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Abstract

It is proved that there are functionsf (r) andN(r, s) such that for every positive integerr , s, each
graphG with average degreed(G) = 2|E(G)|/|V (G)| ≥ f (r), and with at leastN(r, s) vertices
has a minor isomorphic toKr,s or to the union ofs disjoint copies ofKr .
© 2005 Published by Elsevier Ltd

1. Introduction

In this note all graphs are finite and do not have loops or multiple edges. A graphH is a
minor of another graphG if H can be obtained from a subgraph ofG by contracting edges.
In 1968, Mader [2] showed that for everyr ∈ N there exists a positive integerh(r) such
that every graph with average degreed(G) ≥ h(r) contains a minor isomorphic toKr .
Mader proved thath(r) = O(r logr). The order of magnitude ofh(r) was determined
independently by Kostochka [4] and Thomason [5] (see also [1, p.178]). They proved that
h(r) = Θ(r

√
logr). Recently, Thomason [6] found the asymptotics ofh(r).

The main result of the present note is the following theorem conjectured by Mohar [3].

Theorem 1.1. There exist a function f : N → N and a function N : N × N → N such
that every graph with average degree at least f (r) and order at least N(r, s) has a minor
isomorphic to s disjoint copies of Kr or a minor isomorphic to Kr,s .

The order of magnitude off (r) in the proof below is the sameas that ofh(r). On
the other hand, Mohar observed thatf (5) in Theorem 1.1is larger thanh(5) = 6, as
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follows. Every graph that can be embedded into the torus surface does not contain a minor
isomorphic to two disjoint copies ofK5 or K5,3. Sincethere are arbitrarily large 6-regular
graphs on the torus surface this impliesf (5) > h(5) = 6.

For a graphG, we will use |G| and‖G‖ to denote the number of vertices and edges of
G, respectively.

2. Proof of Theorem 1.1

We will prove the following variation ofTheorem 1.1.

Theorem 2.1. There exists a function f : N → N and a function N : N × N → N such
that every graph with n vertices and at least f (r)(n/2) + (N(r, s) − n) edges contains a
minor isomorphic to s disjoint copies of Kr or a minor isomorphic to Kr,s .

For theproof ofTheorem 2.1we need the following fact.

Proposition 2.2. Let X = {X1, . . . , Xl } be a family of sets such that l ≥ Ar sr+1 and for
every i ∈ {1, . . . , l}, r ≤ |Xi | ≤ A. Then there is a subfamily {Xi1, . . . , Xis } of X such
that either

(i) | ⋂s
j=1 Xij | ≥ r , or

(ii) for every j ∈ {1, . . . , s} there is a subset X̃i j of Xi j such that |X̃i j | ≥ |Xi j | − r + 1

and for 1 ≤ µ < ν ≤ s, X̃iµ ∩ X̃iν = ∅.

Proof. Consider a maximal subfamilyX ′ = {Xi1, . . . , Xit } of X such that for every
j ∈ {1, . . . , t} there is a subset̃Xi j of Xi j with the property that|X̃i j | ≥ |Xi j | − r + 1,

and X̃iµ ∩ X̃iν = ∅ for 1 ≤ µ < ν ≤ t . If t ≥ s, then{Xi1, . . . , Xis } is the desired
subfamily. Otherwise, everymember ofX has at leastr elements inM = ⋃t

j=1 Xi j . Note

that |M| ≤ t A ≤ (s − 1)A. Hence somer -subset is contained in at least|X |/(|M |
r

) ≥
Ar sr+1/Ar sr = s members ofX . This proves the proposition.�

Proof of Theorem 2.1. Forr, s, n ≥ 2, let f (r) = 2h(r) + 2r ,

N(r, s) = (2(s + r)h(r + s))r+1,

and

F(n, r, s) = f (r)
n

2
+ (N(r, s) − n).

Suppose that the statement of the theorem is not true, and letn be the smallest positive
integer such that there exists a graphG with the properties

(a) G does not contain a minor isomorphic toKr,s or s disjoint copies ofKr ,

(b) ‖G‖ ≥ F(n, r, s).

We derivefurther properties of suchG in a series of claims.
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Claim 1. 2‖G‖ < h(r + s)n.

Proof. Otherwise, by the definition ofh, G has a minor isomorphic toKr+s , a
contradiction to (a).

Claim 2. n > N(r, s)/h(r + s).

Proof. Suppose thatn ≤ N(r, s)/h(r + s). Sinceh(r + s) ≥ h(4) ≥ 2 and f (r) ≥ 4, we
deduce from (b) that

‖G‖ ≥ F(n, r, s) = f (r)
n

2
+ N(r, s) − n ≥ N(r, s) ≥ nh(r + s),

a contradiction toClaim 1.

Claim 3. Every edge of G belongs to at least 0.5 f (r) − 1 triangles.

Proof. Let e ∈ E(G) andG/e be the graph obtained fromG by contractinge. If e belongs
to t (e) ≤ 0.5 f (r) − 2 triangles, then

‖G/e‖ = ‖G‖ − 1 − t (e) ≥ F(n, r, s) − 1 − 0.5 f (r) + 2 = F(n − 1, r, s).

By the minimality ofn, G/e satisfies the theorem, and henceG does, a contradiction. This
proves the claim.

For everyv ∈ V (G), let Gv be the subgraph induced by{v} ∪ N(v). Claim 3 yields
that

δ(Gv) ≥ 0.5 f (r) for everyv ∈ V . (1)

The next claim is directly implied byClaim 1.

Claim 4. The cardinality of the set X of vertices in G of degree less than 2h(r + s) is at
least n/2.

Let X = {{x} ∪ N(x) : x ∈ X}. By Claims 2and4, |X | ≥ n/2 > N(r, s)/2h(r + s).
Note thatN(r, s)/2h(r + s) = (2h(r + s))r (r + s)r+1. Hence byProposition 2.2, there is
a subsetX ′ of X of cardinality at leasts + r such that either

(i)
∣∣⋂

x∈X ′({x} ∪ N(x))
∣∣ ≥ r or

(ii) for every x ∈ X ′ there is a subsetN ′(x) of {x} ∪ N(x) such that |N ′(x)| ≥
|{x} ∪ N(x)| − r + 1 andN ′(x) ∩ N ′(y) = ∅ wheneverx �= y.

Case (i). Let R be a subset of
⋂

x∈X ′({x} ∪ N(x)) of cardinalityr . Then the subgraph of
G induced byR ∪ X ′ containsKr,s with partite setsR andX ′ − R. This contradicts (a).

Case (ii). Consider the subgraphsHx of G induced byN ′(x) for x ∈ X ′. By (ii) and (1),

δ(Hx) ≥ δ(Gx ) − r + 1 ≥ 0.5 f (r) − r + 1 > h(r) for everyx ∈ X ′.

It follows that everyHx contains a minor isomorphic toKr . Consequently,G contains a
minor isomorphic to the union ofs disjoint copies ofKr . This contradicts (a), and so the
theorem is proved. �
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