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Abstract: A multicircuit is a multigraph whose underlying simple graph is
a circuit (a connected 2-regular graph). In this paper, the method of Alon and
Tarsi is used to prove that all multicircuits of even order, and some regular
and near-regular multicircuits of odd order have total choosability (i.e., list
total chromatic number) equal to their ordinary total chromatic number. This
completes the proof that every multicircuit has total choosability equal to its
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total chromatic number. In the process, the total chromatic numbers of all
multicircuits are determined. © 2002 Wiley Periodicals, Inc. ] Graph Theory 40: 44—67, 2002
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1. INTRODUCTION

The main result proved in this paper, and the motivation for it, were discussed in
[10]. This paper follows on from [10] and uses the same terminology. The specific
conjecture stated in [9] and [10], which we can now state as a theorem, is the
following.

Theorem 1. [If C is a multicircuit with n vertices, m edges and maximum degree

A, then ch”(C) = x"(C) = 7(C), where

= max e
o =mfat |} [

Here ch” and x” denote the list and ordinary total chromatic numbers, res-
pectively, and a multicircuit is a multigraph whose underlying simple graph is a
circuit (a connected 2-regular graph). We call a multicircuit semiregular if it has
at most one vertex with degree less than its maximum degree A; note that
semiregular multicircuits of even order are regular. In [9] and [10], Theorem 1
was proved for all multicircuits with order n < 5, for all multicircuits that are
not semiregular, and for all multicircuits C with maximum degree A such that
7(C) > A + 2; it thus remains to prove it for all semiregular multicircuits with
order n > 6 such that 7(C) = A + 1. We do this mainly by using the method of
Alon and Tarsi ([2], see also [1]). In fact, we shall include a proof for all multi-
circuits of even order, since it would not be any shorter to prove the result here
just for semiregular multicircuits, and it seems interesting to have an alternative
proof to that of [10] for the nonregular even cases.

It is clear in all cases that ch”(C) > x”(C) > 7(C), and so it suffices to prove
that ch”(C) < 7(C). Let p denote the minimum edge-multiplicity of a multicir-
cuit C, that is, the smallest number of edges joining two consecutive vertices
around C. It is easy to see that if C is a semiregular multicircuit of odd order n and
minimum edge-multiplicity p for which 7(C) = A + 1 then n > 2 + 1, since if
n =2k + 1 then

m :(k—i-l)u—i-k(A—,u):A_i_ﬁ
k7

A+1:T(C)ZL%11J 3

and so k > u. Moreover, it is easy to check that 7(C) = A+ 2 if A =2 and
n Z 0 (mod 3), or if C is semiregular with (n, A) = (7,3), or if C is regular with
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(n,A) = (7,4) or (10,3). In view of these statements and the results of [9] and
[10] mentioned earlier, it is not difficult to see that Theorem 1 follows from the
following theorem, which is the main result of this paper.

Theorem 2. Let C be a multicircuit with n > 6 vertices, maximum degree /A
and minimum edge-multiplicity p. Suppose moreover that if A =2 then n =0
(mod 3), and that if n is odd then C is semiregular and n > 2u+ 1. Then
ch”(C) < A+ 1 except when C is semiregular and (n,A) = (7,3), or C is
regular and (n, A) = (7,4) or (10,3).

Theorem 2 is proved in Sections 3-8. The proof when n =7 or 10 is rather
tricky. The semiregular cases with (n, u) = (7,1), (7,2) or (10, 1) are somewhat
exceptional and are postponed until Section 8.

2. PRELIMINARIES

Before getting into anything more difficult, let us dispose of a simple but neces-
sary lemma.

Lemma 1. Let L(n,r) (respectively C(n, r)) denote the number of ways of select-
ing r objects from n objects arranged in a line (respectively, arranged in a circle)
in such a way that no two consecutive objects are selected. Let

I(n) :=> (=1)L(n,r) and c(n):=)» (=1)"C(n,r).

r>0 r>0

Then I(n) = (2/+/3) sin((n + 2)7/3) and c(n) = 2 cos(n7/3); that is,

if n = 0 1 2 3 4 5 (mod 6)
then In) = 1 0 -1 -1 0 1
and ¢n) = 2 1 -1 =2 -1 L

Proof. 1t is an elementary exercise (see e.g., [4], p. 27) to prove that

Lin,r) = (”"’* 1) and

r

C(n,r):L(n—l7r)—|—L(n—3,r—l):nir<n;r>.

In view of this, the result for c(n) can be recognized as the so-called Hardy
identity (see e.g., [3], p. 26-27, or (1.68) in [7]). The result for /(n) is (1.75) in
[7], and is also equivalent to the case z = —1 of Problem 1.35 in [12] and 1.42(g)
in [11]. The two results can also be derived quite easily from each other, since it
follows from the above equations that c¢(n) =I(n — 1) — I(n — 3). [
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We now summarize the method of Alon and Tarsi ([2], see also [1]), which
was used also by Ellingham and Goddyn [5], Fleischner and Stiebitz [6] and
Haggkvist and Janssen [8]. Let Dy be an arbitrary orientation (the so-called
reference orientation) of an undirected multigraph G. If D is any other orientation
of G, let a(D) be the number of edges that have opposite orientations in D and Dy,
and define sign(D) to be 1 or —1 according as a(D) is even or odd. We call D
positive or negative if sign(D) = 1 or sign(D) = —1, respectively. Let O denote
the set of all orientations of G in which every vertex v has the same outdegree
d ™" (v) that it has in Dy and let o(Dyg) := >, sign(D). Suppose that every vertex
v of G is given a list L(v) of at least d*(v) + 1 colors. The main result of Alon
and Tarsi is that, if o(Dy) # 0, then G can be colored from these lists.

Now let Cy, ..., C, be edge-disjoint complete subgraphs of G, and let O’ denote
the subset of all orientations in O that are acyclic on every clique C;. A refine-
ment of the basic method (see the discussion on page 13 of [1], or Proposition 2.3
of [8]) is to observe that o(Dy) = ), »sign(D); that is, in calculating o(Dy), we
need only consider orientations that are acyclic on every C;. The proof of these
surprising facts, using the graph polynomial, is fascinating but it is explained in
[1,2,8] and elsewhere and so we do not include it here.

To explain how we apply this method, we first need to introduce our termino-
logy for multicircuits. Throughout the paper, C will be a multicircuit of order
n > 6, with vertex-set V(C) = {vo, ..., v,—1} and edge-sets Ey, ..., E,_;, where
E; is the set of edges joining v;_; and v; in C. (Subscripts to v and E should be
interpreted modulo n throughout.) Let E; = {e; 1, ..., e;,}, where y1; = |E;|. Let
G be obtained from the simple total graph T(C) of C by doubling every edge that
joins two vertices in the same set E;; that is, replacing it by two parallel edges. So
G has vertex-set V(C) U U:'l:_ol E;, with a single edge v;v;; for each i, a single
edge xv; whenever x € E; U E;,, a single edge xy whenever x € E; and y € E; 1,
and two parallel edges xy whenever x,y € E; (0 <i<n—1).

For convenience, we shall refer to the direction of increasing subscripts as
clockwise. It might seem natural to take a clockwise orientation of G as our re-
ference orientation, but it makes little difference in practice, and so for con-
sistency with [10] we shall take an anticlockwise reference orientation. However,
we need to describe the orientation more carefully than in [10], since reversing
the directions of the edges in a directed 2-cycle will give a different orientation in
the sense of Alon and Tarsi, even though the new orientation is isomorphic to the
old one and is entirely equivalent to it for all purposes discussed in [10].

We can write G as the edge-disjoint union of graphs I' and Cy, ..., C,_;, where
" is the subgraph of G (an n-cycle) induced by V(C), and C; is a clique with
vertex-set V(C;) = E; U {v;} UE;;; and order p; + ;1 +1 (0 <i<n-—1). By
a proper orientation of G, we shall mean an orientation that is acyclic on each
clique C;. Note that these cliques are not vertex-disjoint; an acyclic orientation of
the edges of C; corresponds to an ordering of its vertex-set V(C;), but the order-
ings of the vertex-sets of overlapping cliques in a proper orientation need not
agree on their intersection. In fact, we shall soon impose conditions requiring the
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ordering of E; induced by the acyclic orientation of C; to be the opposite of the
ordering induced by the acyclic orientation of C;_;.

A proper orientation D of G can thus be specified by the orientation D(T") that it
induces on I', and the induced orderings D(C;) of the vertex-sets of the n cliques
C;. We shall write

—pi  —pit1 - i
D(Cz) = (Z[ﬂ7ziu+ yeeesZy 17Z?’Zg""’zﬁ+])7

and refer to the vertex zij as being in position j in D(C;) (—p; < j < piy1), where
the edges of C; are oriented in D from vertices in higher positions towards those
in lower positions. In diagrams, we shall represent the orderings D(C;) vertically,
with position 0 of each D(C;) being on the same horizontal line, with position 1
on the line above and position —1 on the line below.

A good orientation D of G is a proper orientation in which, for each i
i=0,...,n—1),

d+(1},’) =u;+1 and (1)
d"(x) = pi_1 +p; for each x € E;,

where d* denotes outdegree in D. Since the vertex in position j in D(C;) has
outdegree y; +j in the induced acyclic orientation of C;, we can interpret (1) as
saying that, for each i,

v; is in position 1,0 or —1 in D(C;) according as )
v; has outdegree 0,1 or 2 in D(I")

and

if a vertex of E; is in position j in D(C;)

(3)

then it is in position — j in D(C;_).

For our reference orientation of G, we take the orientation Dy in which I' has the
anticlockwise orientation (that is, each edge v;_;v; is directed from v; towards
v;—1), and

D()(C,‘) = (ei7ﬂi7 Ce ,€i71 , Viy €i+1,1, ce ,eiH’MH)

for each i; clearly this is a good orientation. Also, since p; + 1 < p; 1 + w; < A
for each i, every vertex of G has outdegree at most A in Dy; and so if we can
prove that o(Dy) # 0 then it will follow by the method of Alon and Tarsi
described above that ch”(C) < A + 1.

A basic orientation of G is a good orientation D such that, for each i, v; is in
position 0 in D(C;), that is, z? = v;. So Dy is a basic orientation. The pattern of a
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proper orientation D is obtained by replacing each element of E; in D(C;) by E;
and each element of E; | by E;;, for each i; in other words, it specifies whether
the vertex in each position in each D(C;) is v; or belongs to E; or to E;, but in
the last two cases it does not specify which vertex of E; or E; ;| it is. A good
pattern or basic pattern is the pattern of a good orientation or a basic orientation,
respectively. A nonbasic good pattern uniquely determines the orientation D(I")
of I but a basic pattern does not, since by (2) it implies only that each vertex v;
has outdegree 1 in D(I') and so I' can have either the clockwise or the anti-
clockwise orientation; a full pattern consists of a pattern together with a possible
orientation for I'.

Lemma 2. All the good orientations corresponding to the same full pattern have
the same sign.

Proof. Let D and D' be good orientations corresponding to the same full pat-

tern. Suppose that x,y € E; and, in D, z;/, = z/ = x and z;% = z¥ =y, where

j < k. Suppose we interchange x and y so that z,”, =z/ =y and z; %, = z¥ =x.
For each h (j < h < k) this reverses the orientations of the two arcs xz; ", and
z7"yin C;_; and the two arcs yz and z"x in C;, and it also reverses the orien-
tations of the arc xy in C;_; and the arc yx in C;; it thus reverses an even number
of arcs. Since D can be converted into D’ by a finite sequence of interchanges of

this type, it follows that D and D’ have the same sign. [ |

In view of Lemma 2, if P is a good full pattern then we can define sign(P) to be
the sign of any good orientation with pattern P. Let p(Dy) := > sign(P), where
the sum is over all distinct good full patterns P; note that these correspond pre-
cisely to orientations D in which every vertex v has the same outdegree as in Dy.

Lemma 3. o(Dy) = (Hf;ol /M!>P(D0)-

Proof. Let P be a good full pattern. The p; vertices of each set E; can be
assigned to the positions marked E; in D(C;) in y;! ways, and by (3) this assign-
ment uniquely determines the positions of these vertices in D(C;_;) as well. Thus
the number of good orientations corresponding to P is H;:Ol 1!, and they all have
sign sign(P) by Lemma 2. The result follows. ]

In order to count the basic patterns, we need the concept, already introduced,
of the minimum edge-multiplicity x := min{y; : 0 <i <n — 1}. For even n we
need also the analogous minimum even and odd edge-multiplicities

le :=min{y; : i is even} and g, := min{y; : i is odd}.

Lemma 4. The number of basic patterns is <”:“> if nis even and 2" if n is
odd.

Proof.  Suppose first that n is even. Let D be a basic orientation. Suppose that
iiseven, 1 <j < u;i1, and the vertex zi/ in position j in D(C;) is an element of E;
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(not E; 1, as it would be in Dy). Then z ;{1 ¢ E;,1 (since, by (3), this would require
21 =2]), and so z;/, € Ej;». Thus, by (3) again, z,/, = z/,,, which means
that Zi‘]+2 and j < p;3 (since otherwise the element z/ t» would not exist).
Continuing in this way, we find that zj] € E; and j < p,4, for every even h, so
that j < p,. .

In a similar way, if 1 <j < p;1; and Z;’ € E; for some odd i, then this holds for
every odd i and so j < p.. What this shows is that in every basic pattern, the
vertices z;’ with i even and p, <j < iy are all in E;4 1, and so are the vertices z;’
with i odd and p. < j < p;y1. It also shows that, for every i, the values of j > 0 for
which z/ € E; are the same as the values of j > 0 for which Z,-] » € Eiy» and the
values of j > 0 for which z/,, € Ei;,. So the basic patterns correspond to the
(“e;:“") partitions of the set {—p,...,—1,1,..., 1} into two disjoint subsets
A, B with |A| = pi and |B| = p,, in the following way: if i is even, then z/ € E; if
jeAandz € E;, if j € B, while if i is odd then z/ € E; if —j € Band z/ € E;
if —j € A. This proves the result for even n.

If n is odd, the argument is similar, except that there is no distinction between
even and odd values of i, and p. and p, are both replaced by p. The argument
shows that, for every i, if ;1 <j < p; 41 then zif € E;; 1, and the values of j > 0 for
which z] € E; are the same as the values of j > 0 for which z,” € E;;;. So the
basic patterns correspond to the 2# partitions of the set {1,2,...,u} into two
disjoint subsets A, B of arbitrary cardinality, in the following way: if 1 <j < p,
then z/ € E; and z;/ € E;; if j € A, while z] € E;yy and z,;” € E; if j € B. This
completes the proof of Lemma 4. [ |

In contrast with Lemma 2, the following lemma works only if n is even.

Lemma 5. Suppose that n is even. Then all basic orientations have the same
sign.

Proof. Let D be a basic orientation. We shall show that D has sign 1, that is,
it has the same sign as the reference orientation Dy.

In T, every vertex v; has outdegree 1 in both D and Dy, by (2), and so an even
number of edges of I' (either O or n) change direction between Dy and D.

Every vertex x of E; is joined by edges to exactly two vertices of I', namely
v;—1 and v;. By (3), in each of D and Dy, one of these edges is oriented towards x
and the other away from x. Thus an even number of edges between I' and
V(G) —I' change direction between Dy and D.

For each two vertices x,y € E;, there are exactly two edges of G between them,
one in C;_; and one in C;. By (3) again, in each of D and Dy, one of these edges is
oriented from x to y and the other from y to x. Thus an even number of edges of
this type change direction between Dy and D.

All edges of G not so far considered join E; and E; for some i and j such that
li — j| = 1. These edges form a bipartite graph F with partite sets X, Y, where
X=|J{Ei:iiseven} and Y =|J{E;:iis odd}. By the previous two para-
graphs, in each of D and Dy, each vertex x € E; has one edge directed out of it
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towards I and p; — 1 edges directed out of it towards other vertices in E;, and so
by (1) it must have p;_; edges directed out of it in F. Thus the sum of the out-
degrees of all vertices of X in F'is the same in D as it is in Dy. Since reversing the
direction of one edge of F changes the parity of this sum, an even number of
edges of F must change direction between D and Dy. Thus an even number of
edges of G change direction between D and D, which means that D and D, have
the same sign. ]

Finally, before applying these results, we introduce the concept of a 3-switch-
ing. If for some i, v; is in position 1 in D(C;), v;_; is in position —1 in D(C;_y),
some vertex x € E; is in position 0 both in D(C;) and D(C;_1), and the edge v;_ v;
is directed from v;_; towards v; in D(T"), then reversing the directions of the three
arcs vix, xv;_1, and v;_ v; will move both v; and v;_; into position 0 in D(C;) and
D(C;_), respectively. A similar remark applies if v; is in position —1 in D(C;),
v;—1 18 in position 1 in D(C;_;), and the edge v;_;v; is directed from v; towards
v;—1 in D(T"); in this case we reverse the directions of the three arcs v;_1x, xv;, and
v;v;—1 to get v; and v;_ into position 0. We refer to either of these operations as a
3-switching. Note that a 3-switching changes the sign of the orientation. We call a
good orientation reduced if it is not possible to carry out any 3-switchings, and
the pattern of a reduced orientation is a reduced pattern.

Lemma 6. A good orientation is reduced if and only if it is basic.

Proof. 1t is clear that all basic orientations are reduced. Suppose that D is a
nonbasic good orientation. Then some vertex v; is not in position 0 in D(C;). By
(2), either v; is in position 1 in D(C;) and has outdegree 0 in D(I"), or else v; is in
position —1 in D(C;) and has outdegree 2 in D(I"). Suppose the former. (The
other case is similar.) The vertex z? in position 0 in D(C;) belongs to either E; or
E;i1; suppose it is an element x of E;. (Again, the other case is similar.) Then
Z?,] =zY =x by (3), and so v;_; is not in position 0 in D(C;_;). Since v; has
outdegree 0 in D(I"), the edge v;_;v; of I is directed from v;_; towards v;, and so
v;—1 has outdegree at least 1 in D(T"). It follows from (2) that v;_; has outdegree 2
in D(I") and is in position —1 in D(C;_;). Then we can carry out a 3-switching of
the first type described above. Thus a nonbasic orientation is not reduced. This
completes the proof of the Lemma. ]

In some later sections, we shall modify G slightly so that Lemma 6 is no longer
true. However, we will still be able to use the method of proof of this Lemma to
show that, in a reduced orientation, all but a small number of vertices v; are in
position 0 in D(C;).

3. CASE n =0 (mod 6)

In this section, we shall use G and D, exactly as defined in the previous sec-
tion. We wish to evaluate o(Dy), or more directly p(Dy), by considering all the
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(patterns of) good orientations. We can do this by an appropriate consideration of
just the basic orientations, since, by the argument of Lemma 6, every nonbasic
good orientation can be reduced to a unique basic orientation. However, not every
basic orientation corresponds to the same number of nonbasic orientations, and
so we need to classify the basic orientations into types according to the patterns
of the elements in positions 0, 1 and —1 of the orderings D(C;). There are four
essentially different patterns, for each of which there are two different orienta-
tions of I', as shown in Fig. 1. (For comparison with later figures, we label the
four patterns in Fig. 1, rather incongruously, as types 1, 2, 7, and 8.) Here each
isolated black blob represents a vertex v; in position 0 in D(C;). The vertex z|
above it, in position 1 in D(C;), may be in E; or in E; ;. If it is in E; then it equals
z7', and a line sloping down to the left is shown connecting the equal elements
z; and z . If however z| € Ej;, then z] = z;;!| and a line sloping down to the
right is shown connecting these equal elements. The reference orientation Dy is of
type 1A.

We must calculate how many good orientations we can obtain from basic
orientations of each of these types by applying reverse 3-switchings. For basic
orientations of types 1A and 2B, the answer is 1; no reverse 3-switchings are
possible. For basic orientations of types 1B and 2A, we can apply reverse
3-switchings to any subset of the edges of I', provided that we do not attempt
to reverse two consecutive edges (since once one edge has been reversed, as in
Fig. 2, it is no longer possible to reverse the adjacent edges). Since each reverse
3-switching changes the sign of the orientation, the sum of the signs of all the
orientations that we can obtain from a given basic orientation of either of these
two types is c¢(n), as in Lemma 1.

For basic orientations of types 7A, 7B, 8A, and 8B, we can apply reverse
3-switchings to any subset of the edges of I' that correspond to the crosses in the
diagram, as shown in Fig. 2. There are thus 2"/ possible switchings, of which
half have sign 1 and half have sign —1. Their net contribution to o(Dy) is thus 0.

Type 1: Type 7:

NN DG DG DG

A A
B B
Type 2: Type 8:
AAAAAA < DG DG >
A A
B B

FIGURE 1. Basic orientations of G.
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Type 1B:

A e S A

Type TA:

Type 7B:

FIGURE 2. Sample reverse 3-switchings.

In fact, whenever the diagram representing a type of reduced orientation contains
a cross ><, the contribution of that type to o(Dy) will be 0. For, it must be possible
to make a reverse 3-switching of the corresponding edge of I', without interfering
with anything else that we do, and the contributions of the orientations in which
this switching is made will exactly cancel out the contributions of those in which
it is not made.

In view of Lemma 3, we shall consider basic patterns rather than basic orienta-
tions. By the argument of Lemma 4, the basic patterns of type 1 correspond to
partitions of the set {—pi,...,—1,1,..., o} into two disjoint subsets A, B with
|A| = pe and |B| = o such that —1 € A and 1 € B. The basic patterns of type 2
are similar except that 1 € A and —1 € B. In each case the number of basic pat-
terns is ("““”‘“1 ) This is the number of full basic patterns of each of types 1A,
1B, 2A, and 2B, and so o(Dy) is a nonzero multiple of 1 + ¢(n); to be precise,

(H ! > (Dy) where p(Dy) = (Me H o~ 2)2(1 + c(n)).

Ho — 1
For even values of n, we see from Lemma 1 that 1 4 ¢(n) = 3 if n = 0 (mod 6)

and 1 + c¢(n) = 0 otherwise. Thus we can deduce that o(Dy) # 0, and Theorem 2
is proved, for all multicircuits of order n = 0 (mod 6).

4. CASE n =2 (mod 6)

It is not surprising that the argument of the previous section failed to prove the
result for even n Z 0 (mod 6), since we did not assume there that A > 2, and if
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A =2 then it is not true that ch”(C) < A + 1 when n # 0 (mod 3). To prove the
result for n =2 (mod 6), we shall therefore assume that A > 3. Note that
o + e < A, since every vertex has degree at least 1, + pe in G. Assume with-
out loss of generality that

B = o < e, (4)

so that p; < A —2; this follows because p; <A —pe <A —py <A-=2if
i1 > 2, and it is obvious if py; = 1 since A > 3.

Form GV from G and T'(") from I by adding an extra edge between v and v;.
Form the reference orientation D( ) from Dy by orienting this extra edge from
v to vp, in the same direction as the existing edge between vy and vg Note that
v1 has outdegree p1; +2 < A'in D((J ), and so if we can prove that 0( ) # 0 then
it will follow as before that ch”(C) < A + 1.

Let a proper orientation D of G(!) be called good if every vertex v has the same
outdegree in D as in Dé ), so that D makes nonzero contribution to o(D, D! )) As
before, a good orientation D is basic if every vertex v; is in position 0 in D(C )s
and reduced if no 3-switching is possible to move two vertices from positions +-1
to position 0. Lemmas 2-5 still hold, but Lemma 6 does not; that is, it is not now
true that every reduced good orientation is basic. However, the argument of
Lemma 6 shows that every good orientation can be reduced by 3-switchings to an
orientation D such that, for each i € {3,4,...,n — 2}, v; is in position 0 in D(C;).
It is now not difficult to classify the reduced orientations into types according to
the positions of v,_1, vy, v;, and v, and the patterns of the elements in positions
0, 1, and —1 of the orderings D(C;). The different types are shown in Fig. 3. As
before, the reference orientation is of type 1A. For each of types 1B, 2B, 7B, and
8B, only one of two examples is shown, the other being obtained by orienting the
2-cycle of TV in the opposite direction. We can ignore types 7—11, since (when
n > 6) each of them contains the cross >< above a single edge of I', and these
types therefore make zero contribution to O'(DE)I)), as explained in the previous
section. We must consider types 1-6.

Types 1A, 1B, 2A, and 2B are basic orientations, and by Lemma 5 they all
have the same sign. For convenience, let e; denote the sloping edge of E; shown in
the diagrams for types 1 and 2; s0e; =z} | =z;'intype l,and ¢; =z, = 2/}
in type 2. Then we can convert an orientation of type 2A into one of type 3 by
reversing a 7-cycle v,v;v9v,—1€0€1e; and a 3-cycle v;vge;. This gives a bijection
between orientations of types 2A and 3. By the argument in the previous section,
there are thus exactly (““f“"l ) full patterns of each of types 1A, 1B, 2A, 2B,
and 3, all with the same srygn as D( ) (There are also the same number of each
type obtained from 1B and 2B by reversing the 2-cycle of T'(1))

Now let us consrder orientations of type 1A, 1B, 2A, and 2B in which Zo
zl = x, say, so that zl € E, (not Ez, as it would be in D( ); let us call these
flexible orientations. Then z;% =z?2 for every odd i, by the argument of
Lemma 4. By the same argument if u. = 1 then there are no flexible orientations;
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Type 1: Type 7:
SN > G <K
A Un—1 Ug\f{\% V2 A VUn—1 17§<<>511 )
B <> B <>
Type 2: Type 8:
A <G DG
A Un-1 Ug\<<>vl U3 A Un-1 'U?/bl ]
B <> B <>
Type 3:
N
>
Un 1 V0> U U2
Type 4: . Type 9: .
SO O > <K
<< s
Un-1 'UMI U2 Un-1 U0\>/01 Vo
Type 5: . Type 10: .
A A <G
<< S
Un—1 ’U‘o\>/’-01 V2 Upn-1 Uovvl Uz
Type 6: . Type 11: .
SO < TS D
e e
Up—1 V0> U1 U2 Up—t V0> V1 V2

FIGURE 3. Reduced orientations of G

this is obvious in any case since if y. = 1 then (4) implies p; = 1, so that e is the
unique element of E;. Otherwise, by the same argument as before, the flexible
orientations of type 1A or B correspond to partitions of the set {—ge,...,—1,
l,..., 140} into two disjoint subsets A,B with |A| = p. and |B| = u, such
that —1 € A, 1 € B, and —2 € B. The flexible orientations of type 2A or B are
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similar but with 1 € A, —1 € B, and —2 € B. In each case, the number of such
partitions is

(ue+uo—3> _ Ho—1 (ue+uo—2> <1(ue+uo—2> 5)
o — 2 e+ Ho =2\ 1o — 1 T2\ e —1
by (4).

We can convert a flexible orientation of type 1A into an orientation of type 4
by reversing a 3-cycle vjvgx and a 5-cycle vjvpegxer. We can convert a flexible
orientation of type 2A into an orientation of type 5 by reversing two 3-cycles
v1vpx and v;vpe; and the 2-cycle xe;. And we can convert a flexible orientation of
type 1B into one of type 6 by reversing the 3-cycles v,,_1vpeg, v1vpx, and vjvre;.
Moreover, these mappings define bijections, which show that the number of reduc-
ed patterns of each of types 4, 5 and 6 is ("'e‘“ﬁ)z_ 3 ), those of types 4 and 5 having
the same sign as Dol) and those of type 6 hznlving the opposite sign.

It is relatively straightforward to calculate the sum of the signs of all the pat-
terns that we can obtain from each reduced pattern by reverse 3-switchings, mak-
ing due allowance for the fact that when the two edges of I' between vy and v
have opposite orientations, it makes a difference which way round they are. We
tabulate the results in Table I, using the function /(n) from Lemma 1. For clarity,
we write signs in tables as + and — rather than as 1 and —1; the signs given in
Table I for odd n need careful interpretation, and are discussed in Section 6.

If we write f (n) for the sum of the contributions of types 1A, 1B, 2A, 2B and
3, and f>(n) for the sum of the contributions of types 4, 5 and 6, we thus have the
following values, obtained using Lemma 1.

n=0 2 4 (mod®6)
filn)=24+3ln—1)=3I(n—-3)+I(n—-5) =8 -2 0
fn)=1+1ln-3)—In-5=0 3 0
TABLE I.  Contributions to p(D§")
Sign

Type (neven) (nodd) Contribution

1A + + 1

1B + - 2l(n—1)—1(n—23)

2A + - I(n—1)—=2/(n—-3)

2B + + 2-1=1

3 + - I(n—5)

4 + - 1

5 + + I(n—23)

6 - - I(n—5)
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For n = 0 (mod 6), the result has already been proved in the previous section;
and for n = 4 (mod 6), we can deduce nothing because O'(D(()]>) is clearly zero.
But for n = 2 (mod 6), we can deduce that

(1) pe + o — 2 He + o — 3
Dy’)=1|-2 3 0
o) = (2" 2 s ) <

by (5). Since O'(D(()l)) = ( | ) p(D(()l)) # 0, Theorem 2 is proved for all multi-
circuits of order n = 2 (mod 6).

5. CASE n =4 (mod 6)

It is again not surprising that the argument of the previous section failed to prove
the result for n = 4 (mod 6), since we did not assume there that n > 10 or A > 3,
and if (n, A) = (10, 3) then it is not true that ch”(C) < A + 1. To prove the result
for n = 4 (mod 6) will actually require three subcases.

The basic idea is to add two extra edges to G instead of one. Form G®?) from G
and T'® from T" by adding two extra edges, one between vy and v; and the other
between v, and v, where p will be specified later, and let g := n — p. Form the
reference orientation D(()z) from D, by orienting these extra edges anticlockwise,
in the same direction as the existing edges between the same pairs of vertices.
Let a proper orientation D of G» be called good if every vertex v has the
same outdegree in D as in D(() ), so that D makes nonzero contribution to O'(D(()2)).
Basic and reduced good orientations are defined as before and Lemmas 25 still
hold.

Provided that p and ¢ are not too small, many of the reduced good orientations
can be categorized by a pair of the types given in Fig. 3 for Dé ) , €.2., type
{1A, 4}, the two types in the pair describing the structure of the orientation in the
neighborhoods of £ and E, . We refer to these as standard types. In addition to
these there are also four types that cannot be so described, which we refer to as
exotic types. Two of these are shown in Fig. 4 in case f 4; note that they exist
only if p is even, and make zero contribution to o(D;;”) if p > 6, because of the
presence of the cross >< above a single edge of I. The other two exotic types,
which we shall call E1” and E2/, are obtained from E1 and E2 by interchanging
the roles of E,,; and Ej; they exist only if ¢ is even, and make zero contribution
to o(D ()) if g > 6.

The sums of the signs of all the patterns that we can obtain from each standard
type of reduced pattern by reverse 3-switchings are shown in Table II. Here we
use the notation #(r) := I(p — r)l(q — r). All the standard types listed in Table II,
even types {3,3} and {6, 6}, exist if p > 4 and g > 4, and the contributions in
Table II are then correct if we define /(—1) := [(0) := 1; this definition preserves
the important property that /(r) and #(r) both depend only on the congruence class
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Type E1:

O

e e
U0\>/U 1 U‘p\>7)'p +1
Type E2: .
A A
< >
'l Up T Upr1

FIGURE 4. Exotic reduced orientations of G%.

of r (mod 6). (However, if p =4 or ¢ =4 then there are also contributions
from exotic types, which are not listed in Table II.) We count a reduced good
orientation as being of type {a, b} if (i) it has the structure of type a at E; and the
structure of type b at E,,, or (ii) it has the structure of type b at E; and the
structure of type a at E,,; these two ordered subtypes, (i) and (ii), make equal
contributions to O'(D(() )), and so each standard type {a, b} with a # b is shown in
Table II as making twice the contribution of an ordered subtype. As in Table I, the
signs given in Table II for odd n need careful interpretation and are discussed in

Section 6.
TABLE Il. Standard Types of Contribution to
p(DF)
Sign
Type (neven) (nodd) Contribution
{1A, 1A} + + 1
{1B, 1B} + - 4t(1) —4t(2) + t(3)
{2A, 2A} + - t(1) — 4t(2) + 4t(3)
{2A, 3} + — 2[t(3) — 2t(4)]
{3, 3} + — t(5)
{2B, 2B} + + 4—-4+1=1
(1A, 4} + — 2[11=2
{2A, B} + + 2[t(2) — 2t(3)]
{3, 5} + + 2[t(4)]
{1B, 6} — - 2[2t(3) — t(4)]
{4, 4} + - 1
{5, 5} + + t(3)
{6, 6} + + t(5)
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Let us write g; for the sum of the contributions of the first six types in Table II,
g» for the sum of the contributions of the next four types, and g3 for the sum of
the contributions of the last three types. Then (for even n)

g1 =2+ 5t(1) — 8t(2) + 71(3) — 4t(4) + 1(5),
g2 = 2[1 +1(2) — 41(3) + 2t(4)],
g3 =1+1(3)+1(5).

For the congruence classes of p and ¢ (mod 6) that we are particularly interest-
ed in, we have the following values:

(p.q) (1) #(2) t(3) t4) 1«5) & & &
64 -1 0 0 -1 0 1 -2 1 (6)
(5,5) 11 0 1 2 -4 3

We now consider three subcases.

Subcase 5.1. n > 16. In this case we choose p = 6. To apply the above results,
we need to find an index i such that p; < A — 1 and p;16 < A — 1. Call an index
i good if p; < A —1 and bad if p; = A — 1. If there is no index i as required,
then i 4 6 is bad whenever i is good; thus there are at least as many bad indices
as good ones. But two consecutive indices cannot both be bad, since we are
assuming that A > 3 and so the indices must alternate between good and bad; but
then we can find good indices i and i + 6. Thus there must exist an i as requlred
without loss of generality, ©; < A —1 and pu7 < A — 1. Then, in D(() ), vy has
outdegree 1; +2 < A and vy has outdegree p7 +2 < A.

Let us say that a reduced orientation D of type {lA 1A}, {1B, 1B}, {2A,2A},
or {2B 2B} is flexible at i if z;7% = z?, so that z? € E; (not E;1, as it would be
in D ). By the argument of Lemma 4, 1f Dis ﬂex1ble atiandiis odd then 2 < p,
and D is flexible at i for every odd i. Thus D is flexible at 1 if and only if D is
flexible at 7. In the previous section, we described a number of bijections, e.g.,
one between reduced orientations of G(!) of type 4 and flexible orientations of
type 1A. There are analogous bijections between reduced orientations of G of
type {4,4} or of type {1A,4} and orientations of type {1A, 1A} that are flexible
(at 1, or at 7, it is the same). So for each of the first six standard types of reduced
good pattern listed in Table II, there are (“e;r“" ) patterns conforming to this
type, and for each of the last seven types, there are (“ﬁ““ 3) patterns.

By (6), each non-flexible pattern makes a contrlbutlon of gr=1to p(D(<)2>)
and each flexible pattern makes a contribution of g; 4+ g> + g3 = 0. Since there
exist non-flexible patterns (the pattern of the reference orientation D 2) itself, for
example), it follows that the total contribution is positive and p(D S)) # 0.

This shows that the result of Theorem 2 holds for all multlclrcur[s of
order n =4 (mod 6), n > 16. The argument fails if n = 10 because then
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g =n—p = 10— 6 =4, and the exotic orientations of type E2’ make a nonzero
contribution which we have ignored. Of course, the argument must fail if n = 10,
since we have allowed A = 3 and the result is false if (n, A) = (10,3).

Subcase 5.2. n = 10 and C is regular with y, = 1 and pe = A — 1. This is the
case that requires A > 4; it is postponed until Section 8.

Subcase 5.3. 7 = 10 and Subcase 5.2 does not apply. In this case we choose
p = 5. To apply the above results, we need to find an index i such that p; < A — 1
and p;45 < A — 1. Suppose that this is not possible. By the argument in Subcase
5.1, we quickly deduce that p; = 1 for all i of one parity, say for all odd i, and
i = A — 1 for all even i. Thus unless C is regular with p, = 1 and g = A — 1
(when Subcase 5.2 applies), we can find an i as required; without loss of gene-
rality, u; < A —1 and pg < A — 1. Then in Dé ), vy has outdegree 1 +2 < A
and vg has outdegree ug + 2 < A.

Since 5 is odd, there may now be reduced patterns that are flexible at 1, or at 6,
but not at both. These contribute g; + 1 g> = 0 to p(Dy p? ), by (6). Patterns that are
flexible at 1 and at 6 contribute g; + g» + g3 = 1, whlle those that are ﬂex1b1e at
neither contribute g; = 2. The total contribution is nonzero and so p( ) # 0.
This shows that the result of Theorem 2 holds for all multicircuits of even order
except for those of order 10 that are regular with p, = 1 and g = A — 1, which
are dealt with in Section 8.

6. ODD n AND y < 2

For odd values of n, we shall need a new argument (in Section 7) when p > 3, but
for =1 or 2 we can adapt the arguments we have used for even n. We shall
suppose throughout this section that C is a semiregular multicircuit of order n > 7
with edge-multiplicities 1 and A — p, labeled so that p = pu3 = ug = pe =

C = fp—1 = W

The signs given in the tables for odd » refer to orientations obtained from the
reference orientation by reversing specified cycles. For example, the reference
orientation D () of G is of type 1A and is positive by definition (see Table I). By
reversing a 2n -cycle voepv,—1€,—1 - - - v1e; and an n-cycle epe,—; - - - €1, we obtain
an orientation of type 2A, which is therefore negative. By reversing an n-cycle
UoUy—1 - - - V1 in either of these orientations we obtain orientations of types 1B and
2B, which are therefore negative and positive respectively. By reversing two odd
cycles in the orientation of type 2A, as described in Section 4, we can obtain a
negative orientation of type 3.

We call an orientation flexible if z 7% = z? for every i. None of the five orienta-
tions described so far is flexible: if ,u = 1 then for some values of i the element ziz
does not ex1st wh11e if p > 2 then z € E;y1 and so equals z +1’ not zl-_f]. But if
p>2and z? = zl +1 = f,, say, for each i, then by reversing the orientations of
the6nedgesz Z; andz z;2(0<i<n-—1,-1<h<1)and the n edges of the
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n-cycle fofu,—1---fi, we obtain a flexible orientation of the same type and the
opposite sign. Now we can obtain orientations of types 4, 5, and 6 by revers-
ing cycles in the flexible orientations of types 1A, 2A, and 1B as described in
Section 4.

Similar remarks apply to orientations of G*) as summarized in Table II. Notice
that the edge-reversal that converts type 1A into type 2A, say, in Table I is
“global,” and so converts type {1A, A} into type {2A,2A} in Table II, where-
as the edge-reversal that converts the flexible type 1B into type 6 in Table I is
“local,” and so must be carried out twice in order to convert the flexible type
{1B, 1B} (which is positive, since the inflexible type {1B, 1B} is negative) into
type {6,6} in Table II. This accounts for the signs in the tables.

Let us concentrate on Table II. Recall from Lemma 4 that there are 2/ basic
patterns when n is odd. If ¢ = 1, then one of these (the pattern of the reference
orientation) is of type 1 and the other is of type 2. There is thus one full basic
pattern of each of the six types in the top six lines of Table II. Let the sum of the
contributions to p(D(()z)) of these six patterns be /;. Since none of these patterns is
flexible, there are no patterns of any of the types in the bottom seven lines of the
table.

If i = 2, then there are two full basic patterns of each of the first six types,
one flexible and one inflexible with opposite sign and the contributions of all
these patterns therefore cancel out. However, from the flexible patterns, we can
derive one basic pattern of each of the last seven types. Let the sum of the con-
tributions of these seven patterns be ;.

If ;¢ > 3 then there are 2#~! full basic patterns of each of the first six types and
2/=2 of each of the last seven types, and in each case half the patterns are posi-
tive and half are negative, and so everything cancels out. The present method
therefore only works when p < 2.

From Table II we find that (for odd n)

hy =2 —5t(1) + 8¢(2) — Tt(3) + 4t(4) — 1(5),
hy = =3+ 21(2) — 7¢(3) + 4t(4) + 1(5).

We shall take p =5, ¢ = n — 5, noting that provided A > 3 then pu; = pg =
1w <A —2,and so v; and vg both have outdegree equal to y+2 < A in D(()z).
There is no contribution from exotic types provided that n > 11, so that g > 6.
The values of /; and h, depend only on the congruence classes of p and g (mod 6),
as shown for representative values as follows:

(p,q) 1(1) 1(2) 1(3) t(4) 1«5) m h

(56) 0 I 0 0 -5 —10 ;
5.8) 0 -1 -1 0 -1 2 I ()
500 0 1 0 0 1 9 o0
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Since five of these six values of h; and h, are nonzero, it follows that
ch”(C) < A+ 1 whenever n is odd, n > 11, A > 3, and p < 2; except when
w =2 and n = 3 (mod 6). There remain several special subcases to consider.

Subcase 6.1. 1 = 2 and n = 3 (mod 6). In this case, instead of taking p = 5 and
q =n — 5 wetake p = n — 4 and g = 4. The value of &, is unchanged by this and
so equals O from the bottom line of (7). However, there is now a nonzero
contribution from exotic type E2'. There is exactly one negative pattern of type
E2’, which is obtained from the (positive) inflexible pattern of type {2B,2B},
with z2 | =z, =xand z2 5 = 7,2, =y, say, by reversing a 7-cycle v, 30,_»
Up_1vVoxe,_1y and two 3-cycles wjvpe; and v, 30, 4€, 3. Thus p(D(()Z)) =
h, —1 = —1. The fact that this is nonzero proves the result in this case.

Subcase 6.2. 1 =1 and n = 3 (mod 6). In this case, we have proved the result
when A > 3 and n > 9 but we have still to prove it when A =2 orn = 9. We do
this from the original graph G as in Section 3. There is one positive full basic
pattern of each of types 1A and 2B, and one negative full basic pattern of each of
types 1B and 2A. The sum of their contributions to p(Dy) is 2(1 — ¢(n)). For odd
values of n, we see from Lemma 1 that 1 —c(n) =3 if n =3 (mod 6) and
1 —¢(n) =0, otherwise. Thus the result holds when n =3 (mod 6) and this
argument works even when A = 2 and/or n = 9.

Subcase 6.3. 71 = 7. This case is postponed to Section 8.

7. ODD n AND x> 3

In order to prove the result for semiregular multicircuits with odd values of n and
© >3, we shall look at different orientations of our original graph G from
Sections 2 and 3. Let D be an arbitrary proper orientation of G satisfying (3). If
J > 0 then, by definition, position j exists in D(C;) if and only if position —;j exists
in D(Ciy1). Also, if v; is not in position j in D(C;), then position j in D(C;) is
occupied by an element x € E; U E;;; which is also in position —j in C;_; or Ciy;
and the same holds with j and —j interchanged. Thus the number of vertices v;
that are in position j is the same as the number that are in position —j; call this
number p;(D).

Let D; be the set of orientations D such that p;(D) = 0 (1 <j < p). Since n is
odd, for each D € D; either z] =z, for every i, or z] = z;”, for every i; call D
J-inflexible in the first case and j-flexible in the second. Suppose that D € D; and

we form D/ from D by interchanging the vertices z and z;” in every D(C;). This
has the effect of reversing the orientations of the 2n(2j — 1) edges z/z" and zz;”
(0 <i<n-—1,—j<h<j)and the n edges of the n-cycle zjz’ ,---z1, an odd

= n—1"
Qumber in total. Moreover, D/ € D; and every vertex has the same outdegree in
D/ that it has in D. In fact, the mapping D +— D/ pairs off all the elements of D;.

So given any reference orientation Dy of G satisfying (3), there are equally many
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positive and negative good orientations in D;, which therefore cancel out, so that
the net contribution of all these orientations to o(Dy) is zero.

Now let us specify the outdegrees of two different classes of orientations of G,
which for convenience we describe as narrow and wide. In each case, (1) holds
except for the value of d* (v;) for certain values of i. For convenience, let us write
6 :=d" (v;) — u; — 1, so that §; = 0 if (1) holds. The narrow and wide orien-
tations are defined so that, for 3 <j <y, 6551 =j— 1 and 65 = —(j — 1). The
only other variation from (1) is that, in the class of narrow orientations, 6, = 1
and 63 = —1; whereas, in the class of wide orientations, 6; = 1 and 6, = —1.
When working with the narrow class, we label C so that py = py = ps = p7 =
<o+ = ly_o = 1 (and either u3 = p or py = u, it does not matter which), and
when working with the wide class, we label C so that yy = 3 =pus =--- =
tn—2 = 1 (and either u, 1 = p or ug = p); then every vertex v; has outdegree
d*(v;) <d*(vy—1) =2p < A, as required. These orientations exist provided
that n > 2u + 1. Some types of reduced orientations of these two classes with
p = 3 are illustrated in Fig. 5; in each case, we take as the reference orientation
Dy an arbitrary orientation of type 1. Note that Lemmas 2 and 3 still hold.

Let us consider which reduced good orientations in these two classes make a
nonzero contribution to o(Dy). Reverse 3-switchings can move vertices from
position 0 into position 1 and —1, but not into position j or —j for any j > 2. It
follows that if a reduced good orientation D is in D; for some j (2 < j < p), then

Narrow Type 1: . Wide Type 1:

N S N S G

V1 V2 U3z V4 Us Vg Ut Vo Vi1 V2 Us Vg Vs Vs Uy

Narrow Type 2: . Wide Type 2:

AEASE S AE A St S

V1 V2 V3 VY4 Us Vg VUt Vg Vi V2 U3 Vs Vs Vg VUt

Wide Type 3:

S

Yo V1 V2 VU3 VY4 Us Vg U7

FIGURE 5. Reduced orientations of G with two different sets of outdegrees (n odd,
uw=73).
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the contributions to o(Dy) of all the good orientations that can be obtained from
D by reverse 3-switchings exactly cancel out the contributions of all those that
can be obtained similarly from D/. We may therefore confine our attention to
reduced orientations D such that p;(D) >0 (2 <j < p).

We can now describe a typical reduced good orientation of G in these two
classes. The only vertices that can be in position p or —p are vy, 1 and vy, and
then only if v, has outdegree 0 and v,, has outdegree 2 in D(I"); so we may
assume that this is the case. (Note that v,,_; then has outdegree jip,—1 + . =2p
in the induced acyclic orientation of C,,,_.) Given that this is so, the only vertices
that can be in position p — 1 or —p + 1 are vy,,_3 and v,,,_», and then only if v,,_3
has outdegree 0 and v,,_, has outdegree 2 in D(I"). Continuing in this way, we
may suppose that v;;_; has outdegree 0 and v,; has outdegree 2 in D(I") for each j
(3 <j < ), and that, in the narrow class, v, has outdegree 0 and v3 has outdegree
2 in D(I"), while in the wide class v; has outdegree 0 and v, has outdegree 2.

In the narrow class, the only edges of I" whose orientations are not now de-
termined are those of the path v, 11v2,42 - vovi, which must be oriented all
clockwise or all anticlockwise, since all but the first and last vertices in this path
must be in position 0, by the standard argument of Lemma 6 for reduced orien-
tations. In fact, since vy is in position 0, v; must be in position 0 as well, since
there is not room for two horizontal edges in Fig. 5 between vy and v4. Since v,
has outdegree 0, the path must be oriented clockwise. Thus the only two reduc-
ed orientations that contribute to o(Dy) are narrow types 1 and 2 shown (in case
w = 3) in Fig. 5.

In the wide class, the edges of I whose orientations are not uniquely determined
are those of the path v, 11v2,42 - - v,—170 and the edge v3v4. There is no orienta-
tion in which the path is oriented anticlockwise and the edge clockwise, since if v3
is in position O then vy must be in position 0 as well, by the same reasoning as
before. There do exist orientations in which the path is oriented clockwise and the
edge anticlockwise, but none of them are reduced. As in the narrow class, there are
two types of reduced orientations, wide types 1 and 2, with all these edges oriented
clockwise; but unlike in the narrow class, there is also a wide type 3 with all these
edges oriented anticlockwise, although it exists only if n > 2u + 3.

We now calculate the contributions of these types of pattern to p(Dy). Notice
that the placing of the pairs of vertices in position j and —j (2 <j < ) forces
z] = Z;{l for all but one value of i, and z] = v; and z;fl = v;y1 for the ex-
ceptional value of i. Thus there is exactly one reduced pattern of each type shown
in Fig. 5. The pattern of type 1 is positive in each case, by definition. The pattern
of type 2 is therefore negative in each case, by the argument in the second para-
graph of this section. If the sloping edge of each set E; in wide type 2 in Fig. 5 is
called e;, and the horizontal edge (i =2,6,8,...,2u) is f;, then wide type 3 is
obtained from wide type 2 by reversing the (n + 2)-cycle

V21 V242 * * Un—1V0€1 263030485 fer - - - €115

thus wide type 3 is positive.
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The pattern of type 2 makes a contribution of —1 to p(Dy) in each case, since
no reverse 3-switchings are possible. Narrow type 1 makes a contribution of
I(n — 2u), wide type 1 a contribution of /(1)/(n — 2y — 1) = 0, and wide type 3 a
contribution of I(n —2u — 3). Thus p(Dg) = I(n — 2u) — 1 in the narrow case
and p(Dy) =I(n —2pu —3) — 1 in the wide case (unless n = 2u + 1, in which
case wide type 3 does not exist and p(Dy) = —1). From Lemma 1, /(n —2u)
—1l=—-1in—-2pu=1 (mod 6) and = -2 if n—2u =3 (mod 6), while
In—2p—3)—1=—1ifn—2pu=1(mod6) and = -2 if n — 24 = 5 (mod 6).
Thus if n = 2p + 1 or 24 4+ 3 (mod 6), we can get the result by looking at narrow
orientations, and if n =2u +1 or 21+ 5 (mod 6) we can get the result from
wide orientations. In all cases we have the result, and this completes the proof of
Theorem 2 for odd n and p > 3.

8. THREE EXCEPTIONAL CASES

It remains to prove Theorem 2 in the cases postponed from earlier, when C is
regular or semiregular with A > 43 and (n, ) = (7,1) or (7,2) or (10,1). In
these cases, as in Section 7, we shall again look at different orientations of our
original graph G. In each case, we label C so that p; = p if i is even and
wi=A—p>3ifiis odd (0 <i < n— 1; note the interchange of even and odd
compared with Subcase 5.2). Let 6; :== d* (v;) — u; — 1 as before, so that §; = 0 if
(1) holds. We distinguish two subcases.

Subcase 8.1. u© = 1. In this case we consider the orientations that differ from
(1) only in that 6; = =2, 6, = —1, 84 = 2, and d¢ = 1. We shall show first that
there is exactly one reduced pattern satisfying these conditions in which v; is in
position —1 in D(Cy), as shown in Fig. 6. We use the fact that v, cannot be in
position —2 in D(C;), since p, = 1 and so there is no such position; and there-
fore, since neither v; nor v, is in position —2 or —3, we know that no vertex v; is
in position 2 or 3, since the number of vertices v; in position j must equal the

’I'l:7,‘u,:1 TL:?,/J,:Z

A NN NN

Vg VU1 V2 VU3 Vg Vs Vg Vo U1 V2 s Ui Vs Ve

n=10,p=1
NN

Vo V1 V2 VU3 Vs Vs Vg VUr Vg Uy

FIGURE 6. Reduced orientations of G in the three exceptional cases.
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number in position —j as explained at the start of the previous section; therefore
v4 1s in position 1. We can set out the implications as follows.

v = Zf‘ = 01 € D(I") and z; #* zfl = vy # zg
v, =z5;'= w30, € D(T") andz%zzgl = vy £z} orzy!
v =29 = v4v3€D(I‘) andz3_z4
()
)

1

vy =z} = wvgus € D(T andz4—15:>1)57éz5‘ or zJ

Uszzé — U6U5ED(F andzg _Z6:>'U67A2é
v =2Y = vy € D(T) andz =z},

=iy # zi;ll or z,-Jrl (6 <i<n-—1).

The rest of the diagram is now easy to fill in. Note that zj isin E;;; and so equals
Z; +1 for every eveni (0 <i < n— 1) and everyj > 2, since the unique element of
E; is already accounted for. Let Dy be any orientation conforming to this pattern.
If n =7, then there is no element z 2 or 76 3, and so necessarily z% = zl_z,
z3 =z7° and v; = z7'. If n = 10, it is possible that v; = z,’ where j =2 or 3.
However, this implies that z{| = z,’ and z{ = z;”. Since p9 = ps = 1, these are
the only elements of Ey and Fg, respectively. But in a reduced good orientation,
vg and vg are both in position 0 (by the argument of Lemma 6), and so z}; =24 !
and zg! = zJ. Thus the diagram of such an orientation contains the cross ><,
and so orientations of these types make zero contribution to o(Dy) and can be
ignored.

Thus to determine o(Dy) it suffices, in each case, to consider the one reduced
pattern shown in Fig. 6, in which no reverse 3-switchings are possible. It follows
that p(Dy) = 1 and not 0, which completes the proof of Theorem 2 when (n, y1) =
(7,1) or (10,1).

Subcase 8.2. 1 = 2. In this case, we consider the orientations that differ from
(1) only in that (&g, 61, ...,0) = (=2,—3,—1,1,2,1,2). We shall show that there
is exactly one reduced pattern satisfying these conditions, as shown in Fig. 6.
Note that vy cannot be in position —3 in D(Cy), since 9 = 2 and so there is no
such position; and v; cannot be in position —3 or —4 in D(C), since there is no
element z6_3 or z6_4 and so ZS = 11_3 and (f pu; > 4) zg :zl_4; thus v; is in
position —2, which implies the orientations ov; and Dy0; in D(T"). Now vy is
not in position —1 nor v, in position 0, and so vy is in position —2. Since
7% # 742 = o, therefore z3 = 752, which means that v, must be in position —1.
Of the four vertices vs, v4, vs, vg, therefore, one (either v3 or vs) is in position 0,
one is in position 1, and two are in position 2. Whichever vertex is in position 0,
we must have z{ = zJ and Z 0 = 79, and since yy = 2 there are no other elements
of E, (other than z and 752, that 1s), andsoz| =z, z7' =zjandz}) =z If
vs 18 in position O then v3 is in position 1 (it cannot be in position 2 because of the
orientation v3v5> implied by the position of v,) and v and vg are in position 2;
thus z}, which cannot equal z !, equals z5', and z} cannot equal anything. This
contradiction shows that v3 is in position 0 and z{ = z2. This implies the ori-
entation U304 so that v4 cannot be in position 1 and must be in position 2, and also
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zl=z;"and z} = z5'. If vs is in position 1 then z ¢! has nothing to pair with,
and so vs is in position 2, ve in position 1, and z1 =z

Thus there is exactly one reduced pattern of the type we are considering.
Again, no reverse 3-switchings are possible. It follows that if Dy is any orientation
conforming to this pattern, then p(Dy) = 1 and not 0, and this proves Theorem 2
when (n,u) = (7,2).

This finally completes the proof of Theorem 2. ]

REFERENCES

[1] N. Alon, Restricted colorings of graphs, Surveys in Combinatorics, 1993,
London Math Soc Lecture Note Series 187, K. Walker (Editor), Cambridge
University Press, Cambridge, UK, 1993, pp. 1-33.

[2] N. Alon and M. Tarsi, Colorings and orientations of graphs, Combinatorica
12 (1992), 125-134.

[3] G. P. Egorychev, Integral representation and counting combinatorial sums
(Nauka, Novosibirsk, 1977) (in Russian).

[4] M. Eisen, Elementary Combinatorial Analysis, Gordon and Breach, New
York, 1969.

[5] M. N. Ellingham and L. Goddyn, List edge colourings of some 1-factorable
multigraphs, Combinatorica 16 (1996), 343-352.

[6] H. Fleischner and M. Stiebitz, A solution to a colouring problem of P. Erdds,
Discrete Math 101 (1992), 39-48.

[7] H. W. Gould, Combinatorial identities, a standardized set of tables listing 500
binomial coefficient summations, West Virginia University, Morgantown,
1972.

[8] R. Haggkvist and J. Janssen, New bounds on the list-chromatic index of the
complete graph and other simple graphs, Combin Probab Comput 6 (1997),
295-313.

[9] A. V. Kostochka and D. R. Woodall, Choosability conjectures and multi-
circuits, Discrete Math 240 (2001), 123-143.

[10] A. V. Kostochka and D. R. Woodall, Total choosability of multicircuits I,
J Graph Theory 40 (2002), 26-43.

[11] L. Lovasz, Combinatorial Problems and Exercises, North-Holland, 1993.

[12] I. Tomescu, Problems in Combinatorics and Graph Theory, Wiley, 1985.



