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Abstract

Suppose that a hypergrapht = (V, &) satisfies a Hall-type condition of the forpt J F| >
r|F| 4+ 8 wheneverd # F C &, but that this condition fails if any vertex (element) is removed
from any edge (set) i§. How large an elge carfH contain? It is proved here that there is no upper
bound to the size of an edgerifis irrational, but that ir = p/q as a rational irits lowest terms
thenH can have no edge with more than nipxp + [47} vertices (and if§ < O then’H must
have an edge with at mo§tp — 1)/q] vertices). If§ < 0 then the upper boung is sharp, but if
8 > 0 then the bound + [§7] can be improved in some cases (we conjecture, in most cases). As a
generalization of this problem, suppose that a digrBpa (V, A) satisfies an expansion condition
of the form [Nt (X) \ X| > r|X| + § whenever # X C S, whereSis a fixed sibset ofV, but
that this condition fails if any arc is removed frobn. It is proved that iff = p/q as a rational in
its lowest terms, then every vertex 8has outdegree at most max+ q, p+ q + [§] — 1}, and at
most maxp, p + [81} if Sis independent, but that if is irrational the the vetices of S can have
arbitraily large outdegree.
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1. Introduction

Throughout the papety denotes the set of positive integers, and we assume that
peNU({0},ge N,deZr,5§ € Randr > 0. LetH = (V, &) be a hypergraph,
i.e. a family€ of subsets of a sat; the eements oV and€ are calledverticesandedges
respectively. ItF C £, we wite | F as a shorthand far)- .~ F. LetC(r, §) be the tass
of all hypergraph&{ = (V, &) for which

‘U}“‘ >r|F|+46 whenevef) £ F C £ and|F| < oo, (1.2)
and letC(p, q,d) = C(p/q, d/q) be the class of all those for which

d
‘U]-“ > plf% whenevel) # F C £ and|F| < oo. (1.2)

We sy that a hypergrapit = (V, £) isirreduciblein a clas<C if H € C butif H' is
obtained by removing any vertex from any edgéfthenH’ ¢ C. If H € C(r, §) and every
edge in¢ is finite, then clearly (i€ is finite) or by a standard compactness argumerdt (if
is infinite) one can reduck to an irreducible member @f(r, §) by removing vertices from
same edges if necessary. (We allow our hypergraphs to have multiple edges, i.e. edges that
are equal as sets, althougheorem 6.Zhows thathis is unnecessaryiif > 1.) This is not
necessaly true if some edgeée € £ is infinite. However, in that case one can remove any
finite nunber of vertices fronk without violating (L.1). Hence the irreducible hypergraphs
in C(r, §) can have no infinite edges.

We started looking at irreducible hypergraphs in the hope of proving results about
colourings B]. Although we had some success with this approach, we found that usually it
does not work, and the present paper arose from our attempt to understand why.

We shallsee inTheorem 4.3hat ifr isirrational then irreducible hypergraphgiir, §)
can contain arbitrarily large edges. HowevEheorem 2.2hows that ifr = p/q as a
fraction in its lowest terms, then an irreducible hypergrapfi(in §) can contain no edge
with more than mafp, p + [§]} vertices. In this case it suffices to consider the case
whens = d/q for some integed, so that {.1) redwces to (.2); taking || = 1, this
clearly implies that every edge contains at lgagt+ d)/q] vertices. A hypergraph that is
irreducible inC(p, g, d) will be called(p, q, d)-irreducible.

It is easy to see fronTheorem 2.2that if d > 0 then every(p, 1, d)-irreducible
hypergraph igp + d)-uniform (i.e. every edge has exactby+ d vertices), and &0, q, d)-
irreducible hypergraph igd/q7-uniform. But (p, q, d)-irreducible hypergraphs are not
uniform in general. Let maxmag, g, d) denote the largest edge-size that is possible in a
(p, q, d)-irreducible hypergrapttheorems 2.2nd4.4 show thatmaxmodp, q,d) = p
if d <0, and

max(p, [(p+d)/q1} < maxmodp,q,d) < p+[d/q]  ifd>0. (1.3)

We know of no examples where this lower bound is exceeded by more than one.
Theorems 2.2nd4.5show thamaxmodp, q, 1) = p+ 1 forall pandg. In Theorem 2.3
we determine maxmdfd, g, d) for all g andd; for d > 0O it always gjuals éher[(1+d)/q]
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or [(1 + d)/q] + 1. Our construction giving the valugp + d)/q] + 1 is desribed
in Theorem 4.6 but it works only for certain ranges of values df, for all of which
[(p+d)/q] < g. Thus we make the following conjectures.

Conjecture 1.1. For all values of p,q and d > 0, maxmodp, g, d) is equal to either
max{p, [(p + d)/q]} or one more than this.

Conjecture 1.2. For fixed values of p and gqnaxmodp, g, d) = [(p+d)/q]ifd is large
enough.

These results and conjectures can be restated in the language of expanders. Let us
say that a bipartite grap® with partite setsS, T (in that order) is an(r, §)-expander
if INg(X)| > r|X]| + 8 for every nonempty subsét C S. Then maxmogp, g, d) is the
largest pasible degre of a vertexs € Sin an edge-minimalp/q, d/q)-expander. This is
because a hypergragh = (V, £) can be represented by a bipartite gra@phvith partite
setsS, T, whereT = V, the vetices inSare (in 1: 1 correspondence with) the edges in
&, and a vertes € Sis adjacent to a verteix € T if and only if t belongs to (the edge
in £ corresponding to}. Corversely, given a bipartite grap® with partite setsS, T, one
can represent it by a hypergraph = (V, £) satisfying the above description. In either
case, the degree of a vertex®is equal to the cardinality of the corresponding edge in
£, and (L.1) says pecisely thafNg (X)| > r|X| + & for every nonemptyX C S. We use
this bipartite-graph representation$ection 3to get an alterative proof ofTheorem 2.2
whend < 0, and also to get further information abaug, q, d)-irreducible hypergraphs
in this case; in particular, we prove that any such hypergraph must contain an edge with at
most[p/q] vertices ifd = 0, and with at mosf(p — 1)/q] vertices ifd < 0, and these
bounds are sharp. (It seems likely thatlif- 0 then here is always an edge with at most
[(p+ d)/q] vertices, but we do not have a proof of this.)

In Section Swe generalize this idea from bipartgeaphs to digraphs. Suppose a digraph
D = (V, A) satisfies an expansion condition of the ford™(X) \ X| > r|X| + §
wheneverd # X C S, whereSis a fixed sibset ofV, but that this condition fails
if any arc is renoved from D. If D is bipartite with bipartition(S, T) and all arcs
directed fromS towardsT, then we recover the bipartiteadel of hypergraphs described
in the previous paragraph. It follows from the corresponding examples for hypergraphs
(Theorem 4.Bthat if r is irrational then there are bipartite digrapbswith this property
in which S contains vertices with arbitrarily large outdegree.Tineorems 5.1and 5.3,
which are the digraph analogues dheorems 2.2nd4.4 for hypergraphs, we prove that
if r = p/qg as a rational in its lowest terms, then the largest possible outdegree for a
vertex inSis exactlyp + q if § < 1, and lies between még + q, [(p + d)/q]} and
p+qg+[8] —1if § > 1. The difference between these bounds and thosk 3 reflects
the extra complexity in theitsiation for nonbipartite diggeghs compared with bipartite
ones.

We prove the main results about the size of the largest edge in an irreducible hypergraph
in Section 2 dthough the constructions needed for the lower bounds are left until
Section 4 An dternative proof of the upper bound using bipartite graphs, and results about
the size of the smallest edge, are giverSiection 3 Arc-minimal digraph expanders are
discussed inSection 51n Section 6we tidy up acouple of loose ends.
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2. Theupper bounds

LetH = (V, &) be a hypergraph and lgt, g € N andd e Z. For each finite subset
X C V, lete(X) = ey (X) be the number of edges &f contained inX, anddefine

sur(X) = supy(X) = q|X| — pex(X) —d, (2.1)

so that sur(X) > 0if H € C(p, q,d) andey (X) # 0. LetEF (X, Y) denote the set of
edges ofH that are contained iX U Y butnot in X or Y. The fdlowing result is easy to
see.

Lemma2.l. If X, Y CV then

SURy(X) + supy(Y) —sup (X UY) —sur (X NY) = plET(X,Y). (2.2)
Proof. By (2.1), the LHS of @.2) is equal to

plex(XUY) +en(XNY) — ey (X) —ex(Y)l. (2.3)

An edge that iontained inX N'Y contributesp(2 — 2) = 0 to (2.3). An edgethat is
contained inX or Y butnot X N'Y contributesp(l1 — 1) = 0 to (2.3). An edgethat is
contained inX U'Y butnot X orY contributesp(1—0) = pto (2.3. O

The following theorem is our main upper bound. It is not necessary to assume here that
p andq are coprime, although naturally the bound is strongest when they are.

Theorem 2.2. maxmodp, q,d) < max{p, p+ [d/q]}.

Proof. Suppose thati = (V, &) is (p, g, d)-irreducible and thaf contains an edge
Eo = {v1,...,u} wheret > p + 1. By the irreducibility of H, there are fiite sets
X1, ..., Xt € V sweh that, for each,

Xi NEp= Ep\ {vj} and suexip) < p—-1 (24)

(so tha, if v; were removed fronkg, thene(X;) would increase by 1, and suf;) would
become negative). For=1, ...,t, letY; := ﬂ'j:1 Xj. Evidently

Yi N Eo = {vi41,..., vt} (2.5)
It is easy to prove by induction drthat
surYi) < p—i. (2.6)

For, thsholds by .4 if i = 1. Andifi > 2thenY; = Yi_1 N Xj,sunYji_1)) < p—i+1
by the induction hypothesis, S0¢) < p — 1 by 2.4), andEg € £1(Yi_1, Xi) so that
IET(Yi—1, Xi)| = 1 and sufYi_1 U X;) > 0 by (1.2); thus sutY;) < (p—i +1) +
(p—1)—0—p=p—ibyLemmaZ2.1l

Suppose now that = |Eg| > p + [d/q] + 1. By (2.6), sunYp11) < 0. Since
H € C(p, q,d), it follows from (1.2) thate(Yp 1) = 0. But, by .9), [Ypi1| > t—p—-12=
[d/ql, and sosun(Yp11) = q|Ypy1l —d > gfd/q] —d > 0. This contradiction proves
Theorem2.2 [O
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Theorems 4.4nd4.5 show thatTheorem 2.2s sharp vineneverd < 1; specifically,
maxmodp,q,d) = pifd < Oandp + 1if d = 1. The next theorem completely
determines the value of maxmgd g, d) when p = 1, and it shows thatheorem 2.2
is not sharp in general.

Theorem 2.3. If d < 0 then maxmodl,qg,d) = 1. For eachinteger k > 2,
maxmodl, q, d) = k if
k—-12%2-1 k2 -1
k1 < K

Proof. Ford < 0 the resultfollows from Theorem 2.2sinceclearly maxmodl, q, d)
> 1. (If all edges ofH are empty, then1(.2) must fail if the number of edges is large
enough.) Fod > 0 the theoremtates, more precisely, that

L (k—=12-1

maxmodl, q,d) =k =1+ [d/q] if 1 g<d< (k—-21q (2.7)

and
2

" q. (2.8)

The lower bound maxmdad, g, d) > kin (2.8), orin (2.7) whend = (k — 1)q, is shown
by a hypergraph comprising a single edg& ofrtices. The lower bound in the rest &.7)

is shown byTheorem 4.6 The upper bound maxmet q,d) < k = 1+ [d/q] in (2.7)

follows directly fromTheorem 2.2We must pove that maxmod, q,d) < k = [d/q]

in (2.8).

Sosuppose that is as in .8 andH = (V, &) is a(p, q, d)-irreducible hypergraph
containing an edg&g = {v1, ..., vt} witht > k + 1. Let the set; be defined as in the
proof of Theorem 2.2Then surX;) < p— 1 = 0 for eachi, and|X;j| >t —1 > k. If
e(Xj) = 0then sur(Xj) = q|Xj| —d > gk—d > 0 (sinced < gk). This contradiction
shows that(Xj) # 0 and sasun X;) > 0 by (1.2). Thus su¢X;) = 0, for each.

As in the poof of Theorem2.2surXi N Xj) < —1 wheneveri # |, so that
e(Xi N Xj) = 0. If |Xj N Xj| > k then we gethe contradiction syX; N Xj) =
glXi N Xjl—d > gk—d > 0. ButEp \ {vi,vj} € Xj N Xj, and so|X; N Xj| >
|Eol — 2 =1t — 2 > k — 1; thus equality holds throughout, and

maxmodl, q,d) = k = [d/q] if(k—1Dg<d<g<

XiNXj = Eo\ {vi,vj} whenevei # j. (2.9)

Therefore suiXj N Xj) = q(k—1) —d, ande(Eo \ {vi, vj}) = e(Xi N Xj) = 0 whenever
i # . |

Fori =1,...,t, letU; = U'J- _1 Xj, and letx; denote the number of edges’ifthat
are contained irkEg \ {vj }; note that these edges are all equal (as setEpto{vi}, by the
lastremark of the previous paragraph. We shall prove by induction that

t
suU) < (i —Dd-q+g-1- > X (2.10)
j=i+1
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fori = 2,...,t. Thisholds ifi = 2 since, byLemma 2.1 suX; U X2) = 0+ 0 —
[q(k—1)—d]—|EF (X1, X2)|, and|ET (X1, X2)| > 1+ 37} _gXj (sinceEg € £ (X1, X2)).
Sosupposei > 3. ThenUj_1 N X; = Ep\ {vi} by (2.9, and so suii_1 N X;) =
gk — px —d = gk—d — x;. By Lemma 2.1and the induction hypothesis,

t
surUi) =sunUi—1 U Xj) < (i —2)(d—-qgk)+9—-1— ij +0—(gk—d—x)

=

t
=@(-1d-qk +g—1— Z Xj.
j=i+1

This proves @.10.

Finally, epplying 2.10 wheni =t = k + 1 we find that sulUx+1) < k(d — gk) +
g — 1 < —1 by the upper limit ford in the statement ofZ.8). But this contradicts(.2)
since Eg € Ug41 and soe(Uk4+1) > 0; and this contradiction completes the proof of
Theorem2.3 O

Theorem 2.3hows that, for fixed], maxmodl, q, d) is a nondecreasing function of
d. However, wecan prove that ifp is even andl > 0 and equality holds inTheorem 2.2
thend — 1 is divigble by q. (The poof of thisis too long to include here.) This shows
that mamod p, g, d) is not nondecreasing i is even, since then maxm@al q,d) = p
wheneved < g, except that maxmog, q, 1) = p + 1 as renarked beforé’heorem 2.3

3. An alternative approach

In this section we adopt an alternative apgoch using bipartite graphs. We give an
alternative proof ofTheorem 2.2vhend < 0, and we then use the same idea to obtain
further information aboutp, q, d)-irreducible hypergraphs, particularly about the size of
a smallestedge. We can use this method to praveeorem 2.2also whernd > 0, but we
omit the proof since it is longer and we have not managed to use it to obtain the same
further information in this case.

We wiite G = (S, T; E) to denote thatG is a bipartite graph with vertex-s#t(G) =
SUT and edge-seE(G) = E, wherethe order in which the partite se® T are written
is significant. IfX € V(G) thenN(X) = Ng(X) denotes the set of all vertices that are
adjacent to vertices iX. ThenG is an(r, §)-expander, i.e. it represents a hypergraph in
C(r, 8) as explained irsection 1if andonly if

INCX| > r[X] + (3.1)

for every nonempty finite subse¢ € S If § < 0 then of ourse 8.1) holds even if
X = {J. We saythatG is (r, §)-irreducibleif (3.1) holds inG but fals whenever any edge
is removed fromG.

We can now prove the following result.

Theorem 3.1. Let p, g, d beintegers suchthat p>q0andd< 0,andletG= (S, T; E)
be a(p/q, d/q)-irreducible bipartite graph. Then:
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(a) every vertex in S has degree at most p;

(b) every vertex in T has degree at most q;

(c) somevertex in S has degree at md$t/q];

(d) somevertex in T has degree at mgst/ p1;

(e) ifd < Othen some vertex in Bas degree at most{p — 1)/q].

Proof. Becauses is (p/q, d/q)-expanding,

ING (X)| = (p|X|+d)/q (3.2)
for every finite subseK C S. Let Gy = (S, TT; E1) be obtained fronG by replacing
everyti € T by a setTi = {ti1,...,t g} containingg copies oftj, all of which are
adjacent inG1 to precisely the neighbours gfin G. Then @.2) gives

ING, (X)| = pIX| +d (3.3)
for every finite subseX C S. Let G, = (ST, T™; E) be obtained fronG; by replacing
everys € Shy aset§ = {s1,...,5,p} containingp copies ofs, all of which are
adjacent inG; to precisely the neighbours gf in G1. Then 8.3 gives

ING,(X)| = |X] +d (3.4)

for every finite subseX € S*. Findly, form G3 by adding—d new vertices td5; that are
adjacent to all vertices iB". Then|Ng,(X)| > | X| for every finite subseX € S*, and so
by Hall's theorem 2] or its transfinite extensiori] Gz has a matching covering". (For
reasons explained iBection lin the language of irreducible hypergraphs, every vertex of
Shas finite degree i, and so theesult of [1] apdies.)

It follows thatGy has a matching covering all butd vertices ofS*; call a matching
with this property al-goodmatching inG». For ad-good matching?, let G, = G,(P)
= (S", T*; P); then @.4) still holds for G,,. Let G| = G}(P) be obtained fronG,, by
merging thep copies of eveng € Sbackinto s. Then .3 till holds for G/, since if
X7 is the sibset of ST comprising allp copies of every vertex iXX, then

NG, 01 = INg (X )| > X*| +d = pIX| +d.

Now let G’ = G'(P) be the bipartite multigraph obtained fro@’ by merging theq
copies of evenyt; € T backinto tj, and findly let G” = G”(P) bethe simple bipartite
graph obtained by identifying parallel edgesGn Evidently 3.2) holds inG”, andG” is
a subgraph ofG. SinceG is (p/q, d/q)-irreducible, therefor&” (P) = G; and ths holds
whicheverd-good matching is chosen irG;.

Itis clear from this construction that every vertex®has degree at mogtand every
vertex of T has degree at mogtin G” = G. This proves4) and (b). We now turn to the
proof of (c) and (d).

Claim 3.1.1. G is a forest.

Proof. This is obvious ifp = 1 orgq = 1, so suppose > 2 andg > 2. Suppose
G contains a circuilC : si,t1,..., %, tk,s1. Let f : NU {0} — R be any function
that increases sufficiently rapidly th&t{n + 1) — f(n) > k[ f(i) — f (i — 1)] whenever
1<i<neN(eg,fn = 2K for all n). For each edge of G, let ug/(p)(€)
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denote the multiplicity of the set of edges of5’(P) corresponding t@&, and anong all
d-good matchings i let P be one that maximizes the sum,.. f (e (p)(€)). W.Lo.g.
assumeuc(py(sit1) = ne(py(e) for all other edges of C. For each edge of C, choose
an edge ofP that maps inte whenG = G”(P) is constructed as above froBi,(P); let
the dhosen edges be

S1htLiss 11,1120, 201205, 12,188,055 - - - Shietkiiks Tk, jkSL I -

Rephcing the edges

11,9205, 12,1,8315, - -+ tk, j«SL,l14

of P by the edges

S1I4 M1, 21582, 550 - - -5 Sk Ik, ji

gives anotherd-good matchingP’ in G, suchthat ) o ¢ f(uc(py(€®) > D occ
f(ua/(py(€). (This replacement is possible since every edgef G corresponds to a
copy of Kp g in Gp; thus sincesy nt1j; € Ep it follows thats; |,t1 ), € Ez, etc.) This
contradiction shows that there can be no such cikCuénd scClaim 31.1is proved. O

In proving (c) we may assume that all istdd vertices and endvertices of the forest
G are in T, dnce otherwise (c) clearly holds. Choose a vertexe S such tfat at
most one neighbour of in G is not an endvertex o6; such a vertexsy must exst,
in any forest. Supposblg(sp) = {t1, ..., tk}, wherety, ..., tk_1 are endvertices of.
Start with an arbitraryd-good matchingP; in Go. Fori = 1,...,k — 1 in tum, if
vi = max{p,q} — uc/p)(Soti) > 0, then form ad-good matchingP 1 from P by
removingv; edges ofP, betweenS andTk and replacing them with; edges between the
same vetices of § and vertices off; that are notnatched byP;. (If there are not as many
asv; edges ofP; betweenS and Ty then replace all there are, and observe GBatP 1)
is then a proper subgraph @& (missing the edgeptk), which is a contradiction.) Then
nG' (R (Soti) = max{p,q}fori =1,...,k—1.1f p < qgtheninG'(P) all p edges from
Sp go toty, and sosp has degree £ [p/q] in G. Otherwiseq of the p edges incident with
spin G'(Py) gotot; foreachi = 1, ...,k — 1 and sos has degre& = [p/q] in G.

This proves (c). The proof of (d) is exactly the same but with the roleS ahd T
interchanged.

To prove (8, let P be ad-good matching inG,, wherenowd < 0. Choose a vertex
s1 € Ssuch that the corresponding s&t = {sy1, ..., Sy, p} Of vertices in S™ contains
one of the—d vertices that is not matched by, thens; has degree at mogt — 1 in the
multigraphG’(P). If p = 1thens; has degree 0iG’(P) and hence it” (P) = G, which
is all we have to prove; so we may assume- 1. Then, as in the proof of (c), we may
assume that all isolated vertices and endvertices of the fGrast inT. Letsy be a vertex
in the ame component o6 ass; such that at most one neighbour &f in G is not an
endvertex ofG. If 55 # 5, let the @th froms; to 59 in G have vertices, ty, . . ., %, tk, So-
For each edge of this path, choose an edge Bfthat maps intee whenG = G”(P) is
constructed as above fro@,(P); let the hiosen edges be

S1htLiss 11,1205, 201205, 12,188,055 - - - Skhietkiks Tk, jkS0,1o-
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Lets; |, be a vertex of5; that is not matched bf. Rephcing the edges

1,125, 12,1315, - -+ K, jkS0,lg
of P by the edges

S1Ii M1, i1 20582, 505 + - 5 Sk, Itk i

gives anothed-good matching®’ in G2 in which sy, is matched bugy, is not. Thus,
in G,(P’), there ae at mostp — 1 edges incident \th vertices inS. If we nowapply the
argument used above to prove (c), then we find thags degree at mokt= [(p— 1)/q]
in G. This mmpletes the proof of (e), and soBieorem 3.1 [

Note that there is no part ‘(f)’ iTheorem 3.1saying that ifd < 0 then here is a ertex
in T with degree at mosf(q — 1)/ p]. For exanple, the patlabcdewith S= {a, c, e} and
T = {b,d}is a(3/4, —1/4)-irreducible bipartite graph, and eachimfd has degree 2, but
2>[(4-1)/31=1.

The following corollary statethat parts (a), (c) and (e) @heorem 3.Jre sharp. Let us
write maxminmodp, g, d) for the maximum value of the minimum degree of all vertices in
S, where the maximum is taken over allp/q, d/q)-irredudble bipartite graphsS, T; E).
Equivalently, maxminmogp, g, d) is the maximum size of the smallest edge€inwhere
the maximum is taken over &alp, q, d)-irreducible hypergraph = (V, &).

Corollary 3.2. Let p,q,d be integers such that p and q are positive and coprime
and d < 0. Thenmaxmodp,q,d) = p, maxminmodp,q,0) = [p/q], and
maxminmodp, q,d) = [(p—1)/q]ifd < O.

Proof. The first statement follows frorfheorem 3.{a) andTheorem 4.4and tte third
follows from Theorem 3.(e) and Theorem 4.1 The seond statement follows from
Theorem 3.{c), since itis clear from puttingX = {v} in (3.2) that maxminmodp, q, d) >
(p+d)y/g=p/qifd=0. O

Finally, we consider the case of irratiomal

Corollary 3.3. If r isirrational and § < O, then br every finite(r, §)-irreducible bipartite
graph G= (S, T; E) there is a vertex in S with degree at m@ist. This & dharp.

Proof. The set of numbers
{r1—rjufri+sé6—j:i=0,...,19,j=0,...,|T|}

is a dscrete set that may or may not contain 0. Choose an inggeifficiently large that
everypositive number in the set is greater tha8| + 1)/q. Choose integerp andd such
that

(p—D/g<r<p/g and (d+[|S)/qa<s<(d+]|5+1)/q.
Then[r] = [p/q], since[r] —r > 1/qg. Also, fori =0,...,|Slandj =0, ..., |T|,
(pi +d)/q+ (S| —i)/q <ri +68 < (pi +d)/q+ (IS| + 1)/q,

so that(pi + d)/q < ri +48,andj > (pi +d)/gifandonlyif j > ri 4+ § (since
if j > (pi+d)/gthenri +8—j < (|§+1)/qandsori +é& — j < 0). SoG is



1128 A.V. Kostochka, D.R. Woodall / Europeawnudrnal of Combinatorics 26 (2005) 1119-1138

(p/q, d/qg)-irreducible. Thus it follows froniTheorem 3.{c) that there is a vertex i
with degree at mosf p/q] = [r]. The shapness of this reduis proved inTheorem 4.2
O

If § < O0thenCorollay 3.3holds for infinite(r, §)-irredudble bipartite graphs as well.
In this case we can prove that for sodg’ < 8’ < 0, G has arr, §’)-irreducible subgraph
Go that is the union of finitely many finite components®f The resit then follows on
applyingCorollary 3.3to Gg. Thisdoes not seem to work & = 0, since then we might
have taiakes’ > 0, and we have not proved anything about the minimum degree of vertices
in Swhens > 0.

4, Thelower bounds

The hypergraphs that we construct in this section may apparently have multiple edges.
The question of whether they can be taken to be simple is discussed in the final section, in
and beforelTheorem 6.2

We start with the lower bounds on the maximum size of a smallest edge whei.

For positiveintegers, mandn, letH = (V, £) = H(t, m, n) be a hypergraph in whic¥
is theunion oft disjoint setsZ1, ..., Z, each of cardinalityy, and€ comprisesn copies
of every setZ;; thus|V| = tn and|€| = tm.

Theorem 4.1. If pandq are postive coprime integers and & 0, then hereis a(p, q, d)-
irreducible hypergraph in which every edge has at ledgp — 1)/q] vertices.

Proof. Since p and q are coprime, there exist positive integers and n such that
gn= pm-—1.LetH = H(—d, m, n). To prove thatH € C(p, g, d), it suffices to consider
the setF; of edges contained id; U---U Z; (1 <i < —d). But|%| =imand
. 1 L g
‘Uﬁ‘:in:l(pm ) _ PIFEI—T _ plFil+d

=

q q q

It follows thatH € C(p, g, d). So one can form an irreducible hypergrafth € C(p, g, d)
by removing vertices from edges #f. Suppose thatt’ contains an edgewith fewer than
(p — 1)/q vertices. W.l.o.ge € Z1, so letF be the set of all edges 6{’ contained in
euzZyU-.--UZ_4.Then|F| > 1+ m(—-d - 1) and

-1 -1 —D(-d-1 d

‘U}_‘<p ined—1=" + (pm—1)( )<p|f|+ ’

q q q
which is impasible sinceH’ € C(p, q, d). Thus every edge oft’ has at leastp — 1)/q
vertices, as required. O

The next theorem is the analogous result for irrationalTheorem 3.(e) and
Corollay 3.3show thafTheorems 4.5nd4.2, resgectively, are best possible.

Theorem 4.2. If r is a positive irrational number and < 0, then here is an ireducide
hypergraph inC(r, §) in which every edghas at leas{r ] vertices.

Proof. This is obvious if§ = 0 (take|F| = 1 in (1.1)), so supposé < O. Let
a:=r —[r] > 0. Letqg be a positive integer sfifiently large that Yq < «/(—§), so that
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(q—1)/q > (—a—38)/(—48). Sincer is irrational, nunbers of the forrmr —n (m, n € N)
are dense ifR. So letm, n be positiveintegers such that

) -8
<mr—-n< —.
q-1

The proof now follows the argument @heorem 4.1Let H = H(q, m, n). If F is the set
of edges contained id; U --- U Z; (1 <i < q)then|F| =imand

‘U}‘i‘zin>imr+i5/q>imr+8=r|}“i|+8.

ThusH € C(r, §). Forming an irreducible hypergragt’ € C(r, §) from H as in the proof
of Theorem 4.1we seethat if H' contains an edge withr | or fewer vertices theft’
contains a sef of at least 4+ m(q — 1) edges such that

‘U}"‘ <Ul+nQ-D <lrj4+mr@-D+a+8=r[l+m@g-1]+8
<riF+6,

which is impasible sinceH’ € C(r, §). Thus every edge df{’ has at leasfr ] vertices, as
required. [

We now turn to the lower bounds on the maximum size of a largest edge. For
nonnegative integeits m, n, m’, n’, wheret > 0 andn > 0, we construct a hypergraph
H = (V,E) = H@E, mnm,n') as follows. LetV be the dsjoint union of sets
Y, Z1,...,Zi, where|Y| = n’ and|Z;j| = n for eachi. Let £ comprise the following
edgesm’ copies ofY, m copies ofY U Z; for eachi, and aredgeEg containing one vertex
from each sek;. ThenH(t, m, n, ', n’) hastn + n’ vertices andm + m’ + 1 edges, and
|Eol =t.

We first usehis construction to dealith the case whenis irrational.

Theorem 4.3. If r is a positive irrational number and is anarbitrary real number, then
irreducible hypergraphs id(r, §) can contain arbitrarily large edges.

Proof. Lett € N,t > max2,r +3}. We dall prove that there is an irreducible hypergraph
in C(r, §) containing an edge with vertices. Since is irrational, nunbers of the form
n—rm (m,n € N) are dense iR. So letm, n, m’, n" be positive integers and define
€=r+48§— (N —rm’), wherem, n, m’, n’ are chosen so that

0 < € < min{r, t} and % <n-—rmx< ﬁ (4.2)
LetH := H(t, m,n,m’,n’). Note hat|Ep| =t >r1 + 6.

We shall pove first thatH € C(r,8). H hasm’ edges that are copies of, and
Y =n=r+8§+rm —e >rm +35§ = rey(Y) + §. To conplete the proof that
H € C(r, 9) it suffices to consider the s& of all edges contained i U Z; U---U Z;
(1<i <t-—1)andthe sef] := Fi U {Eo} (1 <i <t). Note hat, by @.1),

(t—i)e

in+n/>i(?—Hm)—i—(r+6+rm’—e):r(im+m/+1)+8—



1130 A.V. Kostochka, D.R. Woodall / Europeawnudrnal of Combinatorics 26 (2005) 1119-1138

Now, |Fi|=im+mifi <t, and

. t—i
‘U]—“i‘=|n+n’>r|}‘i|+r+5—( t)€>r|}“i|+5
sincee < r;and|F|=im+m + 1and
. . t—i)t—e¢
‘U}“{ =in4n +t—i >r|]ﬂ’|+5+()t#>rl}“{l+5

sincee < t. It follows thatH < C(r, §).

Now let H' be obtained fromH be deleting one vertex from the ed@®, say the
vertex in Eg N Zt, and letF consist of all edges contained \W(H') \ Z;. Then|F| =
(t—1)m+m +1and, by @.1),

‘U]:‘:(t—l)n+n’<(e—i-(t—l)rm)—i-(r +85+rm' —e) =r|F|+8.

It follows that®’ & C(r, §).

Now, H is not an irreducible member 6f(r, §), butone can form an irreducible member
‘H" of C(r, §) by removing vertices from edges ®f. SinceH’ ¢ C(r, §), H” must contain
the elge Ep with t vertices. This completes the proof 8heorem 4.3 [

We now use the same construction to prove a universal lower bound for rational

Theorem 4.4. If p andq are postive coprime integers and d is an arbitrary integer, then
maxmodp, g, d) > p.

Proof. The structure of the proof is very similar to that of the previous theorem. Since
andq are coprime, there exist nonnegative integers, m’, n’ suchthatgn = pm+1 and
gn’ = pm +d. LetH := H(p, m, n,m’, n"). We mayassume thatEo| = p > (p+d)/q,
since ¢early maxmodp, q,d) > (p + d)/g and so the result of the theorem is obvious if
p<(p+d)/g.

We shall pove first thatH € C(p,q,d). H hasm’ edges that are copies &f and
Y| =n"= (pm +d)/q = (pex(Y) + d)/q. To conplete the proof that{ € C(p, g, d),
as inTheorem 4.3t suffices to consider the s& of edges containedivi U Z; U---U Z;
(1<i < p-1andthesef := F U{Eo} (1 <i < p).Now,|F|=im+m'ifi < p,
and

. 1 rr{ . /
a q
_ piFI+d
q b

and|F/|=im+m 4 1 and

U

(4.2)

_ i(pm+1) + (pm +d)y+q(p—1i)

a
_pim+m+D+d+@-Dp-i) _ pIFI+d

=

q q

=in+n 4+ p—i

It follows thatH € C(p, q, d).
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Now let H’' be obtained fromH be deleting one vertex from the ed@®, say the
vertex in Eo N Zp, and letF consist of all edges contained M(#') \ Zp. Then
|Fl=(p—1m+m +1and

-1 1 m
‘U]:‘ —(p—Dn+n = (p )(pm—i-q)—i-(p +d)
_p(p—=Dm+m +1)+d-1 - plF|l+d
q q

It follows thatH’ ¢ C(p, q, d).

As in the poof of Theorem 4.3one can form an irreducible memb&r of C(p, q, d)
by removing vertices from edges &f, and shce’ ¢ C(p, q, d), H” must contain the
edgeEg with p vertices. This completes the proof theorem 4.4 [

We can improve slightly on the above lower bound in the case vethenl (modq). If
d = 1, thenTheorems 2.2and4.5together show that maxmeop, q, 1) = p + 1.

Theorem 4.5. If p andq are postive coprime integers and & 1andd= 1 (modq)
thenmaxmodp, q,d) > p+ 1.

Proof. The proof is a simpler version of the previous proof. Sipcandq are coprime,
there exist positive integens, n suchthatqn = pm+ 1. Letqn’ = d — 1 and
H = H(p+ 1,m,n,0,n). We mayassume thatEg| = p+ 1 > (p + d)/q, since
the result$ obvousifp+ 1< (p+d)/q.

We shall firg prove thatX € C(p,q,d). Let 7 be the set of edges contained in
YUZyU---UZ andletF = F U{Eo} (1 <i < p+ 1. Now, |[Fi| = imif
i <p, and

U#|=in+n' = '(pm““l)q*‘(d—l) > p(lmq)+d _ plfiq|+d;

and|F/| =im + 1 and
i(pm+D+d-1D+qg(p+1-—i)

‘UJ-‘{:in+n’+p+1—i: ]
_pim+1+d+(@-D(p+1-i)
q
S PIFI+d
q

It follows thatH € C(p, q, d).

Now let’H’ by obtained front be deleting one vertex from the edBg, say the ertex
in Eo N Zp41, and letF consist of all edges contained(H')\ Zp41. Then|F| = pm+1
and
p(pm+1) +@d -1 _ PI7l +d

q q

‘U}“ =pn+n =

It follows thatH’ ¢ C(p, q, d).
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As before, one can form an irreducible memBg&trof C(p, g, d) by removing vertices
from edges ofH, and shceH’ ¢ C(p, q,d), H” must contain the edgEg with p + 1
vertices. This completes the proof 8heorem 4.5 [

The construction in the next theorem is somewhat different. It works for arbitrarily large
d, but itis only interesting it > [(p + d)/q7, which explains the upper bound given for
d in the gatement of the theorem. The theorem is nonvacuous (i.e. the range of valdes of
is nonempty) if and only it < g, when[(p+d)/q] < Q.
Theorem 4.6. If p, q, d, t are postive integers such that p, q are coprime andst
(p/q) +1and

— it -1

((1_1) :q(t—l)—p+1—?_—1<d<q(t—1)—p, (4.3)

thenmaxmodp, q,d) > t=[(p+d)/q] + 1.

qt—p—

Proof. Since p and g are coprime, there exist positive integens n suchthat qn =
p(m+ 1) +d — gt + g — 1. LetV be the dsjoint union of setsEg, Z1, ..., Zt, where
Eo = {v1,..., vt} and|Zj| = nfor eachi. LetH = (V, £) where£ comprises one copy
of Eg andm copies ofZ; U Eg \ {v;} for eachi.

We first pove thatH € C(p, q, d). Let F; be the set of edges containedkg U Z1 U
~-UZ (L<i <t)andletF] be the set of edges contained4n U Eo \ {v1}. Then
|Fi|=im+1and

q‘U]—‘i‘=q(in+t)=i[p(m+1)+d—qt+q—1]+qt
=pim+1)+d+@i-D(p+d—aqh+i(@@—1)

> p(im+1)+d—w+i(q—l) by (4.3
= il +d 4 O
> plFil+d

sincei < t. Also|F;| = mand

U

It follows thatH € C(p, q, d).
Now let H’ be obtained front{ be deleting one vertex, say, from the edgeEy, and
let F comprise all edges d¢ft’ contained inZ; U Eg \ {v1}. Then|F| =m+ 1 and
_ pm+1)+d-1 - p(m+1)+d  plF|+d
q q q

_pm+DH+d—1_ pm+d _ plFl+d

=n+t-—1 >
q q q

‘U}“‘zn+t—1

It follows thatH’ ¢ C(p, q, d).

As before, one can form an irreducible memg&rof C(p, q, d) by removing vertices
from edges of{, and shceH' ¢ C(p, g, d), H” must contain the edggp with t vertices.
This completes the proof dtheorem 4.6 [
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5. Arc-minimal digraph expanders

Let D = (V, A) be a digraph with vertex-s& (D) = V and arc-seA(D) = A. We
say thatD is arc-minimalin a clasC if D € C but, foreachara € A,D —a ¢ C. If
v € VandX C V, thend™(v) andd™(v) denote the indegree and outdegree oind
NT(X) denotes the set of verticassuch that there exists an am) € A with u € X. We
say thatX is independenif no arc has both its head and its tailX

By an (r, §)-expanding digraphwe mean a tripleD = (V, A, S), where(V, A) is a
digraph (which, by an abuse of terminology, we also €&3ll S C V, and

INTOX)\ X| >r|X|+6 whenevey) # X € Sand|X| < oo. (5.1)

(This might perhaps be described asegional expandersince the condition§.1) holds
only for setsX in a certain rgion, namely for subsets & rather han for all subsets of
that are not too large, as is often the case in other contexts. Hov&seuld be the whole
of V, if V isinfinite orifr|V| + 8 < 0.) As remarked irBection 1if D is bipartite with
bipartition (S, T) and all arcs directed frors towardsT, then we recover the bipartite
model of hypergraphs used 8ection 3

It is easy to see that every vertex in an arc-mininrals)-expanding digraph has
finite outdegree, by an analogous argument to the one us8ddtion 1to show that the
irreducible hypergraphs ifi(r, §) can have no infinite edges. Also, as already remarked
in Section 1 it follows from the corresponding examples for hypergrafte6rem 4.3
that if r is irrational then there are bipartite arc-miningalé)-expanding digraph® =
(V, A, S in which S contains vertices with arbitrarily large outdegree. We shall see that
this is not true ifr is rational.

If pe NU{0},q € Nandd € Z, let maded p, q, d) denote the largest outdegree
that is possil# for a vert& in the setS of an arc-minimak p/q, d/q)-expanding digraph
D = (V, A 9),i.e.onethatis arc-minimal subject to the condition

INFO0 | x| > PIXIEd

whenevefl # X C Sand|X| < oo. (5.2)
Clearly (taking|X| = 1) (5.2 forces every vertex ofS to haveoutdegree at least

[(p+d)/q].
The next two theorems are the digraph analoguesTindorems 2.2and 4.4 for

hypergraphs. They show that |if andq are coprime then maxdég, q,d) = p + q if
d < g, and maxp+q, [(p+d)/q]} < maxdegp,q.d) < p+q+[d/q] —1ifd > q.
The proof given below folheorem 5.(a) is an alternative proof dfheorem 2.2

Theorem 5.1. Let D = (V, A, S) be an arc-minimal p/q, d/q)-expanding digraph, and
letv e S.

() Ifd~(v) = Othen d" (v) < max(p, p+ [d/qT}.
(b) maxdegp, q,d) < maxp+4q, p+4q+ [d/q] — 1}.

Proof. Let v1, ..., vt be the outneighbours af. By the arc-minimality of D, there are
finite setsX1, ..., X¢ € Scontainingv such that, for each,

INT(XD)\ Xil =1 < (pIXi| +d)/q, (5.3)
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vi € NT(Xj) \ Xi, andv is the only vertex inX; from which there is an arc going g
(so thatjf the arcvv; were removed fronD, then 6.2) would fail; the setsx; need not be
distinct). If 1 < j <s<t,let W consist of all vertices o¥ that are in at least of the
setsXy, ..., Xs. We clam that

S S
STINFX) N\ Xil =Y INFW®E)\ W), (5.4)
i=1 j=1
For, mnsider a typical vertexw € V. Let there beh setsX; suchthatw € X;, andk
setsX; suchthatw € NT(Xj)\ Xi (1 <i < s). Thenw contributesk to the LHS of
(5.4), and it contributes at moktto the RHS, since it can contribute to the RHS only when
jeth+1,....,h+k}. (If j < hthenw € Wj(s), and iftw) € Athenu can be in at most
setsX; in addition to theh sets thatontainw, so thatu ¢ WJ-(S) if j > h+k.) Thisproves
(5.9.
Now, for each, (5.3) implies that
INT(Xi)\ Xi| < (pIXi|+d+09—1)/q;

and for eachj, [N+ (W/®) \ W®| > (p|W*| + d)/q. Since} "5, [Xi| = >5_; W,
it follows from (5.4) that

S s—1
INFOWE) \ WED| < 2; INF(XD)\ Xi| — _21|N+<vv,-(s>) \ W
1= 1=
S s—1
<Y (pIXil+d+g-1/a- Y (pIW|+d)/q
i=1 i=1

= [PIWS)| +d + s(q — 1)1/a. (5.5)
Note thatv € Ws(s) andv; € NT({v}) \ X foreachi (1<i <s),andso
{v1, ..., vs) © NT (W) \ WP, (5.6)

To prove (a), suppose on the contrary that max{p, p+ [d/q]} + 1. In this case we
takes = p+ 1. If WE| = 1 thenWe® = {v}, NFWEH)\WE® = {v1, ..., v}, and 6.5
gives the contradiction

p+Td/ql+1<t<[p+d+(p+D(@—-D]/g=p+d-1)/g+1

Thus|WEY| > 2. LetX == WE \ {v} # 4. Foreachi (1 <i <s), W C X;, andv is
the only vertex ofX; from which there is an arc going 9. It follows from this and 6.5
and 6.6) that

INFTOO) N\ X| < INTOWE) \ WS | — s < (pIW®| +d —9)/q
= (p|X|+d-1)/q

sinces = p + 1. This contradictsg.2), and this contradiction proves (a).
To prove (b), suppose on the contrary thatan be chosen so that> maxp + q,
P+ q+ [d/q] — 1} + 1. In this case we take = p + q + 1. If \WE¥| = 1 then
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WE = {o}, NTWE) \ WE® = {ua, ..., w}, and 6.5) gives tre contradiction
p+a+[d/ql<t<[p+d+(p+aq+DH@-DI/g=p+g+d-1)/q.

Thus/WEP| > 2. LetX := WE \ (v} # 4. Foreachi (1 <i <s), W¥ € X;, andvis
the only vertex ofX; from which there is an arc going 9. However, it 5 possible now
thatv € NT(X) \ X. Thus, by 6.5 and 6.6),

INTOX)\ X < INFOWV)\ WP | — s+ 1< (pIWS| 4+d —s+0a)/q
= (pIX| +d —1)/q

sinces = p + g + 1. This again contradicts5(2), and this completes the proof of
Theorem5.1 0O

Corollary5.2. Let D = (V, A, S) be an arc-minimal(p/q, d/q)-expanding digraph,
where d> 1.

(a) If g = 1then every vertex of Bas outdegree exactly pd.
(b) If p = Othen every vertex of Bas outdegree exactly/q7.

Proof. (a) If g = 1 thenTheorem 5.1b) says that every vertex &has outdegree at most
p + d. But clearly (taking| X| = 1 in (5.2)) every vertex has outdegree at lepst d, and
the result follows.

(b) If p = 0then 6.2 says thatN™(X)\ X| > [d/q] for every nonempty finite subset
X of S. Thereis no loss of generality in assuming thiiat= 1, and o the resit follows
from(a). O

The following theorem is very similar tdheorem 4.4 but for dgraphs rather than
hypergraphs.

Theorem 5.3. If p andq are postive coprime integers and d is an arbitrary integer, then
maxdegp,q.d) > p+q.

Proof. Since p and g are coprime, there exist positive integens n, m', n’ suchthat
gn=(p+gm+1,gn = pm +dandn’ > (p+q)m. LetH = H(p+ g, m,n,0,0),
which (by the proof of Theorem 4 .tbelongs toC(p + g, q, 0), and letH” = (V, £) be an
irreducible member of (p + q, g, 0) formed by removing vertices from edgesf By
the poof of Theorem 4.4H" contains the edggo with p + g vertices.

Let D bethe bipartite digraph with partite se® T in which: T = V, the vetices in
Sare (in 1:1 correspondence with) the edges§ jrand a vertexs € Sis joined by an arc
to a vertext € T if and only if t belongs to (the edge iéi corresponding toy. Then
|S| El=(p+gm+1 and|T| V| = (p+g)n. MoreoverS contains a vertexp
with outdegreep + ¢ (corresponding to the eddg, of H”), andD is arc- -minimal with
respect to the property thEN*(X)| > (p+ q)|X|/q for each nonempty subsHtof S.

Form a digaph expandeD (V, A, S by adding toD a setS of m' vertices, a seT
ofn' — |S| vertices, and arcs from all vertices 81U S\ {yo} to all vertices inSUT. Let
S:= SUS. The resit of the theorem is obvious iPp+ g < (p+d)/qg, and so we may
suppose that, iD, d*(yo) = p+q > (p+d)/q.
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We shall pove first thatD is (p/q, d/qg)-expanding. Suppose thdt# X < S If
X C Sthen

INT(X)\ X| = [SUT|=n"= (pm +d)/q = (p|S +d)/q > (p|X| + d)/q;
if XNS= {yo} andX # {yo} then
INFOO\X|=n' 4+ p+q—1>[p(S +1) +dl/qg > (pIX|+d)/q
sincep+q—1> p > p/q;andif X NS=X & {0, {yo}} then
INFOO\ X = INFCONT+1 = X = (p+@IXI/q + (pIS + d)/q — |X]
= [p(IX| +19) +dl/q
> (pIX| 4 d)/q.

ThusD is (p/q, d/qg)-expanding.
Now let D" be obtained fronD be deleting one arc out gb. By thearc-minimality of
D, there isa subsetX of Ssuchthat|N*t,(X) N T| < (p+q)|X|/g. Let X := SUX. Then

INTOO\XI = INT)NT+1" = [X] < (p+@)IXI/q+ (pIS + d)/gq — X]
= (pIX] +d)/q.

It follows thatD’ is not (p/q, d/q)-expanding.

Now, D is not an arc-minima{ p/q, d/q)-expander, but one can form an arc-minimal
(p/q, d/q)-expandeD” by removing arcs fronD. SinceD’ isnot(p/q, d/q)-expanding,
D” must contain alp + g arcs leavingyo. This mmpletes the proof ofheorem 5.3

6. Two loose ends

If D = (V, A)is adigraph anX € S C V, let 3(X) denote the set of aré& such
thatu € X andw ¢ X. An analogue of §.1) would be

[0(X)] =r|X]|+ 8 whenevefl # X C Sand|X| < oo. (6.1)
In general, a digraph that is arc-minimal subject&dll can have vertices with arbitrarily
large outdegree. For example, if = 1,§ = 0,S = {uy,...,Up—1,v},V = SU
{wi,...,wn} and A = {U1d, ..., Un_10, VW14, ..., Dwn}, then it s easy to see thad

is arc-minimal subject tog.1); but D has maximum outdegree whichcan be arbitrarily
large. However, if (exceptionally) = 0 then the maximum outdegree is bounded, as we
see in the following analogue oforollay 5.2 (b).

Theorem 6.1. Let D = (V, A) be a digraph (with parallel edges allowed) andSV,
and let de N U {0}. Suppose that D is arc-minimal subject to the condition that, for each
finite subset XC S,|9(X)| > d. Then gery vertex of S has outdegree d.

Proof. The proof is a simpler version of the proof ®heorem 5.11f v € Sthenv has
outdegreal™ (v) = |3({v})| > d. We must pove thatd™(v) < d. Itis clear that ifd = 0
thend™ (v) = 0; so supposd > 0.

Suppose if possible thas, . .., ag+1 are distinct arcs withy as their tail. By the arc-
minimdity of D, there ae setsXy, ..., Xq+1 € S containingv suwch that, for each,
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g € 9(Xj) and|a(X;)| = d. (The setsX; may not be distinct.) Foy = 1,...,d + 1, let
W; be the set of vertices that are in at leasif the setsX;. We clam that

d+1 d+1

PELIEDINEIII (6.2)
i=1 i=1

For, mnsider a typical ara = uw. Let there beh setsX; suchthatw € X; andk setsX;
suchthatu € X; andw ¢ X;j. Then, exatly as in the proof ofTheorem 5.1a contributes
k to the LHS of 6.2 and at mosk to the RHS. This prove$(2).

Since each summand on the LHS 6£3) is equal tod, and each summand on the
RHS is 4 leastd, it follows that each summand on the RHS is exadtlyn paticular,
[0(Wg+1)| = d. Butay, ..., ag+1 € 3(Wy+1), and ths contradiction completes the proof
of Theorem6.1 O

We now turn to the question of the simplicity of irreducible hypergraphs. The analogue
of Theorem 2.2s not true for simple hypergraphs (that is, ones in which the edges are
distinct assets). For example, it = (V, &) where|V| = 5 and& comprises the ten
2-subsets oW, then is simple and| | JF| > |F|/2 for evey subsetF C &. By
Theorem 2.2an irreducible hypergraph with this property contains no edge with more
thanone vertex. But angimplehypergraph obtained by removing vertices from edges of
‘H must contain an edge with two vertices. Thiiseorem 2.2wvould no longer hold if
maxmodp, g, d) were redefined to refer to simple hypergraphs only. We now show that
this problem cannot arise when> 1.

Theorem 6.2. If H = (V, &) is an irreduciblehypergraph inC(r, §), wherer> 1, thenH
is simple.

Proof. Suppose not. Let;, E> be two edges that are equal as setsxlet Ej, let
E; = E1\ {x}, and letH’ = (V, &) be the hypergraph obtained frok by substituting
E; for E1. By theirreducibility of 7, there is a nonempty subsét < &’ suchthat
|UF'| <r|F'|+ 6. If Fisthe corresponding set of edgest, so that F| = | F/|, then

Fl>r|Fl+8=r|F|+8> | |F
U] U

It follows thatx € | J F andx ¢ |J F',sothat |JF| =||UF'|+1, E1 € FandEy ¢ F.
If now F" .= F U {Ey}, then

U=l - U=

<r|F'|+38,

+1<r|Fl+8+1=r|F|—r+8+1

contradicting the hypothesis thi#te C(r, §). This mntradiction completes the proof. O
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