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Abstract

In 1995,Voigt constructed aplanar triangle-free graph that is not 3-list-colorable. It has 166 vertices.
Gutner then constructed such a graph with 164 vertices. We present two more graphs with these
properties. The first graph has 97 vertices and a failing list assignment using triples from a set of six
colors, while the second has 109 vertices and a failing list assignment using triples from a set of five
colors.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

A list assignment Lfor a graphG is an assignment of a setL(v) of “admissible colors”
to each vertexv of G. An L-coloring of G is a proper vertex coloringf of G in which
f (v) ∈ L(v) for every vertexv. A graph is calledk-list-colorableif Ghas anL-coloring for
each list assignmentL such that|L(v)| = k for everyv ∈ V (G).

1 Supported in part by the grant 03-01-00796 of the Russian Foundation for Basic Research.
2 Supported in part by NSF grants DMS-0099608 and DMS-0400498.
3 Supported in part by the grants 02-01-00039 and 03-01-00796 of the Russian Foundation for Basic Research.

E-mail addresses:angle@math.nsc.ru(A.N. Glebov), kostochk@math.uiuc.edu(A.V. Kostochka),
valet@math.nsc.ru(V.A. Tashkinov).

0012-365X/$ - see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2004.10.015

http://www.elsevier.com/locate/disc
mailto:angle@math.nsc.ru
mailto:kostochk@math.uiuc.edu
mailto:valet@math.nsc.ru


270 A.N. Glebov et al. / Discrete Mathematics 290 (2005) 269–274

The well-known theorem of Grötzsch[2] states that every planar triangle-free graph is
3-colorable. This theorem was later slightly sharpened by Grünbaum[3] andAksionov[1],
who showed that every planar graph with at most 3 triangles is still 3-colorable. Somewhat
unexpectedly, the situation with list coloring is different. After an example[5] of a planar
graph that is not 4-list-colorable, Voigt[6] also gave an example of a planar triangle-free
graph that is not 3-list-colorable. This example has 166 vertices. Later, Gutner[4] found a
graph with the same properties having 164 vertices. In this note, we construct yet smaller
examples of planar triangle-free graphs that are not 3-list-colorable. One of the examples
has 97 vertices and a failing list assignment using triples from a set of six colors and the
other has 109 vertices and a failing list assignment using triples from a set of five colors.We
do not know similar examples (with any number of vertices) with failing list assignments
using triples from a set of four colors. The statement that such examples do not exist would
be a generalization of Grötzsch Theorem.

2. The examples

We build the first example in four steps.
LetF(a, b, �,�, �) denote the graph inFig. 1, where each vertex is assigned the list as in

the figure and�,�, �, �,1,2 are all distinct colors. Note thatF(a, b, �,�, �) has 16 vertices.

Lemma 1. With list assignment L as in Fig. 1, the color-restricted graphF(a, b, �,�, �)
has no L-coloring.

Proof. Let F = F(a, b, �,�, �). Suppose thatF has anL-coloring f . We havef (a) = �,
f (b) = �, and hencef (u) = f (v) = �. Furthermore,{f (z1), f (z2)} = {�, �}.

Fig. 1. GraphF(a, b, �,�, �).
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Fig. 2. Graph̃F(p, q, �,�, �, �).

Case1: f (z1) = � andf (z2) = �. Each of the verticesx1, . . . , x5 can be colored only
with 1 or 2; but these vertices form a 5-cycle. This is a contradiction.
Case2: f (z1) = � andf (z2) = �. Each of the verticesy1, . . . , y5 can be colored only

with 1 or 2; but these vertices form a 5-cycle. This proves the lemma.�

Let F̃ (p, q, �,�, �, �) be the graph inFig. 2, obtained fromF(a, b, �,�, �) by adding
verticespandqadjacent toaandband assigningL(a)={�, �, �} andL(b)={�, �, �}. Note
thatF̃ (p, q, �,�, �, �) has 18 vertices. The following is an easy consequence of Lemma 1.

Lemma 2. With list assignment L as in Fig.2, the color-restricted graph̃F(p, q, �,�, �, �)

has no L-coloring.

Proof. If we color one ofpandqwith � and the other with�, then we can coloraonly with
� andb only with �. Applying Lemma 1 finishes the proof.�

LetH(p, q,�, �, �)be thegraph inFig. 3, obtained from threecopiesof̃F(p, q, �,�, �, �),
named as̃F(p1, q1, �,�, �, �), F̃ (p2, q2, �, �,�, �), andF̃ (p3, q3, �, �,�, �) by merging
p1, p2 andp3 into the new vertexpwithL(p)={�, �, �}, mergingq1, q2 andq3 into the new
vertexqwithL(q)={�, �, �}and identifying thecopiesb1 andb2 ofb in F̃ (p1, q1, �,�, �, �)

andF̃ (p2, q2, �, �,�, �), respectively. Note thatH(p, q,�, �, �)has 49 vertices.

Lemma 3. In each L-coloring ofH(p, q,�, �, �) the colors of p and q are the same.

Proof. If we colorp andq with different colorsx, y ∈ {�, �, �}, then, in view of Lemma
2, we cannot color properly the subgraph̃F(p, q, �, z, x, y) with {z, x, y} = {�, �, �}. �
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Fig. 3. GraphH(p, q,�, �, �).

Fig. 4. GraphH̃ .

Our final construction, the graph̃H in Fig. 4, consists of two copies,H1(p, q1,�, �, �)

andH2(p, q2,�, �, �), of H(p, q,�, �, �), plus one edge joiningq1 andq2. Note thatH̃
has 97 vertices.
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Fig. 5. GraphF ′(a, b, �,�, �).

If H̃ has a proper coloringf from the lists, then, by Lemma 3,f (q1) = f (p) and
f (q2) = f (p). But q1 andq2 are adjacent. This contradiction proves that the triangle-free
planar graph̃H is not 3-choosable.
Note that the graphF(a, b, �,�, �) and hencẽH has 6 different colors�, �, �, �, 1, 2 in

its color lists. LetF ′(a, b, �,�, �) denote the graph inFig. 5. Note thatF(a, b, �,�, �) has
16 vertices and 5 different colors in its color lists.

Lemma 4. With list assignment L as in Fig.5, the color-restricted graphF ′(a, b, �,�, �)
has no L-coloring.

Proof. The proof is similar to the proof of Lemma 1.�

Denote byH̃ ′ the triangle-free planar graph obtained by replacing each subgraph
F(a, b, �,�, �) of H̃ by a copy of the graphF ′(a, b, �,�, �). The graph̃H ′ has 109 vertices
and is not list 3-colorable.
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