�1v0xen�1y and two 3-cycles v1v0e1 and vn�3vn�4en�3. Thus �ðDð2Þ
0 Þ ¼

h2 � 1 ¼ �1. The fact that this is nonzero proves the result in this case.

Subcase 6.2. � ¼ 1 and n � 3 (mod 6). In this case, we have proved the result
when � � 3 and n > 9 but we have still to prove it when � ¼ 2 or n ¼ 9. We do
this from the original graph G as in Section 3. There is one positive full basic
pattern of each of types 1A and 2B, and one negative full basic pattern of each of
types 1B and 2A. The sum of their contributions to �ðD0Þ is 2ð1 � cðnÞÞ. For odd
values of n, we see from Lemma 1 that 1 � cðnÞ ¼ 3 if n � 3 (mod 6) and
1 � cðnÞ ¼ 0, otherwise. Thus the result holds when n � 3 (mod 6) and this
argument works even when � ¼ 2 and/or n ¼ 9.

Subcase 6.3. n ¼ 7. This case is postponed to Section 8.

7. ODD n AND l � 3

In order to prove the result for semiregular multicircuits with odd values of n and
� � 3, we shall look at different orientations of our original graph G from
Sections 2 and 3. Let D be an arbitrary proper orientation of G satisfying (3). If
j > 0 then, by definition, position j exists in DðCiÞ if and only if position �j exists
in DðCiþ1Þ. Also, if vi is not in position j in DðCiÞ, then position j in DðCiÞ is
occupied by an element x 2 Ei [ Eiþ1 which is also in position �j in Ci�1 or Ciþ1;
and the same holds with j and �j interchanged. Thus the number of vertices vi
that are in position j is the same as the number that are in position �j; call this
number pjðDÞ.

Let Dj be the set of orientations D such that pjðDÞ ¼ 0 (1 � j � �). Since n is
odd, for each D 2 Dj either z

j
i ¼ z

�j
iþ1 for every i, or z

j
i ¼ z

�j
i�1 for every i; call D

j-inflexible in the first case and j-flexible in the second. Suppose that D 2 Dj and
we form �D j from D by interchanging the vertices z

j
i and z

�j
i in every DðCiÞ. This

has the effect of reversing the orientations of the 2nð2j� 1Þ edges z
j
i z

h
i and z hi z

�j
i

(0 � i � n� 1, �j < h < j) and the n edges of the n-cycle z
j
0z

j
n�1 � � � z

j
1, an odd

number in total. Moreover, �D j 2 Dj and every vertex has the same outdegree in
�D j that it has in D. In fact, the mapping D 7! �D j pairs off all the elements of Dj.
So given any reference orientation D0 of G satisfying (3), there are equally many
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positive and negative good orientations in Dj, which therefore cancel out, so that
the net contribution of all these orientations to �ðD0Þ is zero.

Now let us specify the outdegrees of two different classes of orientations of G,
which for convenience we describe as narrow and wide. In each case, (1) holds
except for the value of dþðviÞ for certain values of i. For convenience, let us write
�i :¼ dþðviÞ � �i � 1, so that �i ¼ 0 if (1) holds. The narrow and wide orien-
tations are defined so that, for 3 � j � �, �2j�1 ¼ j� 1 and �2j ¼ �ð j� 1Þ. The
only other variation from (1) is that, in the class of narrow orientations, �2 ¼ 1
and �3 ¼ �1; whereas, in the class of wide orientations, �1 ¼ 1 and �2 ¼ �1.
When working with the narrow class, we label C so that �0 ¼ �2 ¼ �5 ¼ �7 ¼
� � � ¼ �n�2 ¼ � (and either �3 ¼ � or �4 ¼ �, it does not matter which), and
when working with the wide class, we label C so that �1 ¼ �3 ¼ �5 ¼ � � � ¼
�n�2 ¼ � (and either �n�1 ¼ � or �0 ¼ �); then every vertex vi has outdegree
dþðviÞ � dþðv2��1Þ ¼ 2� � �, as required. These orientations exist provided
that n � 2�þ 1. Some types of reduced orientations of these two classes with
� ¼ 3 are illustrated in Fig. 5; in each case, we take as the reference orientation
D0 an arbitrary orientation of type 1. Note that Lemmas 2 and 3 still hold.

Let us consider which reduced good orientations in these two classes make a
nonzero contribution to �ðD0Þ. Reverse 3-switchings can move vertices from
position 0 into position 1 and �1, but not into position j or �j for any j � 2. It
follows that if a reduced good orientation D is in Dj for some j (2 � j � �), then

FIGURE 5. Reduced orientations of G with two different sets of outdegrees (n odd,
� ¼ 3).
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the contributions to �ðD0Þ of all the good orientations that can be obtained from
D by reverse 3-switchings exactly cancel out the contributions of all those that
can be obtained similarly from �D j. We may therefore confine our attention to
reduced orientations D such that pjðDÞ > 0 (2 � j � �).

We can now describe a typical reduced good orientation of G in these two
classes. The only vertices that can be in position � or �� are v2��1 and v2�, and
then only if v2��1 has outdegree 0 and v2� has outdegree 2 in Dð�Þ; so we may
assume that this is the case. (Note that v2��1 then has outdegree �2��1 þ � ¼ 2�
in the induced acyclic orientation of C2��1.) Given that this is so, the only vertices
that can be in position �� 1 or ��þ 1 are v2��3 and v2��2, and then only if v2��3

has outdegree 0 and v2��2 has outdegree 2 in Dð�Þ. Continuing in this way, we
may suppose that v2j�1 has outdegree 0 and v2j has outdegree 2 in Dð�Þ for each j
(3 � j � �), and that, in the narrow class, v2 has outdegree 0 and v3 has outdegree
2 in Dð�Þ, while in the wide class v1 has outdegree 0 and v2 has outdegree 2.

In the narrow class, the only edges of � whose orientations are not now de-
termined are those of the path v2�þ1v2�þ2 � � � v0v1, which must be oriented all
clockwise or all anticlockwise, since all but the first and last vertices in this path
must be in position 0, by the standard argument of Lemma 6 for reduced orien-
tations. In fact, since v4 is in position 0, v1 must be in position 0 as well, since
there is not room for two horizontal edges in Fig. 5 between v0 and v4. Since v2

has outdegree 0, the path must be oriented clockwise. Thus the only two reduc-
ed orientations that contribute to �ðD0Þ are narrow types 1 and 2 shown (in case
� ¼ 3) in Fig. 5.

In the wide class, the edges of � whose orientations are not uniquely determined
are those of the path v2�þ1v2�þ2 � � � vn�1v0 and the edge v3v4. There is no orienta-
tion in which the path is oriented anticlockwise and the edge clockwise, since if v3

is in position 0 then v0 must be in position 0 as well, by the same reasoning as
before. There do exist orientations in which the path is oriented clockwise and the
edge anticlockwise, but none of them are reduced. As in the narrow class, there are
two types of reduced orientations, wide types 1 and 2, with all these edges oriented
clockwise; but unlike in the narrow class, there is also a wide type 3 with all these
edges oriented anticlockwise, although it exists only if n � 2�þ 3.

We now calculate the contributions of these types of pattern to �ðD0Þ. Notice
that the placing of the pairs of vertices in position j and �j (2 � j � �) forces
z
j
i ¼ z

�j
iþ1 for all but one value of i, and z

j
i ¼ vi and z

�j
iþ1 ¼ viþ1 for the ex-

ceptional value of i. Thus there is exactly one reduced pattern of each type shown
in Fig. 5. The pattern of type 1 is positive in each case, by definition. The pattern
of type 2 is therefore negative in each case, by the argument in the second para-
graph of this section. If the sloping edge of each set Ei in wide type 2 in Fig. 5 is
called ei, and the horizontal edge (i ¼ 2; 6; 8; . . . ; 2�) is fi, then wide type 3 is
obtained from wide type 2 by reversing the ðnþ 2Þ-cycle

v2�þ1v2�þ2 � � � vn�1v0e1 f2e3v3v4e5 f6e7 � � � e2�þ1;

thus wide type 3 is positive.
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The pattern of type 2 makes a contribution of �1 to �ðD0Þ in each case, since
no reverse 3-switchings are possible. Narrow type 1 makes a contribution of
lðn� 2�Þ, wide type 1 a contribution of lð1Þlðn� 2�� 1Þ ¼ 0, and wide type 3 a
contribution of lðn� 2�� 3Þ. Thus �ðD0Þ ¼ lðn� 2�Þ � 1 in the narrow case
and �ðD0Þ ¼ lðn� 2�� 3Þ � 1 in the wide case (unless n ¼ 2�þ 1, in which
case wide type 3 does not exist and �ðD0Þ ¼ �1). From Lemma 1, lðn� 2�Þ
� 1 ¼ �1 if n� 2� � 1 (mod 6) and ¼ �2 if n� 2� � 3 (mod 6), while
lðn� 2�� 3Þ � 1 ¼ �1 if n� 2� � 1 (mod 6) and ¼ �2 if n� 2� � 5 (mod 6).
Thus if n � 2�þ 1 or 2�þ 3 (mod 6), we can get the result by looking at narrow
orientations, and if n � 2�þ 1 or 2�þ 5 (mod 6) we can get the result from
wide orientations. In all cases we have the result, and this completes the proof of
Theorem 2 for odd n and � � 3.

8. THREE EXCEPTIONAL CASES

It remains to prove Theorem 2 in the cases postponed from earlier, when C is
regular or semiregular with � � �þ 3 and ðn; �Þ ¼ ð7; 1Þ or ð7; 2Þ or ð10; 1Þ. In
these cases, as in Section 7, we shall again look at different orientations of our
original graph G. In each case, we label C so that �i ¼ � if i is even and
�i ¼ �� � � 3 if i is odd (0 � i � n� 1; note the interchange of even and odd
compared with Subcase 5.2). Let �i :¼ dþðviÞ � �i � 1 as before, so that �i ¼ 0 if
(1) holds. We distinguish two subcases.

Subcase 8.1. � ¼ 1. In this case we consider the orientations that differ from
(1) only in that �1 ¼ �2, �2 ¼ �1, �4 ¼ 2, and �6 ¼ 1. We shall show first that
there is exactly one reduced pattern satisfying these conditions in which v1 is in
position �1 in DðC1Þ, as shown in Fig. 6. We use the fact that v2 cannot be in
position �2 in DðC2Þ, since �2 ¼ 1 and so there is no such position; and there-
fore, since neither v1 nor v2 is in position �2 or �3, we know that no vertex vi is
in position 2 or 3, since the number of vertices vi in position j must equal the

FIGURE 6. Reduced orientations of G in the three exceptional cases.
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number in position �j as explained at the start of the previous section; therefore
v4 is in position 1. We can set out the implications as follows.

v1 ¼ z�1
1 ¼) v2v1

��! 2 Dð�Þ and z1
2 6¼ z�1

1 ¼) v2 6¼ z 0
2

v2 ¼ z �1
2 ¼) v3v2

��! 2 Dð�Þ and z 1
2 ¼ z �1

3 ¼) v3 6¼ z 1
3 or z �1

3

v3 ¼ z 0
3 ¼) v4v3

��! 2 Dð�Þ and z 1
3 ¼ z �1

4

v4 ¼ z 1
4 ¼) v4v5

��! 2 Dð�Þ and z 0
4 ¼ z 0

5 ¼) v5 6¼ z �1
5 or z 0

5

v5 ¼ z 1
5 ¼) v6v5

��! 2 Dð�Þ and z �1
5 ¼ z 1

6 ¼) v6 6¼ z 1
6

vi ¼ z 0
i ¼) viviþ1

���! 2 Dð�Þ and z �1
i ¼ z 1

iþ1

¼)viþ1 6¼ z �1
iþ1 or z 1

iþ1 ð6 � i � n� 1Þ:

The rest of the diagram is now easy to fill in. Note that z
j
i is in Eiþ1 and so equals

z
�j
iþ1 for every even i (0 � i � n� 1) and every j � 2, since the unique element of

Ei is already accounted for. Let D0 be any orientation conforming to this pattern.
If n ¼ 7, then there is no element z�2

6 or z �3
6 , and so necessarily z 2

0 ¼ z �2
1 ,

z 3
0 ¼ z �3

1 and v1 ¼ z �1
1 . If n ¼ 10, it is possible that v1 ¼ z

�j
1 where j ¼ 2 or 3.

However, this implies that z
j
0 ¼ z

�j
9 and z

j
8 ¼ z

�j
7 . Since �0 ¼ �8 ¼ 1, these are

the only elements of E0 and E8, respectively. But in a reduced good orientation,
v8 and v9 are both in position 0 (by the argument of Lemma 6), and so z 1

8 ¼ z �1
9

and z �1
8 ¼ z 1

9. Thus the diagram of such an orientation contains the cross �><�,
and so orientations of these types make zero contribution to �ðD0Þ and can be
ignored.

Thus to determine �ðD0Þ it suffices, in each case, to consider the one reduced
pattern shown in Fig. 6, in which no reverse 3-switchings are possible. It follows
that �ðD0Þ ¼ 1 and not 0, which completes the proof of Theorem 2 when ðn; �Þ ¼
ð7; 1Þ or ð10; 1Þ.
Subcase 8.2. � ¼ 2. In this case, we consider the orientations that differ from
(1) only in that ð�0; �1; . . . ; �6Þ ¼ ð�2;�3;�1; 1; 2; 1; 2Þ. We shall show that there
is exactly one reduced pattern satisfying these conditions, as shown in Fig. 6.
Note that v0 cannot be in position �3 in DðC0Þ, since �0 ¼ 2 and so there is no
such position; and v1 cannot be in position �3 or �4 in DðC1Þ, since there is no
element z �3

6 or z �4
6 and so z 3

0 ¼ z �3
1 and (if �1 � 4) z 4

0 ¼ z �4
1 ; thus v1 is in

position �2, which implies the orientations v0v1
��! and v2v1

��! in Dð�Þ. Now v0 is
not in position �1 nor v2 in position 0, and so v0 is in position �2. Since
z 2

1 6¼ z �2
0 ¼ v0, therefore z 2

1 ¼ z �2
2 , which means that v2 must be in position �1.

Of the four vertices v3; v4; v5; v6, therefore, one (either v3 or v5) is in position 0,
one is in position 1, and two are in position 2. Whichever vertex is in position 0,
we must have z 0

6 ¼ z 0
0 and z 0

1 ¼ z 0
2, and since �2 ¼ 2 there are no other elements

of E2 (other than z 0
2 and z �2

2 , that is), and so z 1
1 ¼ z �1

0 , z �1
1 ¼ z 1

0 and z 1
2 ¼ z �1

3 . If
v5 is in position 0 then v3 is in position 1 (it cannot be in position 2 because of the
orientation v3v2

��! implied by the position of v2) and v4 and v6 are in position 2;
thus z 1

6, which cannot equal z �1
0 , equals z �1

5 , and z 1
4 cannot equal anything. This

contradiction shows that v3 is in position 0 and z 0
4 ¼ z 0

5. This implies the ori-
entation v3v4

��! so that v4 cannot be in position 1 and must be in position 2, and also
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z 1
3 ¼ z �1

4 and z 1
4 ¼ z �1

5 . If v5 is in position 1 then z �1
6 has nothing to pair with,

and so v5 is in position 2, v6 in position 1, and z 1
5 ¼ z �1

6 .
Thus there is exactly one reduced pattern of the type we are considering.

Again, no reverse 3-switchings are possible. It follows that if D0 is any orientation
conforming to this pattern, then �ðD0Þ ¼ 1 and not 0, and this proves Theorem 2
when ðn; �Þ ¼ ð7; 2Þ.

This finally completes the proof of Theorem 2. &
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