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Summary. The induced Ramsey number TR(G, H) is the least positive integer N
such that there exists an N-vertex graph F with the property that for each 2-coloring
of its edges with red and blue, either some induced in F subgraph isomorphic to G
has all its edges colored red, or some induced in F' subgraph isomorphic to H has
all its edges colored blue. In this paper, we study IR(Ps, H) for various H, where
P; is the path with 3 vertices. In particular, we answer a question by Gorgol and

. . oo . IR(P3,Hn)
Luczak by constructing a family {H, }72; such that nll)rr;o Sup 7z popy > L, where

IR, (G, H) is defined almost as TR(G, H), with the only difference that G should
be induced only in the red subgraph of F' (not in F itself) and H should be induced
only in the blue subgraph of F.
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1 Introduction

The induced Ramsey number, IR(G, H), is the greatest positive integer N
such that for each graph F' on at most N — 1 vertices, there exists a 2-coloring
of its edges with red and blue such that no induced copy of G in F has all its
edges red and no induced copy of H in F' has all its edges blue. Say that a
graph F'is an I R-graph for graphs G and H , if for each 2-coloring of edges of F’
with red and blue, either some induced in F' subgraph isomorphic to G has all
its edges colored red, or some induced in F' subgraph isomorphic to H has all
its edges colored blue. In these terms, the induced Ramsey number, IR(G, H),
is the least order of an IR-graph for G and H. The fact that an IR-graph
exists for each G and H and thus IR(G, H) is finite was proved independently
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by Deuber [Deu75], Erdés et al. [EHP75], and Rddl [R6d173]. Estimating in-
duced Ramsey numbers of graphs in different classes attracted considerable
attention (see, e.g., [Deu75, GL02, HNR83, KPR98, LR96, HKL95, Nes95]).
In particular, Haxell, Kohayakawa and Luczak [HKL95] showed that the di-
agonal induced Ramsey numbers for paths and cycles grow linearly in terms
of their lengths. However, there are very few exact results.

A characteristic similar to the induced Ramsey number is the weak in-
duced Ramsey number, IR, (G, H) — the least positive integer N such that
there exists an N-vertex graph F' with the property that for each 2-coloring
of its edges with red and blue, either the red subgraph of F' contains an
induced (in this red graph) copy of G, or the blue subgraph of F' contains
an induced (in this blue graph) copy of H. Gorgol and Luczak [GL02] gave
an example of a pair of graphs for which the induced Ramsey number is
greater than the weak induced Ramsey number. Namely, they showed that
IR(P;,P;) = 7 and IR,,(P;, Py) = 6, where P, is the path with k vertices.
They also asked whether there exists a sequence {H,, }52, of graphs such that
for some graph G, ( )

. IR(G, H,
AL TR (G Hy) M

Among other results, Gorgol and Luczak proved that for every n > 3,
1.5n —1<IR(Ps;,P,) <2n—1 and 4n/3<IR,(Ps,P,) < 5n/3.

In this paper, we estimate IR(P3, H) for various graphs H. We give the
general bound
IR(Ps, H) < |V(H)| + |E(H)| (2)

and show that this bound is sharp when H is the union of complete graphs.
Then we refine bound (2) for graphs having vertices with equal neighbor-
hoods and prove that this refined bound is sharp when H is any complete
multipartite graph or the disjoint union of complete multipartite graphs. We
also answer in the affirmative the above question of Gorgol and Luczak by
constructing a sequence {H,,}>2; of graphs such that (1) holds for them with
Pj3 in place of G.

The structure of the paper is as follows. In the next section we give upper
bounds on TR(P;, H) and prove that for some graphs they are exact. In the
last section we answer the question of Gorgol and Luczak [GL02].

2 Upper Bounds on IR(Ps, H)

Since P; is a very simple graph, ITR(P;, H) grows at most linearly with the
growth of |V (H)| + |E(H)|. A simple construction below proves this.

Theorem 2.1. For every graph H, IR(Ps,H) < |V(H)| + |E(H)]|.
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Cy FC4
Fig. 1. An I R-graph for P; and C4

Proof. Given a graph H, we construct the associated graph Fiy as follows. Let
L = (vi,vs,...,v,) be a list of all vertices of H written in some order. For
i=1,2,...,n,let dg 1 (v;) be the number of neighbors of v; in {vy,...,v;_1}.
The vertex set of F' = Fpp is V(Fgr) = V1 UV, UV U...UV,, where
|Vil = 1+da,r(vi). For every edge (v;,v;) in H, we add all the edges between
Vi and Vj in Fp 1. This completes the construction of F'. Figure 1 illustrates
this construction for C4 in a particular list.

Note that |V(FH,L)| = |V(H)| + Z?:l dH,L(Ui) = |V(H)| + |E(H)|

Claim 2.2. Each red-blue edge coloring of Fp, 1, contains either an induced red
copy of P or an induced blue copy of H such that v; € V; for every i.

Proof. We use induction on n = |V (H)|. The claim is trivially true for n = 1,
in which case H = Fy,;, = K;. Suppose that the claim holds for each graph
with less than n vertices. Consider a graph H with n vertices and let L =
(v1,vs,...,v,) be a list of all vertices of H. Let f be a red-blue edge coloring
of Fyr 1. Consider the graph H' = H —vj, and let L' be the list of vertices of H'
obtained from L by deleting v,,. Then Fr 1 = Fr,1, — V.. Let f' be the edge
coloring induced in H' by f. Assume that Fp 1, has no induced red Ps. Then,
as a subgraph of Fy 1, the graph Fp 1+ also has no induced red P;. Thus,
by the induction hypothesis, Fg 1 has an induced blue copy of H' such that
v; € Vi fori=1,...,n—1. Let v, have m neighbors in H. Then, |V,,| = m+1.
Let M be the set of m vertices in the induced blue copy H of H' in Frr 1
that need a new common neighbor to make the graph H. Each vertex in V,
is a potential candidate for this neighbor. If each of the m + 1 vertices in V,
has at least one red edge leading to M, then by pigeonhole principle, some
vertex in M has two neighbors in V,, with the corresponding edges being red.
Since V,, forms an independent set in Fj 1, this gives an induced red copy
of P3, a contradiction. Hence, at least one of the vertices in V,,, has all of its
edges to M in blue color, thereby giving us an induced blue copy of H with
v € Vi,. This proves the claim and thus the theorem.

The following simple fact observed in [GL02] will be used for lower bounds
on IR(P3, H).
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Lemma 2.3. Let F' and H be any graphs and f be any red-blue edge coloring
of F. If an edge uv € E(F) is colored red, then at most one of u and v can
belong to an induced in F blue copy of H. As a consequence, any blue induced
copy of H in F contains at most one vertex from each red clique in F'.

We now prove that the bound of Theorem 2.1 is sharp for the disjoint
unions of complete graphs. The sign + between graphs below denotes the
disjoint union of corresponding graphs.

Theorem 2.4. For any positive integers ny < ... < Ny,

" ni(ng + 1)
IR(P3, Ky + Koy + ...+ K, ) = %

i=1

Proof. Let H = K,, + K», + ... + K,,,. The upper bound follows from
Theorem 2.1. Choose an I R-graph F' for P; and H with fewest vertices.

We will make n,, attempts to color the edges of F'. Let fi be the coloring
of all the edges of F' with blue. Since F' is an I R-graph for P; and H, there
is an induced copy Hj of H. Recall that |V (H;)| = ny + na + ...+ ny. Color
the edges of H; with red and all other edges with blue. This is fy. Again, by
the choice, F' contains an induced copy Hs of H. Let Hy» = Hy — V(Ha).
Since all the edges of H; are red, by Lemma 2.3, at most one vertex from each
clique in H; belongs to V(H>). Hence |[V(Hi2)| > (n1 — 1) + ...+ (ny — 1)

and
m

[V(F)| > [V(Hio)| +|V(H)| > (ni 1)).
i=1
Color the edges of Hy and of H; » with red and all other edges of F' with blue.
This is f3. Again, by the choice, F' contains an induced copy Hsz of H. And
we do this way m times in total.
In general, after the kth attempt, we have a new blue induced in F' copy
Hj, of H and k — 1 partially destroyed copies of H: for i = 1,...,k — 1, let

H;,=H;,—V(Hit1)—V(H;y2)—...—V(Hy). The subgraphs H; j, are vertex
disjoint from each other and from Hj. Furthermore, by Lemma 2.3, for every
i=1,...,k—1, each clique in H; ;—; has at most one vertex in common with

Hj,. Therefore,
|V(H; )| > max{0,ny — (k—4)} + ...+ max{0,n, — (k —1i)}

and hence

m k—1

k. m
)| > ZZ_: max{0,n; — (k—i)} = ZZmaX{O,nj =1}. (3

j=11=0

Thus, after the n,,th attempt, (3) yields
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m N, m Ny m TL +1
SHIHIEIE HICETE I o
j=11=0 j=11=0 j=1

This proves the theorem. O

The bound might be sharp for some other graphs, but it is not sharp for
graphs having vertices with the same nontrivial neighborhood, like complete
multipartite graphs. For such graphs, we modify the bound.

Let H be a graph. Say that vertices v and w are equivalent (and write v ~
w) if their neighborhoods are the same. In particular, equivalent vertices are
not adjacent. Partition V' (H) into the equivalence classes V(H) = Wy U... W;
so that |Wy| < ... < |Wq|. Let Ly = (v1,v2,...,v,) be a list of vertices of
H such that it first encounters vertices in W7y, then in W5, and so on. By the
construction, all “degrees to the left” dp r,, (v;) are the same for vertices in
the same equivalence class.

Theorem 2.5. For every graph H, and any choice of w; € W; for j =
1,...,s,

IR(P3,H) < |V(H |+ZdHLW (wy).
j=1

Proof. Given a graph H, we construct the graph F' = Fp ; — as follows.
The vertex set of F' is V(Fy ) = ViUV UVzU... U Vi, where V| =
|W;|+da, Ly (w;). For every edge (w;,w;) in H, we add all the edges between
Vi and Vj in Fy; ;. This construction is illustrated for the graph Cy in Fig. 2
(compare with Fig. 1).

Fig. 2. Another I R-graph for P; and C4

Note that [V (Fy )| = [V(H)| + 325_1 di, L (wj).

Claim 2.6. For each red-blue edge coloring of Fj ; ., it contains either an
induced red copy of P3 or an induced blue copy of H such that for every
j=1,...,s, each w; € W; belongs to Vj.
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Proof. The proof is by induction on s and is very similar to that of Claim 2.2.
The claim is trivially true for s = 1, in which case H and F' are equal
edgeless graphs. Suppose that the claim holds for each graph with less than s
equivalence classes. Consider a graph H with s equivalence classes. Let f be
a red-blue edge coloring of F’'. Consider the graph H' = H — W, and let
L}, be the list of vertices of H' obtained from Ly by deleting Ws. Then
F}I,’L,W = Fy 1, — Ws. Assume that Fy; ;= has no induced red P;. Then, as
a subgraph of F}I,Lw7 the graph F 'Ly also has no induced red P;. Thus, by
the induction hypothesis, F L has an induced blue copy of H' such that
forevery j =1,...,5s—1each w; € W; belongs to V;. Let w, have m neighbors
in H. Then, |Vs| = m + |Ws|. Let M be the set of m vertices in the induced
blue copy H of H' in F}{,’L,W that need |Ws| new common neighbors to make

the graph H. Each of the m + |W,| vertices in V), is a potential candidate
for such a neighbor. If at least m + 1 of the m + |Wj| vertices in V; have at
least one red edge leading to M, then, by pigeonhole principle, some vertex
in M has two neighbors in V; with the corresponding edges being red. Since
Vs forms an independent set in F}{ Ly this gives an induced red copy of P,
a contradiction. Hence, at least |[W;| of the vertices in Vs, have all their edges
to M in blue, thereby giving us an induced blue copy of H with every vertex
of Wy in V. This proves the claim and thus the theorem. O

Remark. For graphs with large equivalence classes, the bound of Theorem 2.5
is significantly better than that of Theorem 2.1. For example, Theorem 2.1
yields IR(Ps, Ky.m) < 2m+m?, while Theorem 2.5 gives a stronger bound of
IR(Ps, Kypy.m) < 3m. In fact, the bound of Theorem 2.5 is tight for complete
multipartite graphs.

Theorem 2.7. Let n; < ny < ... < ng be positive integers and H =
Knhnz,...,ns- Then

S
IR(Ps,H)=sn1+(s—1)na+...+n; :Zni(s+1—i).
i=1

Proof. The upper bound follows from Theorem 2.5. Choose an IR-graph F
for P; and H with fewest vertices.

We will make s attempts to color the edges of F'. Let f; be the coloring of
all the edges of F' with blue. Since F' is an I R-graph for P; and H, there is an
induced copy H; of H. Recall that |V (Hy)| =n1 +n2+ ...+ ns. Let H] be
a spanning subgraph of H; which is the disjoint union of n; cliques of size s,
and ny — ny cliques of size (s — 1), and so on all the way down to ngs —ns—1
cliques of size 1. Color the edges of H] with red and all other edges with blue.
This is fo. Again, by the construction and the choice of F', it contains an
induced copy Hs of H. Let Hy » = Hy — V(H3). Since all the edges of Hj are
red, by Lemma 2.3, the set V(H]) NV (H>) is independent in Hj. Recall that
Hj has n; disjoint cliques. Hence |V (Hi2)| > n1 + ...+ ns-1 and
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s—1
V(F)| > |V (Hi2)| + |V (H2)| > ns + 2Zni-

i=1

Let Hj be a subgraph of H» isomorphic to Hj. Color the edges of H}
and of H; » with red and all other edges of F' with blue. This is f3;. Again,
F' contains an induced copy Hs of H. And we do this way s times in total.

In general, after the kth attempt, we have a new induced in F' blue copy
Hy, of H and k — 1 partially destroyed copies of H: for i = 1,...,k — 1,
let Hip = H — V(Hijt1) — V(Hy2) — ... — V(Hy), where H/ is a spanning
subgraph of H; which is a disjoint union of n, cliques isomorphic to H{. The
subgraphs H; . are vertex disjoint from each other and from Hj,. Furthermore,
by Lemma 2.3, for every i = 1,...,k — 1, H — V(H; ) is the union of k — ¢
independent sets in H;. By the construction of H{, such union can contain at
most ng + Ns—1 + ... + Ns_g4i41 vertices. Therefore, |V (H; i) > n1 + ...+
Nns_p+; and hence

k s—k+i s—k+1
VEN =YD nj=ne+2n 0+ +(k—Dnsppa+k > ni (4)
i=1 j=1 i=1

Thus, after the sth attempt, (4) yields
[V(F)| > ns+2ns_1 + ...+ sny.
This proves the theorem. (]

In fact, the bound of Theorem 2.5 is exact for all disjoint unions of multi-
partite graphs.

Theorem 2.8. Let nj1 <nj2 < ... <Nyg,N21 SN2z < oo < Nogyyen sy
N1 < w2 < ... < Ny, be positive integers. Let H be the disjoint
union of the complete multipartite graphs Hi = Kp,  nys,.n1.,, Ha =
K’n2,17’n2,27---,’n2,s27 sy H’m = Knm,l,nm‘%___,nm‘Sm . Then

m
IR(Ps,H) =Y IR(P3, Hy).
i=1

The upper bound immediately follows from Theorem 2.5 and the proof
of the lower bound practically repeats that of Theorem 2.7 only with more
subscripts, so we leave it to the reader.

3 Weak Versus Ordinary

As it was mentioned in the introduction, Gorgol and Luczak [GL02] proved
that IR, (Ps;,Py) = 6 < IR(Ps,Py) = 7. To prove the upper bound on
IR, (Ps, P), they made the following observation.
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Claim 3.1. For each red-blue coloring of the edges of the graph F} in Fig. 3
such that the red subgraph has no induced P;, the blue subgraph has an
induced path connecting the vertices of degree two. In particular, it contains
an induced in blue subgraph Py starting at any vertex of degree two.

Fig. 3. The Gorgol-Luczak example

Recall a couple of definitions. Let F' be a graph. For a set T C V(F), let
o(F —T) be the number of odd components of F'— T, i.e. components of odd
order, and let def(T) = o(F — T) — |T'| be called the deficiency of T. The
deficiency of F is

def(F) = def = F— - .
ef (F) i, de (W) Wrélng){O( W) — W1}
Let w(F) denote the size of a maximum matching in F. By Berge-Tutte
Formula, def(F) = |V (F)| — 2= (F).

The main result of this section confirming that (1) holds is the following.

Theorem 3.2. For a positive integer k, let Hy, be the vertex disjoint union of
k paths Py. Then IR, (P3, Hy) < 6k and IR(Ps, Hy) > 6.1k. In particular,

% > 1+ 1/60 for each positive integer k.

Proof. The upper bound on IR, (Ps, Hy) is easy: we let Fj be the disjoint
union of k copies of the 6-vertex graph in Fig. 3. As observed by Gorgol and
Luczak, for any red-blue coloring of the edges of Fj,, each copy either contains
induced in red P3 or induced in blue P;. Thus, the whole F}, either contains
induced in red P; or induced in blue Hj. The lower bound on IR(Ps, Hy)
needs more work.

For a contradiction, suppose that IR(P3, H;) = (6 + &)k, where ¢ < 0.1
(and possibly is negative). By definition, ¢k is an integer. Consider a graph F'
with N = (6 + )k vertices such that for each red-blue coloring of its edges,
either some induced in F' subgraph isomorphic to Ps has all its edges colored
red, or some induced in F' subgraph isomorphic to Hj, has all its edges colored
blue.

Lemma 2.3 implies the next simple observation.

Claim 3.3. 2k <7(F) < (2+¢e)k.
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Proof. If ©(F) < 2k, then F itself does not contain Hj, which has a matching
of size 2k. Hence, by coloring all the edges of F' in blue, we avoid both red P;
and blue H}, (even non-induced). This contradicts the choice of F'.

If F has a matching M with |M| > (2 + €)k, then we color the edges
of M red and all other edges blue. We do not have red P at all. If we have a
blue induced copy H' of Hj, in F, then by Lemma 2.3, at most |M| vertices
incident to the edges of M can belong to V(H'). Hence

V(H)UV(M)| = |V(H)|+ [V(M)| - [V(H) NV (M)
> 4k + |M| > 4k + (2 + £)k = N,

a contradiction. ]

Among the sets W C V(F) such that def(F) = o(F — W) — |W| (i.e.,
among the sets of maximum deficiency), choose a set X of the maximum
cardinality. The maximality of cardinality implies that all components of the
graph F' — X are odd. Then by Claim 3.3,

(2 — &)k < def(X) < (2 + &)k (5)

Let A; denote the set of components of F' — X that are cliques and V; be
the set, of vertices in all components in A;. Similarly, let As denote the set
of components of F' — X that are not cliques and V5 be the set of vertices in
all components in A,. Furthermore, let = |X| and for i = 1,2, let a; = | 4]
and v; = |V;].

Since V(F) = X UV; U V3, we have

T +v +vy = (6+¢)k. (6)

The following is the left inequality in (5) rewritten using the names of
quantities at hand:

2-ek<a;+ax—z. (7)
Claim 3.4.
4k§2m+a2;v2. (8)

Proof. Color with red all edges in components in A; and a maximum matching
in each component in As. Since X is a set of maximum deficiency, every odd
component of F'— X (and in particular every component in A,) has a matching
saturating all but one vertex. Color all other edges of F' with blue. Since every
component of the obtained red graph is a clique, we have no red induced Ps.
Hence, by the choice of F' we have an induced blue copy H' of Hy. Note that
by Lemma 2.3, H' can have at most one vertex in each component in Aj.
Moreover, if a P, has a vertex w in a component C' € Ay, then all neighbors
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of w in this P, are in X. Hence V; U X can contain at most 2z vertices of H'.
Again by Lemma 2.3, each component C' € A, has at most (1 + |V(C)])/2
vertices of H'. Since |V (H')| = 4k, this proves the claim. i

If we add to Equation (6) Inequality (8) multiplied by 2 and Inequality (7)
multiplied by 3 , then we get

8k — 4ek + v S 301 + 402. (9)

Since a; < vy, (9) yields the following:

4k — 2¢ek S a; + 202. (10)
Claim 3.5. F has an independent set T with |T'| = 4k — 2¢k.

Proof. Compose the independent set T by taking a vertex from each compo-
nent in A; and taking two non-adjacent vertices from each component in As.
Then |T'| = a1 + 2a2 and by (10), this is at least 4k — 2¢k. Now, let T be any
subset of T" of size 4k — 2¢k. 0

From now on, we fix in F an independent set T' with |T| = 4k — 2¢k and
let S =V (F)—T. Note that |S| = 2k + 3¢ck.

Claim 3.6. The size of a maximum matching in the subgraph F(S) induced
by S in F'is at most 3ek.

Proof. Suppose that there is a matching My in F(S) with |My| > 3ek. Color
the edges of My with red and the remaining edges with blue. By the choice
of F, it contains a blue induced subgraph Cy isomorphic to Hy. Since the
independence number of Hj is 2k, at most 2k vertices of Cy are in T and
hence at least 2k vertices of Cy should be in S. But by Lemma 2.3, S contains
at most |S|— | Mo| < (2k+ 3ck) — 3ek = 2k vertices of Cj, a contradiction.

If F' does not contain induced copies of Hj, then we color all its edges
blue and get a coloring contradicting the choice of F. Otherwise, choose an
induced copy C; of Hy. Denote By = SNV(Cy) and D; =T NV(Cy). Since
T is independent, |By| > 2k. Let |B1| = 2k + a1 k, where a; > 0.

Since Hy, is the union of k copies of Py, it has the unique perfect matching,
containing two edges in each copy of P;. We will call this matching principal.
Color the edges of the principal matching in C; red and all other edges of F'
blue. By the choice of F, we still have a blue induced in F' subgraph C,
isomorphic to Hy. Similarly to above, let By = SNV (Cy), Do = T NV(Cy),
and |By| = 2k + ask, where ay > 0.

Observe that each vertex in V(C}) is incident to a red edge. Therefore
by Lemma 2.3, each vertex in D1 N Dy, has a neighbor (using a red edge) in
| By — Bs|. This gives us
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|D1 N Dy| < |By — Byl
< |S = By| = 2k + 32k — (2k + ask) = 3¢k — ask (1)

and hence

|Dy U D3| = |Dy| + |D2| — | D1 N Ds|
> 2k —ark 4+ 2k —agk — (3e —an)k = k(4 —3ec —aq). (12)

Also, we note that
T — (D1 UDy)| <4k —2ck —k(4—3c —ay) =ck+ ark (13)
and

|B1 N Bo| > |Bi] + |Bz| — |S]
=2k+ o1k +2k+ a2k —k(2+3) =24+ a1 +az — 3e)k.  (14)

Let D' be the set of vertices in DU D5 that have two neighbors in By N Bs.

Claim 3.7. The subgraph of F induced by D’'U (By N Bs) contains a matching
M that saturates D'.

Proof. We first observe that in the graph Hy, every edge connecting By N By
with Dy U D5 belongs either to E(C4) or to E(C3) and each vertex is adjacent
to exactly one vertex of degree two. By the definition, each vertexin D’ has two
neighbors in By N B,. In particular, this means that it has two neighbors either
in C1 or in C5. This means that each w € By N By has at most two neighbors
in D; U D». Hence, by Hall’s Theorem, the claimed matching M exists.

Now we color the edges of the matching M provided by Claim 3.7 with red
and all other edges with blue. By the choice of F, it contains a blue induced
subgraph Cj3 isomorphic to Hj. We will say that a component of C3 (which
is a Py) is in N-shape, if it has exactly two vertices in S and these vertices
are not adjacent. The illustration in Fig. 4 explains why the name is used.
Note that each component of C'5 that is not in N-shape has at least one edge
with both ends in S. If we take an edge with both ends in S from each such
component, they will form a matching of size k — y, where y is the number of
components of C3 in N-shape. Then Claim 3.6 yields that y > k — 3¢k.

Let B3 = SN V(O3), D; =TnN V(C3), and |B3| = 2k + ask. Since
y > k — 3ck, there are at least k — 3¢k vertices of D3 that have two neighbors
in Bj (using blue edges). Let Z be the set of vertices of D3 that have two
neighbors in B3 N By N Bsy. Since by (14),

|Bs — (B1 N B2)| < |S = (BN By)
<(243)k—-(2+ar +az—3e)k =(6e —a; —az)k, (15)
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P4 in N-shape Py’s not in N-shape

Fig. 4. Possibilities for copies of P4

we have

|Z] >y — |Bs — (B1 N By)|
2 k(l — 35) — (65 — Q1 — OLQ)]C = k(l — 96+OL1 +OLQ). (16)

Observe that Z N (D; U Dy) = B, because every vertex of Z has two
neighbors in B3 N By N By, but every vertex of Dy U D4 that has two neighbors

in By N By got one of its incident edges colored red and hence cannot be in Cj.
Thus by (13),

Z| < |T = (D1 UDs)| < ek + ask.

Comparing with (16), we get 1 — 9¢ + a; + as < € + ;. It follows that,
€ > 1/10, a contradiction. This completes our proof of the theorem.

Remark. Our graphs Hj, are not connected. A family of connected graphs with
similar properties is as follows. Let H}, be obtained from H} by adding a new
vertex z and connecting it by an edge with an end z; of each of the k copies
of Py (see Fig. 5). Since Hj, is an induced subgraph of H;, IR(Ps, H;) >
IR(P3, Hy) > (6 + &)k

For the upper bound on IR, (Ps, H},), consider the graph F}, obtained from
the graph Fj41 by adding a vertex y adjacent to a vertex y; of degree two in
every component C;, i = 1,...,k + 1 of Fjy; (see Fig. 5). By construction,
F} has 6k + 7 vertices. Let f be a red-blue coloring of the edges of F}. If
F}, does not have an induced red P;, at most one edge incident with y is
red. The remaining k edges yy; are blue and by Claim 3.1 inside each of the
corresponding k components C; we have an induced P, starting at y;. Thus,
IR, (Ps;,H},) < |V(F})| = 6k+ 7 and

!
i sup JEPsHD o 61k

=1+1 .
A sup e ) = A gy L/
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Fig. 5. The graphs H}, and Fj,
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