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Abstract

Itis proved thathere are functiond (r) andN(r, s) such that for every positive integers, each
graphG with average degree(G) = 2|E(G)|/|V(G)| > f(r), and with at leastN(r, s) vertices
has a minor isomorphic t& s or to the union of disjoint copies oK.
© 2005 Published by Elsevier Ltd

1. Introduction

In this note all graphs are finite and do not have loops or multiple edges. A graph
minor of another grapi® if H can be obtained from a subgraph@by contracting edges.
In 1968, Mader 2] showed hat for everyr € N there exists a positive integhfr) such
that every graph with average degme@) > h(r) contains a minor isomorphic t;.
Mader proved thah(r) = O(r logr). The order of magnitude oh(r) was de¢rmined
independently by Kostochkd][and Thomason}] (see also ], p.178]). They proved that
h(r) = O(r/logr). Recently, Thomasorg] found the asymptotics f(r).

The main result of the present note is the following theorem conjectured by Mgjhar [

Theorem 1.1. There exist a function f : N — N and a function N: N x N — N such
that every graph with average degree at least f (r) and order at least N(r, s) hasa minor
isomorphic to s digoint copies of K; or a minor isomorphic to K s.

The order of magnitude of (r) in the proof below $ the samas that ofh(r). On
the other had, Mohar observed that (5) in Theorem 1.1is larger thanh(5) = 6, as
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follows. Every graph that can be embedded into the torus surface does not contain a minor
isomorphic to two disjoint copies 0Ks or Ks 3. Sincethere are arbitrarily large 6-regular
graphs on the torus surface this implie&b) > h(5) = 6.

For a graphs, we will use |G| and||G|| to denote the number of vertices and edges of
G, respectively.

2. Proof of Theorem 1.1

We will prove the following variation ofTheorem 1.1

Theorem 2.1. There exists a function f : N — N and a function N: N x N — N such
that every graph with n verticesand at least f (r)(n/2) + (N(r, s) — n) edges contains a
minor isomorphic to s disioint copies of K, or a minor isomorphicto K; s.

For theproof of Theorem 2..wve need the following fact.

Proposition 2.2. Let X = {X4, ..., X|} beafamily of setssuch that | > A's"*1 and for
everyi € {1,...,1},r < |Xj| < A.Then thereisa subfamily {X;,, ..., Xj;} of X such
that either

() 1N5=y Xijl =1, or
(i) forevery j € {1,...,s} thereisasubset X;; of X;; suchthat |X;;| > [X;;| —r +1
andfor 1 < pu <v <s X, N X, =2.

Proof. Consider a maximal subfamilg” = {Xj,,..., Xj,} of X such trat for every
j €{1,....t) there is a subseX;; of X;; with the property thatX; | > [Xi | —r + 1,

andXi, N X, =@forl <p <v <t Ift>s, then{Xp,..., Xy} is the desired
subfamily. Otherwge, everymember ofY has at least elements il = Utjzl Xi;. Note

that[M| < tA < (s — 1)A. Herce somer-subset is contained in at least|/ (") >

A's't1/ATs = s members oft. This proves the proposition.]

Proof of Theorem 2.1. Forr,s,n> 2, letf(r) = 2h(r) + 2r,
N(r.s) = (2(s+Dh( + )",
and
F(n,r,s) = f(r)g 4+ (N(r,s) — n).
Suppose that the statement of the theorem is not true, andhbetthe sdlest positive

integer suchhat there exists a grapgh with the properties

(a) G does not contain a minor isomorphickg s or s disjoint copies ofK,
(b) IGI = F(n,1,9).

We derivefurther properties of suc@ in a series of claims.
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Clam 1. 2||G| < h(r +s)n.

Proof. Otherwise, by the definition oh, G has a minor isomorphic tK;,s, a
contradiction to (a).

Claim 2. n > N(r,s)/h(r +s).

Proof. Suppose thah < N(r, s)/h(r +s). Sinceh(r +s) > h(4) > 2andf(r) > 4, we
deduce from (b) that

IGIl = F(n,r,s) = f(r)g + N(r,s) —n > N(r,s) > nh(r +9),
a oontradiction toClaim 1
Claim 3. Every edge of G belongsto at least 0.5f (r) — 1 triangles.

Proof. Lete € E(G) andG/e be the graph obtained fro@ by contracting. If e belongs
tot(e) < 0.5f(r) — 2 triangles, then

IG/el =Gl —1—t(e) > F(n,r,5) —1-05f(r) +2=F(n—1r,s9).
By the minimality ofn, G/e satisfies the theem, and henc& does, a contradiction. This
proves the claim.

For everyv € V(G), let G, be the subgraph induced Iy} U N(v). Claim 3yields
that

8(Gy) = 0.5 (r) foreveryv € V. (1)
The next claim is directly implied bZlaim 1

Claim 4. The cardinality of the set X of verticesin G of degree less than 2h(r + s) isat
least n/2.

LetX = {{x} U N(X):x € X}. By Claims 2and4, |X| > n/2 > N(r,s)/2h(r + s).
Note thatN(r, s)/2h(r +s) = (2h(r +s))" (r + s)'*1. Herce byProposition 2.2there is
a wbsetX’ of X of cardinality at leass + r such that either

() |Nyex X} UNX))| =1 or
(i) for every x € X’ there is a subsel’(x) of {x} U N(x) suchthat [N'(x)| >
[{x}UNX)| —r +1andN’'(x) N N’(y) = @ whenevex # .

Case (i). Let R be a subset of), . x ({x} U N(x)) of cardinalityr. Then the subgraph of
G induced byR U X’ containsK; s with partite setR and X’ — R. This @mntradicts (a).

Case (ii). Consider the subgraphsy of G induced byN’(x) for x € X’. By (ii) and (1),
8(Hy) > 8(Gx) —r +1>05f(r)—r +1> h(r) for everyx e X'.

It follows that everyHy contains a minor isomorphic ;. ConsequentlyG contains a
minor isomorphic to the union of disjoint copies ofK;. This contradicts (a), and so the
theorem$ proved. O
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