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Abstract. It is known that the edge set of a 2-edge-connected 3-regular graph can be decomposed
into paths of length 3. W. Li asked whether the edge set of every 2-edge-connected graph can be
decomposed into paths of length at least 3. The graphs C3, Cy4, Cs5, and K4 — e have no such
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hand, we prove that every other 2-edge-connected graph has a desired decomposition.
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1. Introduction

A k-path in a graph is a path with k edges. A path in a graph is long if its length
is at least three. A long path decomposition (an Ip-decomposition, for short) of a
graph G is a decomposition of the edges of G into long paths.

On the meeting ‘Graphs and Order’ in 1984 organized by Ivan Rival, Li [1]
asked whether the edge set of every 2-edge-connected graph can be decomposed
into long paths. The first author of the present paper learned about this question
from Ivan. There was some joint work with Ivan on the problem, but the project
was not finished.

The following folklore fact (see, e.g., [3]) together with the Petersen’s theorem
on perfect matchings in 3-regular graphs [2] implies that the answer to the question
of Liis ‘yes’ for 3-regular graphs.

LEMMA 0. A 3-regular graph H = (V, E) decomposes into 3-paths if and only
if it has a perfect matching.
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Figure 1. Bad graphs.

Thus, the question attempts to generalize a property of 3-regular graphs to
general graphs. Formally, the answer to the question is ‘no’: the cycles Cs, Cy,
and Cs have too few edges for two long paths. Furthermore, the graphs Fy, Fi,
F,, ... depicted on Figure 1 also do not admit any /p-decomposition. Indeed, for
every i, the degree of x| in F; is 3 4 2i. Therefore, any /p-decomposition of F;
would require at least i + 2 paths. But F; has only 3i 4+ 5 edges. This shows that the
extension is not immediate. On the other hand, we prove that the examples above
are the only exceptions from the rule. The main result of the paper is

THEOREM 1. Let G be a 2-edge-connected graph distinct from Cs, C4, Cs and
fromevery F;, i = 0,1, .... Then G has an Ip-decomposition.

In the rest of the paper we prove Theorem 1. In the next section we discuss
transformations of graphs preserving 2-edge-connectivity. In Section 3 we reduce
the problem of finding an Ip-decomposition to the easier problem of finding so-
called cp-decompositions. Then we study properties of a hypothetical minimum
counterexample Gy: the block structure in Section 4, neighborhoods of vertices
of degree 2 in Section 5, and the subgraphs isomorphic to Fy (i.e., K4 — e) in
Section 6. Using this knowledge, we prove in Section 7 that the maximum degree
of every block in G is at most 3, and in Section 8 we finish the proof of Theorem 1.

2. Graph Transformations Preserving 2-Connectivity

An edge e of a 2-edge-connected graph G is critical, if G — e is not 2-edge-
connected. A well known observation is that deleting a chord of a cycle in a
2-connected graph leaves the graph 2-connected and that deleting a chord of an
Eulerian subgraph in a 2-edge-connected graph leaves the graph 2-edge-connected.
This can be stated as follows.

LEMMA 1. Deleting any number of chords of a given cycle in a 2-connected
graph leaves the graph 2-connected. Similarly, deleting any number of chords of
a given Eulerian subgraph in a 2-edge-connected graph leaves the graph 2-edge-
connected. In particular, no chord of a Eulerian subgraph in a 2-edge-connected
graph is a critical edge.

The next fact is a variation of an old lemma by Mader. We give a proof of it for
completeness.
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LEMMA 2. Let v be a vertex in a 2-edge-connected graph H with degree at least
4 and such that the set Ny (v) of neighbors of v does not induce a complete graph.
If v is not a cut vertex in H, then there are nonadjacent neighbors u and u, of v
such that H — {vu, vuy} + uyu, is 2-edge-connected.

Proof. Consider arbitrary nonadjacent neighbors u#; and u, of v. Let
H(uy,uy) = H — {vuy, vur} + uju,. It is connected, since v is not a cut vertex.
Assume that it has a cut edge e, and let H; = H (u;, up) — e;. Again, since v is
not a cut vertex, none of uu, and the edges incident with v is e;. It follows that u
and u, are in the same component of Hj, and all the vertices in Ny (v) — u; — us
are in the other. In other words, e; separates in H — v vertices u; and u, from all
the other vertices of Ny (v). In particular, some vertex u3 € Ny(v) —u; — up is
adjacent to neither of u; and u,.

Consider H(u;,usz) = H — {vuy, vus} 4+ ujus. As above, there should be an
edge e; in H — v separating vertices # and u3 from all the other vertices of Ny (v).
Let u4 be a neighbor of v different from u,, u,, u3 and let P be a u;, uy-path in
H — v. Then P contains the cut edges e; and e; of H — v. If e is closer to #; on
P than e, then e, does not separate u; from u,, otherwise, e; does not separate u;
from u3. This contradiction proves the lemma. ]

3. Reduction to cp-Decompositions

A k-lollipop is a graph consisting of a k-cycle and a path sharing exactly one vertex,
and this vertex is an end vertex of the path (see Figure 2(a)). It is easy to check that
no 3-lollipop has an /p-decomposition.

LEMMA 3. Let H = (V, E) be a connected graph that can be decomposed into
a cycle and a path. If |E| > 6 and H is not a 3-lollipop, then H has an Ip-
decomposition.

Proof. Assume that H is a counterexample to the lemma. Among edge decom-
positions of H into a path and a cycle, choose a decomposition into a path P =

uoy ...u; and a cycle C = (vy, ..., v,) with the maximum possible r. If ¢t = 0,
then H is a cycle and the lemma is evident. Let 7 > 0. Let u;, = v, ..., u;, = v
be the common vertices of P and C withi; < i, < --- < i;. We may also assume
that

il > r— lv (1)

We will derive properties of H in a series of claims.

CLAIM 1. Forevery 1 <1 < s — 1, vertices u;, and u;,_, are not neighbors in C.

Proof. If, say, u;, = vy and u;,,, = vi4, then replacing the edge vyviy in C by
the path P (u;;, u;,,,) we obtain a longer cycle Cy such that E(H) — E(C) spans a
path. This contradicts the choice of C and P. O
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Figure 2.
Claim 1 immediately implies that

if s>2, then r >4. ()

CLAIM 2. s > 4.

Proof. Let s < 3. Since u; 1 ¢ {vj_1,vj4+1} by Claim 1, at least one of v; _
and v; 1y isnotin V (P). We may assume that v; | ¢ V(P).If iy > 2, let the path
Py be obtained by adding to P (uo, u;,) the edge v v; ;. Then E(H) — E(P;) also
spans a path P,. Moreover, by construction, |E(P;)| = 3, and the only possibility
that |E(P,)| < 2is that r = 3 and ¢ = i;. But then by (2), s = 1 and thus H is a
3-lollipop.

Ifig < 1,thenby (1), iy, = l andr < 2. If r = 2, then s = 1 and the path
P3 = (ug, u1, vj,41, vj,4+2) possesses the property that E(H) — E(P3) spans a long
path. Finally, if 7 = 1, then r > 5. In this case we may assume that v; 1> # uo;
and again P; is such that E(H) — E(Ps) forms a long path. O

By Claims 1 and 2, v;, is not adjacent in C with v;, and v,. Therefore, r > 5.

CLAIM3. r=5andi; =1t.

Proof. Note that by Claim 2, iy > 3 and P (ug, u;,) is a long path. If » > 6 or
t > iy, then C U P(u;,, u,) is a k-lollipop with at least 6 edges and k > 5 which
easily decomposes into two long paths. O

CLAIM 4. ¢ =3.
Proof. If t > 3, then P (ug, u,—) is along path and C together with the incident
edge u,_ju, easily decomposes into two long paths. O

The only possible graph H such that r = 5, s = 4, and t = 3 is depicted on
Figure 2(b). Its edge set easily decomposes into two Hamiltonian paths starting
at x, as shown on Figure 2(b). O

LEMMA 4. Let H = (V, E) be a connected graph whose edge set can be decom-
posed into two cycles, C; and C,. Then H has an Ip-decomposition.

Proof. Let |E(Cy)| = |E(C;)| and x be a common vertex in C; and C,. If
|[E(G)| = 9, then |E(C;)| = 5 and after deleting some three consecutive edges of
C, not incident with x the remaining graph satisfies the conditions of Lemma 3.
Thus in this case the lemma follows.
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Let |E(G)| < 8. Then G has a vertex v of degree two. Let G be obtained from
G by splitting v into two vertices v’ and v” of degree one. The graph G satisfies
the conditions of Lemma 3. Therefore, G| has an /p-decomposition. It consists of
two paths, since |E(G)| < 8. If v/ and v” are the ends of different paths, say, P;
and P,, in this decomposition, then we are done. If both v’ and v” are the ends of
the same path, then this decomposition gives a decomposition of E(G) into a path
and a cycle of total length at least 6. Since G is Eulerian, it is not a lollipop. Thus
applying Lemma 3 again, we are done. O

By F,” we will denote a graph consisting of Fy and a nontrivial path P whose
end vertex is a vertex of degree 3 in Fy (see Figure 2(c)). Most often, we will
use F, with P consisting of just one edge. Clearly, any F,,” decomposes into two
long paths. A cp-decomposition of a graph G is a decomposition of G into cycles,
long paths and copies of F,". Every Ip-decomposition is a cp-decomposition. In
general, a graph can have a cp-decomposition, but not an /p-decomposition (an
example is Cy4). But for large 2-edge-connected graphs this cannot happen.

LEMMAS. Let H = (V, E) be a 2-edge-connected graph with |E| > 6 that
admits a cp-decomposition. Then H has an Ip-decomposition.

Proof. Consider a cp-decomposition & of G with fewest parts that are not paths.
Since FO+ easily decomposes into two long paths, D has no parts isomorphic to FO+ .
Suppose that a cycle C is a part of D. If C = G, then |E(C)| > 6 and we are done.
Otherwise, there is another part C’ of O sharing a vertex with C. By Lemma 4, C’
is a path, and then by Lemma 3, C is a 3-cycle sharing with C’ only one vertex that
is an end vertex of C’. Since G is 2-edge-connected, there exists one more path C”
sharing with C exactly one vertex that is an end vertex of C”. Then we can add one
edge of C to C’ and two edges of C to C” so that C" and C” with added edges still
form paths. That would give a cp-decomposition of G with fewer than in D parts
that are not paths. This proves the lemma. a

In view of Lemma 5 we often will look for just cp-decompositions instead of
Ip-decompositions.

4. Block Structure

Let Gy = (V, E) be a counterexample to the theorem with fewest edges, and
among counterexamples with fewest edges, let G, have fewest cut vertices.

LEMMA 6. None of pendant blocks of Gy is a cycle.

Proof. Assume that the lemma does not hold. Choose a shortest cycle C that is
a pendant block in Gy. Let v be the cut vertex in C and G; = Gy — (V(C) —v). By
construction, G is 2-edge-connected. If G, is not forbidden then by the minimality
of Gy it has an Ip-decomposition, and thus G has a cp-decomposition. Hence G
is a forbidden graph. If G, is a cycle, then we have a cp-decomposition of Gy.
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Figure 3. Some Ip-decompositions for Lemma 6.

Similarly, if G; = F; and |V (C)| > 4, then G, decomposes into C — e (where e is
an edge incident to v), Fy + e, and 3-cycles.

Finally, let G; = F; and |V(C)| = 3. If i = 0 and Gy # Fi, then Gy is the
graph on Figure 3(a) (with its decomposition shown). This contradicts the choice
of Gy. Leti > 1. If after deleting any other end block that is a 3-cycle from G, we
again get the F;, then either Gy = F;.; ori = 1 and Gy is one of the two graphs
on Figure 3(b) and Figure 3(c). The cp-decompositions of these graphs shown on
the picture finish the proof of the lemma. a

LEMMA 7. Let B; be an end block isomorphic to Fy in Gg. Let v be the cut vertex
of Gy in V(By) and G, = Gy — (V(By) — v). Then

(a) the degree of v in By is 3;
(b) the degree of v in G, is even.

Proof. If G, is forbidden, then by Lemma 6, G, is Fy or F. It follows that G
is one of the graphs on Figure 4 (depicted together with their cp-decompositions).
So, assume that G, is not forbidden and hence has an /p-decomposition D. If v is
an end vertex of some path P in D, then regardless of what degree in B; has v,
adding to P a 2-path P, containing the chord of Fy and the vertex v yields an
Ip-decomposition of Gy. In particular, this proves (b). If v has degree 2 in B, and
v divides a path P in D into two nontrivial paths P; and P,, then we add P, to P,
and the remaining edges of G, to P,. This proves (a). O
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Figure 4. Some cp-decompositions for Lemma 7.
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Figure 5. Some cp-decompositions for Lemmas 8 and 9.

LEMMA 8. Let v be a cut vertex in Gy, and G and G, be two connected sub-
graphs of Go such that V(G)UV(G,) = V(G) and V(G) NV (Gy) = {v}. Then
either Gy or G, is an Fy,.

Proof. If none of G and G, is forbidden, then by the minimality of G, each of
them has an /p-decomposition, and thus so does G,. Hence, we may assume that
G is forbidden. Then by Lemma 6, G; must be either Fy or Fi. If G| = Fj, then
we are done. Assume that G; = F) and let v; be the cut vertex of G;. Then the
triangle block (call it C;) of Fj is not a pendant block of Gy. If G, is forbidden then
similarly G, = F; with the triangle block C; being not a pendant block of G. Then
(taking into account Lemma 7) the only possible Gy is depicted (together with an
Ip-decompositions) on Figure 5(a), a contradiction. Thus G is not forbidden and
has an /p-decomposition D. If v is an end vertex of a path P in D, then adding
to P the two edges of a 2-path Py from v to vy, we get a cp-decomposition of G
(paths plus a copy of FO+ ). If v divides a path P in & into two nontrivial paths P,
and P, then we add Py to P; and two edges (v,v and the chord of the Fj) to P,.
This gives a cp-decomposition of G (paths plus a Cy). a

Remark 1. Lemma 8 yields that G has the main block B such that every other
block is isomorphic to Fj and is an end block. Moreover, every cut vertex belongs
to exactly two blocks.

LEMMA 9. The main block B of G

(a) is not a cycle,
(b) is not an Fy.

Proof. Assume that B is a cycle. Let By, ..., By be the other blocks of Gy, and
v, ..., U, be the corresponding cut vertices in cyclic order on B. By Lemma 6,
k > 2. Then Gy decomposes into F0+ -s, each consisting of E(B;) and the edges of
the v;, v;11-path in B. By Lemma 5, this contradicts the choice of Gy.

Now assume that B is an Fy with vertices x; and x, of degree 3 and vertices y;
and y, of degree 2. By Lemma 7, only y; and y, can be cut vertices. Since Gy # Fy,
at least one of them is a cut vertex. If only one of y; and y, is a cut vertex, then
we have the situation on Figure 4(c), and if both are cut vertices, then we have the
situation on Figure 5(b). O
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5. On Vertices of Degree 2

LEMMA 10. If a vertex x of the main block B has exactly two neighbors u, and
u, in Gg, then

(a) uy and u, are adjacent;
(b) neither of uy and u, is a cut vertex;
(c) the degree of each of u, and u, is at least 4.

Proof. If uyur, ¢ E(Gy), then consider G obtained from G, by deleting x
and adding the edge u u,. This graph is 2-edge-connected. If G, is a forbidden
graph, then by Lemmas 9 and 6, G| is Fj. But subdivision of any edge makes
from Fy an /p-decomposable graph. Therefore, G, is not forbidden, and has an
Ip-decomposition D. If u;u, belongs to a path P in D, then replacing u;u, with
the path u;xu; in P creates an I[p-decomposition of Gg. This proves (a).

Suppose that u; is the common vertex of B and an end block B; (isomorphic
to Fy). By Lemma 9, V(B) # {x,u;, u,}. Hence B — x contains a u;, u,-path P
not using the edge uu,. This and Lemma 1 imply that u;u, is not critical, and that
the graph G’ obtained from G by deleting V (B;) — x and the edge uu; is 2-edge-
connected. If G’ has a cp-decomposition, then this decomposition together with
uiu, and E(By) gives a cp-decomposition of G. Thus G’ is a forbidden graph that
is not a cycle (a cycle has the trivial cp-decomposition). But the nonadjacent in G’
vertices u; and u, are in the same block of G’ containing x (of degree 2) which
does not happen in any F;. This proves (b).

Suppose that deg(u;) < 3. If deg(u;) = 2, then by (a), the 3-cycle (x, uy, us)
is a pendant block in Gy, a contradiction to Lemma 6. Thus, we may assume that
NGy (u1) = {x, uz, us}.

Case 1. upuy € E(Gyp). If also deg(uy) = 3, then V(B) = {x,uy, u, us}.
This contradicts Lemma 9(b). Hence u, has a neighbor uy ¢ {x,u;,us}. Then
B — u; contains a uy, us-path which cannot pass through x or u;. Hence the graph
G| = Gy — x — upus is 2-edge-connected. It cannot be an F;, since the neighbors
uy and uj of the vertex u; of degree 2 in G, belong to the same block and are
nonadjacent. Hence, G| has a cp-decomposition D. Adding to D the path u, x,
uy, uz, we get a cp-decomposition of Gy.

Case 2. upus ¢ E(Gy). Since ujus is not a cut edge, B — u; contains a u,
us-path. Hence the graph G, = Go — x — u; + upus is 2-edge-connected. If G, is
forbidden, then by Lemma 6, G is either a cycle, or Fy, or F}. If G, is a cycle, then
the long path E(G,) —upus +usu; and the 3-cycle (x, uy, u,, x) decompose Gy. If
G, = Fj, then the 3-cycle block in Fj is the remainder of B with vertices, say, u»,
us, and u4. But in this case, either u3 or uy is a vertex of degree 2 in G adjacent
to a cut vertex, a contradiction to (b). If G, = Fj, then Gy is one of the three
graphs on Figure 6. They easily decompose into two 4-paths (as shown). Thus,
G, is not forbidden and has an /p-decomposition D. Let P = vy, ..., v; be the
path in O containing the edge u,u3 with u, = v; and us = v;41. If i > 3, then
replacing P with P; = vy, ..., v;, uy and P, = vy, ..., V41, Uy, X, Up gives an
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Ip-decomposition of Gy. Similarly, if i = 2, then we replace P with P| = vy, v,

x,up and P} = vy, ..., v3,up, up. If i = 1, then we add to P — v; the edge
usuy, and the remaining edges of Gy form the cycle u,, u;, x, u,. This proves the
lemma. 0

LEMMA 11. No cut vertex of Gy has degree 2 in B.

Proof. Suppose that B; is a block of Gy distinct from B, and the vertex
x € V(B) N V(B)) has exactly two neighbors u#; and u; in B. Let V(B;) =
{x1, x2, y1, ¥2}, where degGO(yl) = degGO(yz) = 2. Consider the graph G, ob-
tained from G by deleting edges x;u; and x,u, and adding edges y,u; and yu,
(see Figure 7). Graph G, is 2-edge-connected and differs from any forbidden
graph (the block containing V (B;) has many vertices). It has the same number
of edges as G but fewer cut vertices. Thus by the choice of Gy, G| has an Ip-
decomposition D. Since the degree of each of xi, x2, y1, ¥» is 3, each of them is
an end vertex of a path in &. Since only two edges connect V (By) with the rest
of Gy, all edges of some path, say, Py, in D are in E(B;). Since V|(B;)| = 4, we
have |E(Py)| = 3. Fori = 1, 2, let P; be the path in & containing the edge u;y;,
and P/ = P, — V(B,) (possibly, P, = P;). By the above, P; and P, together have
exactly two edges in E(B;) and hence

|[E(P)| + |E(Py| > 2. 3)

Because of (3) and of the symmetry of the configuration, it is enough to consider
the following three cases.

Case 1. P, # Py, and |E(P{)| > 2. Let P{ be obtained from P, by adding
the edge u;x; and P, be obtained from P; by adding the path u,, x;, x3, y, (it is
possible that P; had only one vertex, namely, u,). Then replacing in D the paths P,
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P,, and Py with P, Py, and the path y,, x;, y;, x,, we obtain an /p-decomposition
of Go.

Case 2. P, # Py, and |[E(P])| = |E(P;)| = 1. Let P be obtained from P,
by adding the path u;, x;, x, and P}’ be obtained from P; by adding the path u,,
x1, y1. Then replacing in O the paths Py, P,, and P, with the paths P, P}, and y,
X2, Y2, X1, we obtain an Ip-decomposition of Gy.

Case 3. P, = Py. If |[E(P;)| > 6, then we can split it into two long paths
and get one of the previous cases. Since P; has two edges in E(B;), the only
possibility for |E(P;)| < 5is that uju, € E(Go) and E(P) = {u u}. It follows
that D; = D — {Py, P} is an [p-decomposition of Gy — V(By) — uju;. Let P3
be a path in D; containing u; (by Lemma 10, degG0 (u1) = 4). Suppose that u;
divides P; into two paths P; and P}’ such that u, ¢ V (P;') and that P; has at least
one edge. Let P, be obtained from P; by adding the path u,, x;, x, and P, be
obtained from P’ by adding the path u;, u,, x;, y;. Then replacing in &’ the path
P5 with the two paths P, and P, and adding the path y;, x,, y», x|, we obtain an
Ip-decomposition of Gy. O

Remark 2. We conclude that every vertex of degree 2 in B has degree 2 in Gy.

6. Subgraphs of B Isomorphic to F

LEMMA 12. B contains no K.

Proof. Assume that the subgraph H of B induced by {x, y, z, u} is K4. Consider
G, =Gy— E(H).

Case 1. G has an x, y-path P not containing z and u. Then P together with
the edges xz, zu, and uy forms a cycle, whose chords are ux, xy, and yz. By
Lemma 1, the graph G, = Gy — ux — xy — yz is 2-edge-connected and all x, y, z
and u are in he same block of G,. Since this block has at least 5 vertices, G, is
not forbidden and has an Ip-decomposition, unless G, = Gs. If G, = G5, then
G, has the trivial c¢p-decomposition. In both cases, adding path u, x, y, z to the
decomposition creates a cp-decomposition of Gy.

Because of the symmetry between x, y, z, and u, we have to consider only the
following case.

Case 2. V(B) = {x, v, z,u}. By Lemma 7(b), none of x, y, z, and u is a cut
vertex. Then Gy = B = H = K4. This proves the lemma. O

In this section, we consider a subgraph H of B isomorphic to Fp, and will
assume that V(H) = {x, x2, y1, 2} and y1y» ¢ E(Gy). Also, throughout this
section, G, = Gy — E(H).

LEMMA 13. G, contains no x, y,-path that is vertex disjoint from any x,, y,-
path. Similarly, it contains no xy, y,-path that is vertex disjoint from any x,, yi-
path.



DECOMPOSING GRAPHS INTO LONG PATHS 249

Proof. By symmetry, it is enough to prove the first statement. Assume that G,
has an x;, y;-path P; vertex disjoint from an x;, y,-path P,. Then the edges of the
path Py = yy, x1, x2, ¥, are chords of the cycle C = x| P1y, x2 P>y, x1. Let G3 =
Gy — E(FPy). By Lemma 1, Gj3 is 2-edge-connected. Since G3 contains the cycle
C with |V (C)| = 6, itis not forbidden. Hence G5 has an /p-decomposition D, and
D together with E (Py) forms an /p-decomposition of Gy. O

LEMMA 14. G, does contain any x1, x-path vertex disjoint from any y,, y,-path.

Proof. Assume that G, has an x;, x,-path P; vertex disjoint from an y;, y,-path
P,. Note that by Lemma 12, P, has at least two edges. The rest of the proof repeats
that of Lemma 13, replacing C with C; = x| P1x3, y1 P2 Y2, X1. O

LEMMA 15. G, is not connected.

Proof. Assume that G, is connected. Consider a subtree T of G, with end ver-
tices x1, X2, ¥1, y2. By Lemmas 13 and 14, T consists of a ‘central’ vertex v joined
with each of xy, x,, y;, y» by internally disjoint paths. Then S = T + y;x2 + yox;
is an Eulerian subgraph of G, and the edges of Py = y;, X1, X2, y; are chords of S.
Again, by Lemma 1, the graph G3 = Gy — E(Fp) is 2-edge-connected. If G3 has
an /p-decomposition D, then D together with E(Py) yields an /p-decomposition
of Gg. Thus, G35 is forbidden. Since |E(G3)| > 6, G5 is an F; with i > 1. Since
degG3 (v) = 4, itis the cut vertex of G3. The cut vertex of any F; is all-adjacent. It
follows that G contains a K4, a contradiction to Lemma 12. O

LEMMA 16. The vertices x| and x, are in different components of G,.

Proof. Suppose that G, contains an x, x,-path P. Then by Lemmas 15 and 14,
v and y, are in different components of G,. By symmetry, we may assume that y;
is the only vertex of the set {x;, X2, y1, y»} in a component Q of G,. This means
that degz (y;) = 2 and hence by Lemma 11, degGO(yl) = 2.

Case 1. y, € V(P). Then the edges xix;, x;y2, and x,y, are chords of the
cycle y1x; Pxyy; of length at least 6 and deleting them from G leads to a 2-edge-
connected nonforbidden graph G’. Any cp-decomposition of G’ together with the
3-cycle x;y,x,x| forms a cp-decomposition of Gy.

Case 2. P does not contain y,. Consider G3 = Gy — y; —xx,. Because of cycle
C = x1 Pxyy,x1, graph Gj is 2-edge-connected. If G; has a cp-decomposition D,
then D together with the 3-cycle xi, y;, x3, x; yields a cp-decomposition of Gy.
Thus, G5 is forbidden and is not a cycle. Since C is not a 3-cycle, it must be a
4-cycle, say, x3, ¥2, X1, Z, X3 in a subgraph of G35 isomorphic to Fy. Furthermore,
zy2 € E(G3), because x1x; ¢ E(G3). Then {x1, x5, ¥, z} induces a K4 in Gy, a
contradiction. a

LEMMA 17. Neither of y\ and y, has degree 2 in G,
Proof. Assume that degG0 (y1) = 2. This means that y; is an isolated vertex in
G,. Now, Lemma 16 implies that G, has at least three components. Hence, one of
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x1 and x,, say, x; has degree 3 in B. Then by Lemma 7(b), degG0 (x1) = 3. This
contradicts Lemma 10(c). O

LEMMA 18. Each of x; and x, has degree 3 in G.

Proof. Suppose that degg (x1) = 4. Then by Lemma 7(b), x, is connected in G
with some of y;, y,, and x;, but by Lemma 16, not with x,. By symmetry, we may
assume that G, contains an x;, y;-path P; not passing through y,. By Lemmas 17
and 11, y, is also connected with some of y;, x;, and x,. By Lemmas 13 and 16, y,
is not connected with x; in G,. It follows that some component Q; of G, contains
X1, ¥1, and y,, but not x,. In particular, O contains a path P, connecting y, with Pj.
Now Lemma 7(b) yields that deg; ,(2) = 3. Observe that x; y; and x;x; are chords
of the cycle C = y; P1x1, y2, X2, ¥1 in Gy. Hence the graph G4 obtained from G
by deleting x;y; and x;x, and replacing the path y;, x,, y, with the edge y,y; is
2-edge-connected. Assume that G4 is forbidden. Then the block of G4 containing
P, and y, must be an Fy. It follows that P; has only one internal vertex, say, w.
Furthermore, the path P, has no internal vertices at all. Then y,w € E(Gy), and
G is the graph on 5 vertices obtained from K5 by deleting two disjoint edges.
Such graph decomposes into two 4-paths. Therefore, G4 is not forbidden and has
an /p-decomposition . Consider the path P in D containing the edge y;y;.

If y; is an end vertex of P, then replace y;y; in P by y,x,; the unused edges of
Gy form the 3-cycle x1, x3, y1, x1. This gives a cp-decomposition of Gy.

If y; is an end vertex of P, then replace y;y, in P by y;x,; the unused edges of
Gy form the long path y;, x1, x», y». This gives an [p-decomposition of Gy.

If each of the connected components P’ (containing y;) and P” (containing
y2) of P — y;y; has at least one edge and P’ does not contain x, then let P, =
P’ U {y1x1, x1x2} and P, = P” U {y,x,, xo¥1}. Replacing P in O with P; and P,
yields an /p-decomposition of Gy.

Finally, if each of P’ and P” has at least one edge and P’ contains x;, then P’ has
at least 2 edges. In this case, let P = P'U{y x,} and P, = P"U{y2x7, X2x1, X1 Y1}
Again, replacing P in O with P; and P, yields an [p-decomposition of Gy. O

7. Main Lemma

LEMMA 19. The degree in B of every vertex v € V(B) is at most 3.

Proof. Suppose that the lemma does not hold. Among vertices having degree
at least 4 in B, choose a vertex v of minimum degree (in B). By Lemma 12,
the neighborhood of v is not a complete graph. Hence by Lemma 2, there exist
nonadjacent neighbors u; and u, of v such that G| = Gy — {vuy, vus} + ujuy is
2-edge-connected. Since only the degree of v in G differs from that in G and no
vertices of degree 2 are adjacent in Gy (by Lemma 10), the graph G is not a cycle.
It cannot be Fj, since B had at least 5 vertices, and it cannot be an F; for i > 3 by
Lemma 6. If G; = F}, then since G has no adjacent vertices of degree two, either
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B>

(c) Ug

Figure 8.

uy and u, are the vertices of degree two in the 3-cycle block of G, or this block
contains v. In this case, G is one of the two graphs on Figure 8(a) and Figure 8(b),
but each of these graphs contradicts Lemma 18. Let G| = F,. By Lemma 6, one
of the triangle blocks of G contains u u, and the other contains v which is not
adjacent to u; and u,. Hence the cut vertex w of F; is a common neighbor of v, u;,
and u, (see Figure 8(c)). But then the subgraph of G¢ induced by {v, w, uy, us} is
Fy, a contradiction to Lemma 18.

Therefore, G| has an Ip-decomposition £D. We may assume that the length of
every path in D is at most 5 (otherwise, we cut each too long path into two or
more). Let P be the path in £ containing the edge u u,. If P does not contain v,
then replacing u u, in P with the path u;, v, u, produces an Ip-decomposition
of Go.

Suppose v € V(P). Then the set E(P) — ujuy + uv + upv forms in Gy a
union P’ of a cycle and a path. By Lemmas 3 and 5, |[E(P’)| < 5, and since P is
a long path, |E(P’)| > 4. The four possible forms of P’ are depicted on Figure 9.
By construction, in every form

{ur,uz,v,2} € V(B) C))

(vertex w might be not in B).

Note that in P’ of Form 3, vx ¢ E(G() by Lemma 18, and hence by Lem-
ma 10(a), the degrees of u; and z are at least 3. Because of the symmetry between
u; and z for every form, we may assume that degz (1;) > 3 in all other forms, as

well. Then there exists a path Q = yy, ..., y, in D containing u;. As remarked
above, g < 6. We may assume that u; = y, for some ¢t < (¢ + 1)/2. The vertex u;
partitions Q into two subpaths Q; =y, ..., y;and Q> = y,, ..., y,.
2
Uy Ug Uy Uy
>6< : v Uy w <%12 : v Ug
z w z V4
z
Form 1. Form 2. Form 3. Form 4.

Figure 9. Different forms of P’.
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We will say that a P’-configuration of the Form i is better than that of the Form
j if i < j.In the rest of the proof, we will decompose E(P’) U E(Q) into either
long paths and cycles or into long paths, cycles, and a better P’. That would prove
the lemma.

Case 1. P’ is of the Form 1. If y,_; or y,;; coincides with w or u,, then G
contains an Fy in which the degree of v is 3. But the degree of v in the whole G
is at least 4, a contradiction to Lemma 18. Similarly, v and z cannot coincide with
Yi—2 Or Y40 (in case of z € {y,_», y;42} either u; or z would have degree at least 4).
Hence

Vct, 1 }NOV(PY =0, v,z ¢ {2, ..., Yi+2)- (5)

Subcase 1.1. g > 5and 1 < ¢t < 2. A possible decomposition is {E(Q) —
y1y2, {y1y2, u1v, vus}, {u1z, zv, vw}}.

Subcase 1.2. ¢ = 5 and r = 3. If view of (5), the sets Q, U {u;z, zv, vu,} and
01 U {uv, vw} are paths or cycles.

Subcase 1.3. ¢ = 6 and t = 3. We decompose E(P’)U E(Q) into Q», {u,z, zv,
vus}, and Q1 U {u v, vw}.

Subcase 1.4. ¢ = 4 and t = 2. Similarly to Subcase 1.2, we decompose E(P’)U
E(Q) into Q, U {uz, zv, v} and Q1 U {u v, vw}.

Subcase 1.5. ¢ = 4 and t = 1. Assume first that y; # v. By the symmetry
between u, and w, we can assume that y; % w. Then by (5), QO + ujv +vw is a
long path or a cycle, and P’ — u;v — vw is a long path, contrary to our assumption.
It follows that every path in & containing u; is a u;, v-path of length 3. Hence
degGO(ul) < degg(v), since u, € V(B) N Ng,(v). By the choice of v, we have
degp(u;) =3. Then by Lemma 7(b), deg; (#1) =3 and by Lemma 10, degy(z) >
2. Repeating our argument for z in place of u;, we conclude that deg; (z) = 3 and
D contains a z, v-path Q' = z, 75, z3, v with {z3, z3} N V(P’) = @ (see Figure 10).
In this case, we decompose E(P") U E(Q) into Q + vw, Q' + vu;, and the path
Uy, v,7,Uq.

Case 2. P’ is of the Form 2 or Form 3.

Subcase 2.1. q = 5. If 1 <t < 2, then a possible decomposition for Form 2 is
{E(Q) — y1y2, {y1y2, u12, zv}, {u1v, vuy, uow}} and a possible decomposition for
the Form 3 is {E(Q) — y1y2, {y1y2, u1v, vuo}, {u1x, xz, zv}}.

Let t = 3, g = 6. Then for both forms our parts will be Q,, Q1 + u v, and
P’ — vu,. Finally, let t = 3, ¢ = 5. In this case, the first part for both forms will
be Q1 + u;v; the second part for Form 2 will be O, + u,z and for Form 3 will be
Q> + uyx. For both forms, the remaining edges of P’ form a long path.

U \) /~ ’wZ3

LA

Y2
U z

Figure 10. A configuration for Subcase 1.5.
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Subcase 2.2.q = 4,t = 2. If y; = up in Form 2 or y; = z in Form 3, then G
contains an Fy in which the degree of u; is 3. But the degree of u; in the whole
Gy is at least 4, a contradiction to Lemma 18. It follows that the decomposition of
E(P)UE(Q)into Q; +uyv and P' — u v + y;y, is what we need.

Subcase 2.3.q = 4,t = 1. If y3 # v, then we decompose E(P’) U E(Q) into
Q + ujv and P’ — u;v. Suppose that y; = v. This is impossible for Form 2 by
Lemma 18. In the case of Form 3, we can decompose E(P’) U E(Q) into the path
uy, x,z,vand anew P’ of Form 1 with the same central vertex v.

Case 3. P’ is of the Form 4. Similarly to Case 1, (5) holds.

Subcase 3.1.t = 1. Consider the decomposition of E(P’)U E(Q) into Q +u;v
and P’ — uyv. The latter is a long path; the former is a path or a cycle unless ¢ = 6
and v € {y4,ys} orq = S and y; = v. If ¢ = 6, then by Lemma 3, Q + uv
decomposes into two long paths. If ¢ = 5 and y4 = v, then Q — y4ys is a long path
and P’ + y,;ys makes a configuration of Form 1.

Subcase 3.2.t = |q/2] ort = (¢ +1)/2. By (5), the decomposition of E(P")U
E(Q) into Q> +ujvand Q; U P’ — u;v is what we need.

Subcase 3.3. g = 6 and t = 2. We decompose E(P’) U E(Q) into {y3y4, Y45,
Y5¥e6}, {¥1Y2, u1v, vus}, and {y3y,, u,z, zv}. This completes the proof of the lem-
ma. O

8. Completion of the Proof

Lemma 19 implies that the degree structure of G is simple. Indeed, since B has no
vertices of degree 4 or more, by Lemmas 7(b) and 11, it has no cut vertices of Gy.
Therefore, A(Gy) < 3, and by Lemma 10, G, has no vertices of degree 2, i.e.,
Gy is 3-regular. By Petersen’s theorem [2], G has a perfect matching. Applying
Lemma 0 finishes the proof. To be on the safe side, we present a proof of the part
of Lemma 0 that we use.

Partial proof of Lemma 0. Let H = (V, E) be a 3-regular graph on 2k vertices.
Assume that H has a perfect matching M = {e, ..., e;}. Then T = E — M forms
a 2-factor in H. Orient the edges of T so that every cycle of T is a directed cycle.
Fori =1,...,k, let E; consist of e¢; and the two arcs in 7 entering the ends of e;.
Since the tails of all arcs in T are distinct, every E; forms a 3-path. O
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