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Abstract

A cycle in a hypergraph is an alternating cyclic sequeagevg, A1, v1, ..., Ak_1, vg—1, Ag Of
distinct edgesA; and vertices; such that; € A; N A; 1 for all i modulok. In this paper, we
determine the maximum number of edges in hypergraphswantices containing no even cycles.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

A hypergraphon a seiX is a family A of labelled (but not necessarily distinct) subsets of
X. In what follows these subsetsXfare to have size at least two. According to Bdijea
cyclein A is an alternating cyclic sequenge, vg, A1, v1, ..., Ax_1, vp—1, Ag Of distinct
edgesA; of A and distinct vertices; of A such thaty; € A; N A;41 for all i modulok.

In this definition, we allow the membewrs; of A to be equal as sets, but insist that they
are distinct as members gf. A cycle withk edges is referred to askacycleor acycle of
length k

Let us begin our discussion with the following well-known result: every maximal acyclic

graph is a tree. We say that a hypergrapls acyclicif it contains no cycle, andonnected
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if for every non-empty subsetof X, A U {e} contains a cycl€ with ¢ € C. A hypertreds
a connected acyclic hypergraph. The following holds (5¢e

Theorem 1.1. If A is an acyclic hypergraph on,Xhen}_, . ,(JA| — 1) <|X| — 1, with
equality if and only it is a hypertree

In this paper, we are interested in the maximum size of a hypergraph containing no even
cycle—in other words, no cycle of even size. It is straightforward to prove that any graph
with no even cycle has at mols} (n —1)] edges, and equality holds if and only if all blocks
in the graph, except possibly one, are triangles. The extension to hypergraphs is somewhat
more difficult to establish. Throughout the introduction, we assuhig a hypergraph on
a setX. Thelower rankof a hypergraph4 is the size of a smallest element.df namely
min{|A| : A € A}. Gyarfas et al[3,4] settled the extremal question for odd cycles by
proving the following theorem:

Theorem 1.2. If A is a hypergraph of lower rank at least thrgsontaining no odd cycle
then) . 4(IA| — 1) <2|X| — 2, with equality if and only ifA is the hypergraph on X
consisting of two identical uniform hypertrees on X

In other words, the extremal objedtin Theoreml.2is a hypertree in which every edge
is doubled—otherwise known asdaubled hypertreelin fact, the authors di4] proved a
stronger statement. They proved thapif, . 4(|A| — 1) > 2|X| — 2, then.A contains a

cycleAg, vo, A1, v1, ..., Ax—1, vk—1, Ag Where somed; contains at least three vertices in
{vo,, ..., vk—1}. The main result of this paper is the solution of the extremal problem for
even cycles:

Theorem 1.3. Letk >2,and letA be a hypergraph of lower rank at leastdontaining no
even cycle. Thel , 4 (1A| — D < [ £ (X - D) - 1.

We will give a construction showing that this bound is sharp. Note that the relations in
Theoremsl.1and1.2do not depend on the lower rank, while the relation in Theote8n
does. The following bound is easily implied by Theor&r&

Corollary 1.4. Let.A be a hypergraph on at least three verticesntaining no even cycle.
ThenY ,c4(1Al — $<3|x| - 3.

This paperis organized as follows: in Sectiwe give a standard reduction of hypergraph
problems to their bipartite incidence graphs (the same reduction was u$@din in
Section3 we give a construction showing that Theorér is sharp, and in Sectiohwe
prove Theoreni.3. The following notation will be used throughout:

Notatiornn We consider a grap® on X as a 2-uniform hypergraph, an@| denotes the
number of edges db. We write V (G) for the (non-emptyyertex sebf G. Forv € V(G),
we letN(w) = {w € V(G) —v : {v,w} € G}. If wis a set of vertices of, we denote
N(W) = U,ew N(v) and writeG — W for the graph orV/ (G) — W consisting of all edges
of G that are disjoint fromw. We write I (W) for theneighborhoodf w, i.e. N(W) — W.
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Letdg (W) = |I'¢(W)| denote the@legreeof w. For a subgrapHl of G, by theneighborhood
I'c(H) of Hwe meanl'¢(V (H)). Thedistancebetween two vertices, v of a graphG,
denoted dist (4, v), is the length of a shortest path@betweeru andv. A componenbf
G is a maximal connected subgraph@fA cut vertexof G is a vertexv such thaiG — {v}
has more components th&) and a block ofG is a maximal subgraphl of G such that
H has no cutvertices. &ut setof G is a setS of vertices ofG such thatG — S has more
components thas. A pendant vertexs anx € X such thatds(x) = 1, and apendant
blockin Gis a block ofG containing at most one cutvertex Gf

2. Bipartite incidence graphs

We write G(A, B) to indicate thaG = G (A, B) is a bipartite graph with pari&sandB.
We will prove Theoreni.3 by appealing to the natural point-set incidence bipartite graph
associated with a hypergraphon X: this is the bipartite graply = G (A, X) in which
x € X is adjacenttd € A if x € A. Conversely, we may associate to a bipartite graph
G (A, B) the hypergraphd on B consisting of the family of neighborhoods of vertices in
A. ThereforeG (A, X) and.A are equivalent representations of the same object. It is clear
that.4 contains a cycle of lengtkmodulo two if and only ifG (A, X) contains a cycle of
length Z modulo four. In this context, Theorein3 may be stated in the following form:

Theorem 2.1. Letk>2,and letG = G(A, B) be a bipartite graph containing no cycle
of length zero modulo fouand in which every vertex of A has degree at least k. Then
IGI<IAl+ [££5(Bl - D] - 1.

We will prove Theoreni.3 by proving Theoren?.1l Before doing so, we give a con-
struction showing that Theorein3is sharp.

3. Construction

The following construction (see the illustration) shows that Theo2hand1.3cannot
be improved fork > 3: letm andk >3 be positive integers, define a bipartite graiph=
H'(m,k) = |J/L; Gi, whereG; = G;(A;, B;) consists ofk internally disjoint paths of
length three between two verticese A; andb; € B;, where
e fori =1,...,m — 1, there is an edge, disjoint from{a;, a; 11, b;, bi+1}, with G; N

Giy1 = {ei},

o for|i — j|=2,V(G)HNV(G;) = 0.

We now add pendant vertices HY, adjacent tod = | J A; in such a way that every vertex
of A has degree exacthy to obtain the bipartite grapH,,, = Hy (A, B). We claim that
H,, i contains no cycle of length zero modulo fourrlf= 1, then this obvious. Suppose that
H,,_1. contains no cycle of length zero modulo four & such a cycle i, . ThenC
has some vertices outside Gfi and some vertices i1 — e1. Therefore C contains both
ends ofz; and can be splitinto two paths connecting them. By the choiog e&ch of these
paths has length one modulo four. Herlihas length two modulo four, a contradiction to
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the choice ofn. Furthermore|B| = (k — 1)2m +k, |A| = mk + 1, and|H,, x| = mk? + k.
It follows that

k _ K —1)2 _
|A|+{m(|B|—1)J_mk+l+k_1[(k Dm +k — 1]

=mk®+k+1=|Hy, | +1
This completes the construction. An illustration is provided below.

bi bi+1
O — £ O = 0
Gi Gi+1

4. Proof of Theorem 2.1
To prove Theoren2.1we require two simple lemmas.

Lemma 4.1. Letr>2,and let Py, Py, ..., P, be internally disjoint paths with the same
pair of endpoints in a bipartite graph G. If G contains no cycle of length zero modulo four
then|Py| = |P2| = --- = | P;| = 1 modulo four or|P1| = |P>| = - -- = | P;| = 3 modulo
four, or t = 2 and P; and P, have different even lengths modulo four

An earin a graphH is an inclusion maximal path whose all internal vertices have degree
two. A ear isnon-trivialif it has internal vertices (i.e. it has at least three vertices). In general,
we represent paths by sequences of vertices, for exa@ples, as, . . ., a;) is a path with
endverticesi; anday,.

Lemma 4.2. Let H be a simple grapmot containing a subdivision @4, and with mini-
mum degree at least two. If H is not a cydleen it has at least tw(nhot necessarily disjoint
non-trivial ears

Proof. Itis known that ifH containsk, as a minor, theitd contains a subdivision of 4.

The following fact is also known (see, for examp, p. 218): every simple graph on at

least two vertices with at most one vertex of degree less than three contains a subdivision
of K4. ThereforeH has at least one non-trivial ear, sa&y~= (vg, v1, ..., v,). When we
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contract all verticess, .. ., v,_1 into a new vertex*, the resulting grapli/* still satisfies
the conditions of our claimi * is simple, contains no subdivision &f;, and has no pendant
vertices. Thus, using the fact abové; has a vertex of degree two distinct fram, and
that vertex must belong to a earkhdistinct fromY. [

Proof of Theorem 2.1 Letk>2, and letG(A, B) be a counterexample to Theor&ri
with fewest edges. Thei = G(A, B) has size at leas, (A, B) = |A| + Lk%l(|B| -1]
and no cycle of length zero modulo four. || = 1, then|G| = |B| < ¢(A, B), a
contradiction. S@A| > 1. We proceed by a series of claims.

Claim 1. The graphG — {b} is connected for alb € B. If dg(b) = 1for someb € B,
then the unique neighbor a of b has degree kin G

Proof. Assume that somé < B is a cut vertex. LetG, = G1(A1, B1) and Gy =
G2(Az, Bp) be two connected subgraphs Gfwith at least two vertices each, having
only the vertexb in common and whose union 5. As G1 and G, are both subgraphs
of G, neitherG1 nor G2 has a cycle of length zero modulo four. By the minimality&f
|Gi| < ¢y (A;, B;), and

|Gl = |G1l + |G2| < ¢ (A1, B1) + ¢ (A2, B2) <P (A, B).

This is a contradiction. Finally, if the last part of the claim were false for sbree B,
then G — {b} would be a smaller counterexample th@na contradiction. This proves
Claim1l. O

We have shown thd contains no cutvertex. Next we make a claim concerning cutsets
of order two inB. Edges, f in a graphG are said to bgarallel if they join the same pair
of vertices. An edge oE is aparallel edgef there exists another edge Gfto which it is
parallel.

Claim 2. If two verticeshy, bo € B form a cut set in Gthen

(@) G — {b1, b2} has exactly two components

(b) the distance in G betweén andb; is twa

(c) one of the components 6f — {b1, b>} is a star consisting of a central vertey € A
with exactlyk — 2 leaves in Ball of which are pendant vertices of.G

Proof. Assume thatbs, bo} C B is acut setirG. Let Hy, ..., H,, be the components of
G — {b1, b2}. By Claim1, each ofH; contains &1, bo-path,P;, fori =1, ..., m. SinceG
has no cycle of length zero modulo four, gi| is even for ali, the lengths ofPy, ..., P,
are distinct modulo four. Thug = 2 and in the remainder of this claim we may assume
thatH; = H1(A1, B1) andHz = Ho(A2, Bp) are the two components 6f — {b1, b2} such
that| P1| = 0 (mod 4) and P2| = 2 (mod 4). In particular, this proves (a).

To prove (b) and (c) suppose, for a contradiction, tHatontains more than one vertex
in Aand hence at leaktvertices in total. Le#/; = H;(C1, D1) be obtained fronG — H>
by adding a vertexg adjacent tab; andb, and thenk — 2 pendant vertices,, .. .b,/cf2
adjacent only taip. Now H; contains no cycle of length zero modulo four (otherwiSe,



178 A. Kostochka, J. Verstraéte / Journal of Combinatorial Theory, Series B 94 (2005) 173-182

would also have such a cycle by the definitionf). By our assumption,H;| < |G|, and
therefore, by the minimality o, | H;| < ¢, (C1, D1) — 1. Now letH5(C2, D2) = G — H;.
Then we haveH,| < ¢, (C2, D) — 1. Thus,

G| = |Hj| + |Hj| — k< ¢4 (C1. D1) + ¢ (C2, D2) — 2 — k
k(D1 — 1 k(|Ds] — 1
:|C1|+|C2|—2—k+L (1D >J+L (1D2| )J

k-1 k-1

k
S|Cil +1C2f —2—k+ Lm(|Dl| +[D2] — Z)J :

Recall that|C1| + |C2| = |A| + 1 and|D1| + |D2| = |B| + k. It follows that

G| <(|A|+1)—2—k+Lk%l(|B|+k—2)J

k
=|Al—-1-k+ {m(“ﬂ - 1)J +k=¢ (A B) -1
This contradiction completes the proof of Clain [

Let G1 be obtained fronG by deleting fromG all vertices of degree one i@ (recall
that all these vertices are B) since every vertex ok has degree at least two). Suppose the
parts ofG, areA1 and B1.

Claim 3. The minimum degree ¢f; is at least two

Proof. All remaining vertices irB did not change their degrees, so all verticegphave
degree at least two ir;. By Claim 1 and the fact thatA| > 1, there are no isolated
vertices inG1. Finally, if a vertexa € Aj is a pendant vertex iG71, then it hast — 1
pendant neighbors iG, sayby, ..., b;_1. LetG'(A’, B’) = G —{a, b1, ..., by_1}. By the
minimality of G,

k(B —1—-(k—1)
k-1

IG'| < ¢p(A", B)) = |A| = 1+ { J < ¢r(A, B)

and henceG| < ¢, (A, B), a contradiction. [J

Claim 4. No two vertices inA1 of degree two inG; have a common neighbor of degree
two.

Proof. Assume that verticag anda; in A1 of degree two have a common neighbgalso

of degree two. By Clain3, there is a neighbdf; # bg of a; in G1 that has degree at least
two in G4, fori € {1, 2}. SinceG contains no cycle of length zero modulo fob, # b.
Then{by, b2} is a cut set irG. From Claims2(b) and2(c), we deduce that is a 6-cycle.

It is easy to check that such a bipartite grdpisatisfies the theorem. This completes the
proof of Claim4. 0O
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4.1. Replacing ears with edges

LetF be a pendant block iG1, and letG 2 be the multigraph obtained fromby replacing
every non-trivial ear ir- with an edge joining its endpoints. Note tHais not a cycle, by
Claim 4, soF contains at least two vertices of degree three @adhas order at least two.
Note also thatG, has minimum degree at least three. We define an edgfeG, to be
i-complexf e was obtained from a ear of lengtin F.

Claim 5. Each parallel edge irG» is 3-complex

Proof. Supposer1 ande; are parallel edges i6v2 connecting vertices andu. SinceF

is 2-connected(s» is also 2-connected. AG» has order at least two, this means that there
is another patl® connectingw andu in G,. Then, by Lemmat.1, ¢; ande, correspond

to pathsP; and P in G having the same odd length modulo four. By Cladymeither of

P1 and P, has length five or more. AS is simple,P; and P> cannot both have length one.
Therefore both paths have length three. This proves Chaint]

4.2. Complex edges and reducible vertices

We define a new graptiz by replacing every set of pairwise parallel edgessinwith
a single edge. Lett* be the set of cutvertices @f; in F. Note that A*| <1, sinceF is a
pendant block irG1. If A* = {a*}, anda* is an internal vertex of a non-trivial eark) then
we denote by* the edge inG2 joining the endpoints of that ear, and &t be the single
edge inG3 corresponding to the edgé€. In this case, lefE* = {e*} and E** = {e**},
otherwise letE* = E** = (. A vertexa of G is said to baeducibleif a € A and all but
at most one of the edges 6% incident witha are not 3-complex and are notkY. So ifa
is not reducible, thea must be incident witle* and with some other non-3-complex edge,
or with at least two non-3-complex edges.

Claim 6. The multigraphG, contains no reducible vertices

Proof. Assume thatiyp € A isreducible inG, and its degree iv» isr + 1. By the definition
of reducible vertices, there existedg P», ..., P, C F, each of length three, of the form

P; = (ao, b, a;, b)),

where none of the; is in A*. Letbg be the remaining neighbor af in G2 andLg be the
set of pendant neighbors of in G. Let |Lg| = s. Now denote byL; the set of pendant
neighbors ofz;,i = 1, ..., r. By Claim2(c), the component of — {b;, b}} containinga;

must be a star with — 2 leaves, soL;| =k —2fori =1, ..., r. Consider the graph
r
G =G—{a;|i=01...,r}—{bj |j:1...,r}—ULl-
i=0

with partsA” and B’. Since the neighborhood of eashe A’ is the same irG’ as it is
in G, andG’ contains no cycle of length zero modulo fol@&'| < ¢, (A’, B’). Note that
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A" = |Al —r — 1,|B’| = |B| — r(k — 1) — s. Since every vertex; has degreé, for
ief{l,2,...,r},wehave

.
IG'| =G| =) d(ai) = |G| —rk—r —s.
i=0
Hence
|G| < ¢ (A", B) +rk+r+s

< m o ML)

1 J—{—rk—l—r—l—s

N
This contradicts the fact th& was a counterexample to the theorem, and completes the
proof of Claim6. [

Claim 7. |V(G3)| > 2.

Proof. If |V (G3)| = 2, thenG is the union of a set df> 3 pathsPs, ..., P, between two
vertices, say1 andvy. By Claim5, the length of eveny; is three. Thus one af; andva,
say,v1, is in A, and, moreoven is reducible. This contradicts Claih [

Claim 8. No vertex of A has degree two @Fg.

Proof. Suppose thaip € A has degree two i3 and its neighbors are; andbd;. In Go,
the vertexap has degree at least three, so we can asgug®;} corresponds to parallel
edgesinG». By Claim5, these edges are 3-complex. Singés not reducible, one of these
parallel edges ig*, and{ao, b7} is not a parallel edge. Sineé is 3-complexp; € B. Let
b> be the first vertex on the path & corresponding to the eddeo, b7} in G». Note that
by = by is possible if the path consists only fafo, b}}. In any case{by, b2} is a cut set in
G. Then Claim3 implies thatG3 has only two vertices, namefy andbs. This contradicts
Claim7, and proves Clain. [

Now we are ready to prove Theoré&i. We consider two casegt) G is a cycle and2)
Gsisnotacycle. In Cas€l), the degree of each vertex @y is at least three, by definition
of G, and each edge @3 is a parallel edge iG2. By Claim5, the ends of a parallel edge
in G2 belong to distinct parts db. This violates Clain8, and completes the proof in case
(D).

Suppose Cas@) arises. By ClainB, no vertex ofA has degree two ilG3. If G3 has
no non-trivial ears, thex;s contains a subdivision ok, (see, for exampldg, p. 218).
This means thab contains a subdivisioH of K4. Take two branching verticag, v, of H
(in other words, vertices of degree threeHpfrom the same part db. By Lemmad4.1, H
contains a cycle of length zero modulo four. TherefGrehas at least one non-trivial ear.
By Claim 8, the internal vertices of this ear are notinso the ear contains a vertex e B
of degree two inG3, and ife* is a parallel edge ilt72, thenb; is not incident inG3 with
e** c E**
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Let v1 andvy be the neighbors dfy in G». Then one of the edgds;, v1} and{bs, v2},
for instance{bq, v1}, is a parallel edge iw» and hence the edges paralleltq, v1} are 3-
complex. In particulan € A. Letag be the adjacent th; vertex on the ear corresponding
to {b1, v2} in G1. By Lemmad4.1, there are no two internally disjoint paths connecting
andag in G2 — {b1}. Let b2 be the closest vertex (i®) to v1, such thatig andv; are in
different components off1 — {b1, b2}. By the choice obo, either it is adjacent toq, or
there are two internally disjoint paths from to b, in G — {b1}. In the latter case, we have
three internally disjoint paths frop to v1 in G, and by Lemmat.1, these paths must all
have odd length. In both casés, € B. Then{b1, b2} forms a cut set il so, by Claim6,
ap is a common neighbor @f; andb, and has degree two 1. Observe thatg (v1) = &,
otherwise we could delete an ear fremto b1 reducing bothjG| and¢, (A, B) by exactly
k + 1. Let the ears iG1 from v1 to by be denoted

P = (v1,b},al,b1),i=1,...,r.

Sincedg (v1) = k, we haver <k — 1. LetG’ = G'(A’, B’) be obtained fronG by deleting
the vertices:y, .. ., a;, ao, all their pendant neighbors, ahg. Then|G| — |G| = (r + Dk
and

k—1 k—1
k(14 (k—2)(r + 1)J

Dr(A. By (A, By = 414 qu - DJ ~ qum — k=2 + 1) - Z)J

>r+1+{ 1

:r+1+(1+(k—2)(”+1))+(7’+1)—[ﬁ—‘
> (r + Dk.

In the last line, we used< k — 1 and the inequalitya + b| > |a] + | b]. This contradicts
the minimality ofG. The proof of Theorer2.1is now complete. [
We now turn to Corolland..4. The incidence graph version of it is:

Corollary 3.1. Let G be a bipartite graph on > 4 vertices containing no cycle of length
zero modulo four. TheyG| < |3n/2] — 3.

Proof. Sincen>4,|3n/2]—2>n.Any bipartite graph with four or five vertices containing
no even cycle of length zero modulo four has at mostl edges, so the corollary is proved
forn = 4,5. Now suppose > 5, and letG be a counterexample to the corollary with
fewest vertices, and pamsandB such thatA U B| = n > 5. Clearly, we may assume that
the minimum degree d& is at least two, an¢lA| > | B|. Then by Theorer2.1with k = 2,

|G|< (A, B) —1=|A|+2|B| —3<|3n/2] — 3,
a contradiction. [J
This corollary is best possible for al> 4. Indeed, for even, letG,, = G, (A, B) consist
of n/2 — 1 internally disjoint paths of length 3 between two fixed vertices. Thgnr= | B|,

|Gyl = 3(n/2—-1) = |3n/2] — 3, andG,, contains cycles only of length six. For an odd
n>5, G, is obtained fromG, 1 by deleting a vertex of degree two.
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