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Abstract9

An acyclic coloring is a proper coloring with the additional property that the union of10

any two color classes induces a forest. We show that every graph with maximum degree at11

most 5 has an acyclic 7-coloring. We also show that every graph with maximum degree at12

most r has an acyclic (1 + b (r+1)2

4 c)-coloring.13
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1 Introduction16

A proper coloring of the vertices of a graph G = (V,E) is an assignment of colors to the17

vertices of the graph such that no two adjacent vertices receive the same color. A proper18

coloring of a graph G is acyclic if the union of any two color classes induces a forest.19

The acyclic chromatic number, a(G), is the smallest integer k such that G is acyclically20

k-colorable. The notion of acyclic coloring was introduced in 1973 by Grünbaum [8] and21

turned out to be interesting and closely connected to a number of other notions in graph22

coloring. Several researchers felt the beauty of the subject and started working on problems23

and conjectures posed by Grünbaum. Michael Albertson was among the enthusiasts and24

wrote in total four papers on the topic [1, 2, 3, 4].25
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In particular, Grünbaum studied a(r) – the maximum value of the acyclic chromatic
number over all graphs G with maximum degree at most r. He conjectured that for every
r, a(r) = r + 1 and proved that his conjecture holds for r ≤ 3. In 1979, Burstein [6]
proved the conjecture for r = 4. This result was proved independently by Kostochka [10].
It was also proved in [10] that for every k ≥ 3, the problem of deciding whether a graph
is acyclically k-colorable is NP-complete. It turned out that for large r, Grünbaum’s con-
jecture is incorrect in a strong sense. Albertson and Berman mentioned in [1] that Erdős
proved that a(r) = Ω(r4/3−ε) and conjectured that a(r) = o(r2). Alon, McDiarmid and
Reed [5] sharpened Erdős’ lower bound to a(r) ≥ c r4/3/(log r)1/3 and proved that

a(r) ≤ 50 r4/3. (1.1)

This established almost the order of the magnitude of a(r) for large r. Recently, the prob-26

lem of estimating a(r) for small r was considered again.27

Fertin and Raspaud [7] showed among other results that a(5) ≤ 9 and gave a linear-time28

algorithm for acyclic 9-coloring of any graph with maximum degree 5. Furthermore, for29

every fixed r ≥ 3, they gave a fast algorithm that uses at most r(r−1)/2 colors for acyclic30

coloring of any graph with maximum degree r. Of course, for large r this is much worse31

than the upper bound (1.1), but for r < 1000, it is better. Hocquard and Montassier [9]32

showed that every 5-connected graph G with ∆(G) = 5 has an acyclic 8-coloring. Kotha-33

palli, Varagani, Venkaiah, and Yadav [12] showed that a(5) ≤ 8. Kothapalli, Satish, and34

Venkaiah [11] proved that every graph with maximum degree r is acyclically colorable35

with at most 1 + r(3r + 4)/8 colors. This is better than the bound r(r − 1)/2 in [7] for36

r ≥ 8. The main result of this paper is37

Theorem 1.1. Every graph with maximum degree 5 has an acyclic 7-coloring, i.e., a(5) ≤38

7.39

We do not know whether a(5) is 7 or 6, and do not have a strong opinion about it.40

Our proof is different from that in [7, 9, 12] and heavily uses the ideas of Burstein [6]:41

he started from an uncolored graph G with maximum degree 4 and colored step by step42

more and more vertices (with some recolorings) so that each of partial acyclic 5-colorings43

of G had additional good properties that enabled him to extend the coloring further. The44

proof yields a linear-time algorithm for acyclic coloring with at most 7 colors of any graph45

with maximum degree 5. Using this approach we also show that for every fixed r ≥ 6,46

there exists a linear-time algorithm giving an acyclic coloring of any graph with maximum47

degree r with at most 1 + b (r+1)2

4 c colors. This is better than the bounds in [7] and [11]48

cited above for every r ≥ 6.49

In the next section we introduce notation, prove two small lemmas and state the main50

lemma. In Section 3 we prove Theorem 1.1 modulo the main lemma. In Section 4 we derive51

linear-time algorithms for acyclic coloring of graphs with bounded maximum degree. In52

the last section we give the proof of the main lemma.53

2 Preliminaries54

Let G be a graph. A partial coloring of G is a coloring of some subset of the vertices of55

G. A partial acyclic coloring is then a proper partial coloring of G containing no bicolored56

cycles.57
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Given a partial coloring f of G, a vertex v is58

(a) rainbow if all colored neighbors of v have distinct colors;59

(b) almost rainbow if there is a color c such that exactly two neighbors of v are colored60

with c and all other colored neighbors of v have distinct colors;61

(c) admissible if it is either rainbow or almost rainbow;62

(d) defective if v is an uncolored almost rainbow vertex such that at least one of the two of63

its neighbors receiving the same color is admissible.64

A partial acyclic coloring f of a graph G is rainbow if f is a partial acyclic coloring of65

G such that every uncolored vertex is rainbow.66

A partial acyclic coloring f of a graph G is admissible if either f is rainbow or one67

vertex is defective and all other uncolored vertices are rainbow. In these terms, a coloring68

is rainbow if it is admissible and has no defective vertices. Note that both, rainbow and69

admissible colorings are partial acyclic colorings where additional restrictions are put only70

on uncolored vertices. The advantage of using admissible colorings is that they provide a71

stronger induction condition that places additional restrictions only on coloring of neigh-72

bors of uncolored vertices. So, the fewer uncolored vertices remains, the weaker are these73

additional restrictions.74

All colorings in this section will be from the set {1, 2, . . . , 7}.75

Lemma 2.1. Let v be a vertex of degree 4 in a graph G with ∆(G) ≤ 5. Let f be an76

admissible (respectively, rainbow) coloring in which v is colored with color c1, each of the77

neighbors of v is colored, and exactly 3 colors appear on the neighbors of v. If at least78

one of the two neighbors of v receiving the same color and one of the other two neighbors79

of v each have a second (i.e., distinct from v) neighbor with color c1, then we can recolor80

v and at most one of its neighbors so that the coloring remains admissible (respectively,81

rainbow). In particular, the new partial acyclic coloring has no new defective vertices.82

Moreover, if we need to recolor a vertex other than v, then we may choose a vertex with 583

colored neighbors and recolor it with a color incident to v in f .84

Proof. Let N(v) = {z1, z2, z3, z4}, f(z1) = f(z2) = c2, f(z3) = c3, f(z4) = c4. Let z285

and z3 be the neighbors of v with colors c2, and c3 that are also adjacent to another vertex86

of color c1. We may assume that z2 is adjacent to a vertex of color c5, since otherwise87

when we recolor v with c5, no bicolored cycles appear and the coloring remains admissible88

(respectively, rainbow). Similarly, we may assume that z2 is adjacent to vertices of colors89

c6 and c7. Then we may recolor z2 with c3 and repeat the above argument to get that z3 also90

is adjacent to vertices with colors c5, c6, and c7. In this case, we may change the original91

coloring by recoloring z3 with c2 and v with c3. So, in this case only v and z3 change92

colors. Note that either only v changes its color, or z2 receives color c3, or z3 receives93

color c2.94

For partial colorings f and f ′ of a graph G, we say that f ′ is larger than f if it colors95

more vertices.96

Lemma 2.2. Let v be a vertex of degree 4 in a graphG with ∆(G) ≤ 5. Let f be a rainbow97

coloring in which v is colored with color c1, the neighbors z1, z2, and z3 of v receive the98

distinct colors c2, c3, and c4, the neighbor z4 of v is an uncolored rainbow vertex. Then99

either G has a rainbow coloring f1 that colors the same vertices and differs from f only100

at v, or G has a rainbow coloring f ′ larger than f . Moreover, if the former does not hold,101



156 Ars Math. Contemp. 4 (2011) 153–164

then z4 has degree 5 and exactly one uncolored neighbor, say z4,4, and we can choose the102

larger coloring f ′ so that all the following are true:103

1. Every vertex colored in f is still colored.104

2. Vertex z4 is colored.105

3. The only uncolored vertex apart from z4 that may get colored is z4,4, and it does only106

if it has neighbors of colors c1, c2, c3, and c4.107

4. Apart from v, only one vertex w may change its color, and if it does, then (a) w is a108

neighbor of z4, (b)w has four colored neighbors, (c) it changes a color in {c5, c6, c7}109

to another color in {c5, c6, c7}, and (d) z4 gets the former color of w. In particular,110

v is admissible in f ′.111

Proof. Let v, z1, z2, z3, and v4 be as in the hypothesis. We may assume that z4 is adjacent112

to a vertex z4,1 of color c5: otherwise, since v4 is rainbow, when we recolor v with c5,113

the new coloring will be rainbow. Similarly, we may assume that z4 is adjacent to vertices114

z4,2, and z4,3 of colors c6 and c7. If z4 has no other neighbors, then we can recolor v115

with c5 and color z4 with c1. So, assume that z4 has the fifth neighbor, z4,4. If z4,4 is116

colored, then f(z4,4) ∈ {c2, c3, c4}, since z4 is rainbow. In this case, we let f ′(z4) = c1117

and f ′(v) = c5. So, we may assume that z4,4 is not colored. If z4,4 has no neighbor of118

color c2, then coloring z4 with c2 leaves the coloring rainbow and makes it larger than f .119

Thus, we may assume that z4,4 has a neighbor of color c2 and similarly neighbors of colors120

c3 and c4. If z4,4 has no neighbor of color c1, then we let f ′(z4) = c1 and f ′(v) = c5. So,121

let z4,4 have such a neighbor.122

If z4,1 has no neighbor of color c2, then by coloring z4 with c2 and z4,4 with c5, we123

get a rainbow coloring larger than f . So, we may assume (by symmetry) that z4,1 has124

neighbors of colors c2, c3, c4. If z4,1 has no neighbor of color c1, then we let f ′(z4) = c1,125

f ′(z4,4) = c5, and f ′(v) = c6. Finally, if z4,1 also has a neighbor of color c1, then we let126

f ′(z4,1) = c6 and f ′(z4) = c5.127

The next lemma is our main lemma. We will use it in the next section and prove in128

Section 5.129

Lemma 2.3. Let f be an admissible partial coloring of a 5-regular graph G. Then G has130

a rainbow coloring f ′ that colors at least as many vertices as f .131

3 Proof the the Theorem132

For convenience, we restate Theorem 1.1.133

Theorem. Every graph with maximum degree 5 has an acyclic 7-coloring.134

Proof. Let G be such a graph. If G is not 5-regular, form G′ from two disjoint copies135

of G by adding for each v ∈ V (G) of degree less than 5 an edge between the copies of136

v. Repeating this process at most five times gives a 5-regular graph G∗ containing G as a137

subgraph. Since an acyclic 7-coloring of G∗ yields an acyclic 7-coloring of its subgraph138

G, we may assume that G is 5-regular.139

Let f be an admissible coloring of G from the set {1, 2, . . . , 7} with the most colored140

vertices. By Lemma 2.3, we may assume that f is rainbow.141
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Let H be the subgraph of G induced by the vertices left uncolored by f . Let x be a142

vertex of minimum degree in H . We consider several cases according to the degree dH(x).143

Case 1: dH(x) = 0. Since f is rainbow, any color in {1, 2, . . . , 7}− f(NG(x)) can be144

used to color x contradicting the maximality of f .145

Case 2: dH(x) = 1. Since f is rainbow, we may assume that x is adjacent to vertices146

of colors 1, 2, 3, and 4. Let y be the uncolored neighbor of x. Since y is rainbow, coloring147

x with 5 gives either a rainbow coloring or an admissible coloring with the defective vertex148

y having the admissible neighbor x, a contradiction to the maximality of f .149

Case 3: dH(x) = 2. We may assume that x is adjacent to vertices with colors 1, 2, 3,150

and two uncolored vertices y1 and y2. Since in our case y1 is adjacent to at most 3 colored151

vertices, some color c ∈ {4, 5, 6, 7} does not appear on the neighbors of y1. Coloring x152

with c then yields either a rainbow coloring, or an admissible coloring with defective vertex153

y2 and its admissible neighbor x, a contradiction to the maximality of f .154

Case 4: dH(x) = 3. We may assume that x is adjacent to vertices of colors 1 and 2.155

By the choice of x, each uncolored vertex of G has at most 2 colored neighbors. Since156

the three uncolored neighbors of x have at most 6 colored neighbors in total, some color157

c ∈ {3, 4, 5, 6, 7} is present at most once among these 6 neighbors. Then coloring x with c158

again yields an admissible coloring, a contradiction to the maximality of f .159

Case 5: dH(x) ≥ 4. Since each vertex of G has at most one colored neighbor, at160

most 5 colors are used in the second neighborhood of x. Hence x may be colored to give a161

rainbow coloring with more colored vertices.162

We conclude that H is empty and that f is an acyclic 5-coloring of G.163

4 Algorithms164

Theorem 4.1. There exists a linear time algorithm for finding an acyclic 7-coloring of a165

graph with maximum degree 5.166

Proof. The proof of the Theorem 1.1, along with Lemmas 2.1–2.3 gives an algorithm.167

In order to control the efficiency of the algorithm we make the following modification:168

whenever the proof checks whether a vertex v is in a two-colored cycle, we check only169

for such a cycle of length at most 12, and if we do not find such a short cycle, then check170

whether two bicolored paths of length 6 leave v. This is enough, since the existence of such171

paths already makes the proofs of Theorem 1.1 and all the lemmas work. So, we need only172

to consider a bounded (at most 56) number of vertices around our vertex. It then suffices173

to compute the running time of this algorithm. Let n be the number of vertices in G. The174

process of creating a 5-regular graph takes O(n) time since we apply this process at most175

5 times, each time on at most 25n vertices, each of degree at most 5. We may now assume176

that G is a 5-regular graph. We then create and maintain 6 databases Dj , j = 0, 1, . . . , 5177

(say doubly linked lists), each for the set of vertices with degree j in the current H . At178

the beginning, all vertices are in D5, and it is possible to update the databases in a constant179

amount of time each time a vertex gains or loses a colored neighbor. Since there are at most180

25n possible searches for a vertex with the minimum number of uncolored neighbors, all181

the searches and updates will take O(n) time. Note that the processes of Lemma 2.1 and182

Lemma 2.2 also take a constant amount of time to complete. Observe that each of the cases183

in Lemma 2.3 either finds a rainbow coloring, or finds an admissible coloring with more184

colored vertices, or reduces to a previous case in an amount of time bounded by a constant.185

Also when Lemma 2.3 processes a defective vertex, it yields either a rainbow coloring, or186
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a larger admissible coloring and the next defective vertex in a constant time. Finally, since187

we start from an uncolored graph and color each additional vertex in a constant time, the188

implied algorithm colors all vertices in O(n) time.189

For a partial coloring f of a graph G and a vertex v ∈ V (G), we say that u ∈ V (G) is190

f -visible from v, if either vu ∈ E(G) or v and u have a common uncolored neighbor.191

Theorem 4.2. There exists a linear (in n) algorithm finding an acyclic coloring for an192

n-vertex graph G using at most 1 + b (1+∆(G))2

4 c colors.193

Proof. Let r := ∆(G). We start from the partial coloring f0 that has no colored vertices,194

and for i = 1, . . . , n at Step i obtain a rainbow partial acyclic coloring fi from fi−1 by195

coloring one more vertex (without recoloring). The algorithm proceeds as follows: at Step196

i choose a vertex vi with the most colored neighbors. Greedily color vi with a color αi in197

C := {1, . . . , 1+b (1+r)2

4 c} that is distinct from the colors of all vertices fi−1-visible from198

vi. We claim that we always can find such αi in C.199

Suppose that at Step i, vi has exactly k colored neighbors. Then it has at most r−k un-
colored neighbors, and each of these uncolored neighbors has at most k colored neighbors.
So, the total number of vertices fi−1-visible from vi is at most

k + (r − k)k = k(r + 1− k) ≤ b (r + 1)2

4
c = |C| − 1,

and we can find a suitable color αi for vi.200

It now suffices to show that for each i, coloring fi is rainbow and acyclic. For f0, this201

is obvious. Assume now that fi−1 is rainbow and acyclic. Since vi is rainbow in fi−1,202

coloring it with αi does not create bicolored cycles. Thus, fi is acyclic. Also since αi is203

distinct from the colors of all vertices fi−1-visible from vi, fi is rainbow.204

For the runtime, note that at Step i the algorithm considers only vi and vertices at205

distance at most 2 from vi. As in the proof of Theorem 4.1, it is sufficient to maintain r+ 1206

databases each containing all vertices with a given number of colored neighbors. This207

allows a constant time search for a vertex with the greatest number of colored neighbors.208

Moving a vertex as its number of colored neighbors changes takes a constant amount of209

time. Choosing and coloring vi together with updating the databases then takes O(r2)210

time. Hence the running time of the algorithm is at most crn, where cr depends on r.211

5 Proof of Lemma 2.3212

We will prove that under the conditions of the lemma, either its conclusion holds or there is213

an admissible coloring f ′′ larger than f . SinceG is finite, repeating the argument eventually214

yields either an acyclic coloring of the whole G or a rainbow coloring. In both cases we do215

not have defective vertices.216

Let H be the subgraph of G induced by the uncolored vertices. Let x be the sole217

defective vertex under f and let y1, y2, . . . , y5 be its neighbors. By the definition of a218

defective vertex, x has two neighbors of the same color. We will assume that f(y1) =219

f(y2) = 1 and that y1 is admissible. When more then two neighbors of x are colored, we220

assume for i = 3, 4, 5 that if yi is colored, then f(yi) = i − 1. Also for i = 1, . . . , 5, the221

four neighbors of yi distinct from x will be denoted by yi,1, . . . , yi,4 (some vertices will222

have more than one name, since they may be adjacent to more than one yi). We consider223

several cases depending on dH(x).224
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Case 1: dH(x) = 0. First we try to color x with colors 5, 6, and 7. If this is not225

allowed, then for j = 5, 6, 7, G has a 1, j-colored y1, y2-path. This forces that both of y1226

and y2 have neighbors with colors 5, 6, and 7, each of which is adjacent to another vertex227

of color 1. In particular, both y1 and y2 are admissible. For i = 1, 2 and j = 1, 2, 3, we228

suppose that f(yi,j) = j + 4 and yi,j is adjacent to another vertex of color 1.229

Case 1.1: For some i ∈ {1, 2}, yi,4 is colored and f(yi,4) /∈ {5, 6, 7}. By symmetry,230

we may assume that i = 1 and f(y1,4) = 2. Recolor y1 with 3 and call the new admissible231

coloring f ′. If we can now recolor y2 so that the resulting coloring f ′′ is rainbow on232

G − xy2 − xy1 or the only defective vertex in f ′′ on G − xy2 − xy1 is y2,4, then we do233

this recoloring and color x with 1. Since y1 and y2 have no neighbors of color 1 apart234

from x, we obtained an admissible coloring of G larger than f . If we cannot recolor y2235

to get such a coloring, then y2,4 is colored with a color c ∈ {5, 6, 7}. Moreover, in this236

case by Lemma 2.1 applied to y2 in coloring f ′ of G − xy2 − xy1, we can change the237

colors of only y2 and some y ∈ {y2,1, y2,2, y2,3, y2,4} to get an admissible coloring f1 of238

G − xy2 − xy1. Moreover, by Lemma 2.1, f1(y) ∈ {5, 6, 7}. Then by coloring x with 1239

we obtain a rainbow coloring of G, as above.240

Case 1.2: y1,4 is not colored. By Lemma 2.2 for vertex y1 in G− xy1, either G− xy1241

has a rainbow coloring f ′ that differs from f only at y1 (in which case by symmetry, we242

may assume that f ′(y1) = 3 and proceed further exactly as in Case 1.1), or G− xy1 has a243

larger rainbow coloring f ′ satisfying statements 1)–4) of Lemma 2.2. In particular, by 4),244

none of y2, y3, y4, y5 changes its color and y1 remains admissible. This finishes Case 1.2.245

By the symmetry between y1 and y2, the remaining subcase is the following.246

Case 1.3: f(y1,4) = 5 and f(y2,4) = c ∈ {5, 6, 7}. By Lemma 2.1 applied to y1247

in G − xy1, we can recolor y1 and at most one other vertex (a neighbor of y1) to obtain248

another admissible coloring f ′. If f ′(y1) ∈ {5, 6, 7}, then f ′ is a rainbow coloring, as249

claimed. So, we may assume that f ′(y1) = c1 ∈ {2, 3, 4}. If all the colors 5, 6, 7 are250

present on neighbors of y2, then again by Lemma 2.1 (applied now to y2 in coloring f ′ of251

G − xy2), G has an admissible coloring f ′′ that differs from f ′ only at y2 and maybe at252

one neighbor of y2. Then coloring x with 1 we get a rainbow coloring. So, some color253

in {5, 6, 7} is not present in f ′(N(y2)). By Lemma 2.1, this may happen only if y1,1 is a254

common neighbor of y1 and y2, and c = f(y2,4) 6= 5. In particular, in this case, y1,1 has255

neighbors of colors 1 (they are y1 and y2), 2, 3, and 4. Since c 6= 5, we may assume that256

c = 6. By the symmetry between y1 and y2, we conclude that, in f , vertex y2,2 also is a257

common neighbor of y1 and y2 and has neighbors of colors 1 (they are y1 and y2), 2, 3, and258

4. Returning to coloring f ′, we see that y2 has no neighbors of color 5, and its neighbors259

y1,1 (formerly of color 5) and y2,2 (by the previous sentence) also have no neighbors of260

color 5. So, recoloring y2 with 5 yields an admissible coloring of G. Now coloring x with261

1 creates a larger rainbow coloring.262

Case 2: dH(x) = 1. We first try to color x with 4. If no bicolored cycle is formed,263

then either we have a rainbow coloring or an admissible coloring with defective vertex264

y5 and an admissible neighbor x. Hence we may assume that coloring x with 4 creates265

a bicolored cycle. This then gives each of y1 and y2 a neighbor of color 4. A similar266

argument gives each of y1 and y2 a neighbor of color 5, 6, and 7, i.e., both y1 and y2267

are rainbow. Recoloring y1 with color 2 allows us to repeat the argument at y3. Then268

y3 also has neighbors of each of the colors 4, 5, 6, and 7. If y5 has no neighbor of color269

2, then recoloring (in the original coloring f ) y3 with 1, and coloring x with 2 yields a270

rainbow coloring. So, by the symmetry between colors 1, 2, and 3, we may assume that for271
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i ∈ {1, 2, 3}, f(y5,i) = i. Since y5 is rainbow, by the symmetry between colors 4, 5, 6,272

and 7, we may assume that either f(y5,4) = 4, or y5,4 is not colored. In both cases, recolor273

(in the original coloring f ) y3 with 1, color x with 2 and y5 with 5. We get an admissible274

coloring larger than f , where only y5,4 may be defective.275

Case 3: dH(x) = 3. If one of the uncolored neighbors y3, y4, y5 (say, y3) of x has 4276

colored neighbors, then we may color y3 with some c /∈ f(N(y3)) ∪ {1} and thus create277

an admissible coloring larger than f . Hence we may assume that each of y3, y4, and y5 has278

at most 3 colored neighbors.279

Case 3.1: One of y1 and y2 has three neighbors of different colors such that each of280

these neighbors has another neighbor of color 1. Suppose for example that for j = 1, 2, 3,281

f(y1,j) = 1 + j and y1,j has another neighbor of color 1. If y1 has a fourth color, say c,282

in its neighborhood, then we recolor y1 with a color c′ /∈ {1, c, 5, 6, 7} and get a rainbow283

coloring of G. Suppose now that color c ∈ {5, 6, 7} appears twice on N(y1). Then by284

Lemma 2.1 applied to y1 in G− xy1, we can change the color of y1 and at most one other285

vertex that is a neighbor of y1 not adjacent to uncolored vertices to get another rainbow286

coloring of G − xy1. Then this coloring will also be a rainbow coloring of G. Finally,287

suppose that y1 has an uncolored neighbor y1,4. Applying Lemma 2.2 to y1 in G − xy1288

we either recolor only y1 and get a rainbow coloring of G (finishing the case), or obtain289

a rainbow coloring f ′ of G − xy1 larger than f satisfying the conclusions of the lemma.290

Since each of y3, y4 and y5 has at least two neighbors left uncolored by f , none of them291

may play role of z4 or z4,4 in Lemma 2.2 when they get colored. Then f ′ is an admissible292

coloring of G where only x could be a defective vertex with admissible neighbor v. This293

proves Case 3.1.294

Let T be the set of colors c such that more than one of the vertices y3, y4 and y5 has a295

neighbor of color c. Since y3, y4 and y5 have in total at most 9 colored neighbors, |T | ≤ 4.296

Case 3.2: |T | ≤ 3. By symmetry, we may assume that T ⊆ {2, 3, 4}. If coloring x297

with c ∈ {5, 6, 7} does not create a bicolored cycle, then it will yield an admissible coloring298

larger than f . So, we may assume that each of y1 and y2 has in its neighborhood vertices299

of colors 5, 6, and 7, each of which is adjacent to another vertex of color 1. So, we have300

Case 3.1.301

Case 3.3: |T | = 4. Let T = {2, 3, 4, 5}. As in Case 3.1, we may assume that each of302

y1 and y2 is adjacent to vertices of colors 6 and 7, each of which have another neighbor of303

color 1.304

Let y3 have exactly 3 colored neighbors labeled y3,1, y3,2, y3,3 with colors 2, 3, 4. Let305

y3,4 be the uncolored neighbor of y3. Then if y3,4 has no neighbor of color 5, we may color306

y3 with 5 to get a new admissible coloring. Hence y3,4 is adjacent to a vertex of color 5.307

Similarly, y3,4 has neighbors of color 6 and 7. By symmetry, we may assume that a vertex308

of color 2 is adjacent to at most one of y4 and y5.309

Case 3.3.1: y3,4 has no neighbor of color 1. We try to color y3 with 1 and x with 2.310

If this does not produce a new admissible coloring, then one of y1 or y2, say y1, has a311

neighbor of color 2 that is adjacent to another vertex of color 1. So, we again get Case 3.1.312

Case 3.3.2: y3,4 has a neighbor of color 1. If y3,1 has no neighbor of color 1, then we313

again try to color y3 with 1 and x with 2, but also color y3,4 with 2. Then we simply repeat314

the argument of Case 3.3.1. So, suppose that y3,1 has a neighbor of color 1. If y3,1 has no315

neighbor of some color α ∈ {5, 6, 7}, then we color y3,4 with 2 and y3 with α. Thus y3,1316

has neighbors of colors 1, 5, 6, 7. Then we recolor y3,1 with 3 and color y3 with 2.317
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Case 4.3.
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Case 4.3.4.3.

Figure 1: Cases 4.3 and 4.3.4.3 from the proof of Lemma 2.3.

Case 4: dH(x) = 2. As at the beginning of Case 3, we conclude that each of the318

uncolored vertices y4 and y5 has at least one uncolored neighbor besides x.319

Let B be the set of colors appearing in the neighborhoods of both, y4 and y5. By the320

previous paragraph, |B| ≤ 3.321

Case 4.1: |B| ≤ 1. We may assume that {4, 5, 6, 7} ∩ B = ∅. Try to color x with322

4. By the definition of B, either a two-colored cycle appears, or we get a new admissible323

coloring larger than f . Hence we may assume that coloring x with 4 creates a bicolored324

cycle. Since this cycle necessarily goes through y1, y1 is adjacent to a vertex with color325

4. Similarly, y1 is adjacent to vertices with colors 5, 6, and 7. Then recoloring y1 with 3326

yields a rainbow coloring of G.327

Case 4.2: |B| = 2. If 1 ∈ B or 2 ∈ B, then the argument of Case 4.1 holds. Assume328

that B = {3, 4}. Similarly to Case 4.1, we may assume that for i = 1, 2 and j = 1, 2, 3,329

yi is adjacent to a vertex yi,j of color j + 4 that is adjacent to another vertex of color 1 (in330

particular, y1 and y2 may have a common neighbor of color j + 4).331

If y1 is rainbow, then uncoloring y1 and coloring x with 7 gives Case 1 or Case 2. Thus332

we may assume that y1 and (by symmetry) y2 are not rainbow. So, we may assume that333

for i = 1, 2, the fourth neighbor yi,4 of yi distinct from x has color ci ∈ {5, 6, 7}. By334

symmetry, we may assume that c1 = 5. Similarly to Case 1.3, by Lemma 2.1 applied to335

y1 in G− xy1, we can recolor y1 and at most one other vertex (a neighbor of y1) to obtain336

another rainbow coloring f ′ of G − xy1. If f ′(y1) ∈ {3, 4, 5, 6, 7}, then f ′ is a rainbow337

coloring of G, as claimed. So, we may assume that f ′(y1) = 2. Now practically repeating338

the argument of Case 1.3, we find a promised coloring.339

Case 4.3: |B| = 3 (see Figure 1). If 2 ∈ B, then we can repeat the argument of Case340

4.2 for B′ = B − {2}. Hence we may assume that B ⊆ {1, 3, 4, 5, 6, 7}.341

Case 4.3.0: 1 ∈ B. Let B = {1, 3, 4}. Then some color in {5, 6, 7}, say 7, is not342

present on N(y4) ∪ N(y5). Again, we may assume that for i = 1, 2 and j = 1, 2, 3, yi is343

adjacent to a vertex yi,j of color j + 4 that is adjacent to another vertex of color 1. If y1 is344

rainbow, then we may uncolor y1 and color x with 7 to get Case 1 or Case 2. Suppose now345
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that y1 and y2 are not rainbow. By Lemma 2.1 applied to y1 in G− xy1, we can recolor y1346

and at most one other vertex (a neighbor of y1) to obtain another admissible coloring f ′.347

If f ′(y1) ∈ {3, 4, 5, 6, 7}, then f ′ is a rainbow coloring, as claimed. So, we may assume348

that f ′(y1) = 2. But then we can use the argument of Case 4.2 with the roles of y3 and y2349

switched. This proves Case 4.3.0.350

So, from now on, B = {3, 4, 5}. For i = 4, 5 and j = 1, 2, 3, let yi,j be the neighbor of351

yi of color j + 2. We write the neighbor, since y4 and y5 are rainbow. As observed at the352

beginning of Case 4, y4 and y5 each have another uncolored neighbor, call them y4,4 and353

y5,4. In particular, y4 and y5 have no neighbors colored with 6 or 7. If x can be colored with354

either of 6 or 7 without creating a two-colored cycle, then we obtain a rainbow coloring.355

Hence we assume that for i = 1, 2 and j = 1, 2, f(yi,j) = j + 5 and yi,j has a neighbor of356

color 1 distinct from yi.357

Case 4.3.1: One of y1 or y2, say y1, is rainbow. If y4,4 has no neighbor of color358

c ∈ {6, 7}, then we can color y4 with c, a contradiction to the maximality of f . If y4,4 has359

no neighbor of color c′ ∈ {1, 2}, then by uncoloring y1 and coloring y4 with c′ and x with360

6, we obtain an admissible coloring larger than f . So, f(N(y4,4)) = {1, 2, 6, 7}. Then we361

may color y4,4 with 3 and uncolor y1 to get a new admissible coloring as large as f with362

one defective vertex y4, for which Case 2 holds. This finishes Case 4.3.1.363

So, below y1 and y2 are not rainbow and hence each of them is adjacent to at least three364

colored vertices.365

Case 4.3.2: One of y1 or y2, say y1, is adjacent to an uncolored vertex y1,4 6= x. We366

may assume that f(y1,1) = f(y1,2) = 6 and f(y1,3) = 7. First, we try to color x with 7367

and y1 with 3. Since the new coloring has at most one defective vertex, we may assume368

that a two-colored cycle is created. Hence each of y1,1 and y1,2 is adjacent to a vertex of369

color 3. The same argument gives these vertices neighbors of colors 4 and 5. Recall that370

one of y1,1 and y1,2, say y1,1, has another neighbor of color 1. Then recoloring y1,1 with 2371

gives an admissible coloring in which y1 is rainbow. Hence Case 4.3.1 applies to this new372

coloring.373

So, from now on each of y1 and y2 has 4 colored neighbors. Since y1 is admissible we374

may assume w.l.o.g. that y1 is adjacent either to the colors 5, 6, 6, 7 or the colors 5, 5, 6, 7.375

Case 4.3.3: y1 has one neighbor of color 5 and three neighbors with colors 6 or 7. We376

may assume that f(y1,1) = 5, f(y1,2) = f(y1,3) = 6, and f(y1,4) = 7. If coloring y1377

with 3 or 4 yields an admissible coloring, then we are done; so we may assume that a two-378

colored cycle is formed in each case. It follows that each of y1,2 and y1,3 has neighbors379

colored with 3 and 4. By the symmetry between y1,2 and y1,3, we may assume that y1,3380

has a neighbor of color 1 other than y1. If y1,3 is almost rainbow, then we can uncolor it,381

recolor y1 with 3, and color x with 7: this will give an admissible coloring with the same382

number of colored vertices as in f , and the only defective vertex y1,3. Then either Case 1383

or Case 2 applies to this new coloring. Hence we may assume that y1,3 has two neighbors384

other than y1 that receive the same color. Then since y1,3 has no neighbor of color 2, y1385

may now be recolored with color 2 without creating a bicolored cycle. Repeating the above386

argument we derive that y1,2 has neighbors of colors 2, 3, and 4, and one of these colors387

appears twice on N(y1,2)− y1. By Lemma 2.1 applied to y1,3 in the graph G− y1,3y1 for388

the original coloring, we can change its color and the color of at most one other vertex (that389

is a neighbor of y1,3, all of whose neighbors are colored) to get an admissible coloring of390

G − y1,3y1. Since y2 and y3 are adjacent to the uncolored vertex x, their colors are not391

changed. If y1,3 receives color 1, then we recolor y1 with 3 and get a rainbow coloring of392
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G. If y1,3 receives a color other than 1, then we color x with 6 and again get a rainbow393

coloring of G.394

Case 4.3.4: y1 has two neighbors of color 5 (see Figure 1). We may assume that395

f(y1,1) = f(y1,2) = 5, f(y1,3) = 6, and f(y1,4) = 7. If y1 can be recolored with either396

3 or 4, this would give a rainbow coloring f ′. Hence we assume that both of y1,1 and y1,2397

are adjacent to vertices with colors 3 and 4.398

Case 4.3.4.1: One of y1,1 or y1,2, say y1,1, is rainbow. Then uncoloring y1,1 and399

coloring y1 with 3 and x with 7 yields either a rainbow coloring f ′ or a new admissible400

coloring (with the same number of colored vertices) with the defective vertex y1,1 and401

admissible colored neighbor y1. In the former case, we are done. In the latter, if one of the402

previous cases occurs, then we are done again. So, we may assume that Case 4.3.4 occurs.403

By the symmetry between colors 3 and 4, we may assume that apart from y1, vertex y1,1404

has a neighbor of color 3, a neighbor of color 4, and two uncolored neighbors, say z1 and405

z2, each of whose has another uncolored neighbor and 3 colored neighbors. Moreover, the406

same 3 colors appear on the neighborhoods of z1 and z2, and since Case 4.3.4 holds, by407

the symmetry between colors 6 and 7, both of them are among these 3 colors. Then either408

coloring y1,1 with 1 yields a rainbow coloring or coloring y1,1 with 2 does.409

Case 4.3.4.2: Each of y1,1 and y1,2 has a neighbor of color 2 that has another neighbor410

of color 5. Since y1,1 is not rainbow, the fourth neighbor of y1,1 has color c ∈ {2, 3, 4}.411

Since y1 cannot be recolored with 3 or 4, some neighbor, say r, of y1,1 of color c has412

another neighbor of color 5. If in the graph G− y1y1,1, y1,1 can be recolored with 1, then413

we may recolor y1 with 3 and get a rainbow coloring of G. If y1,1 can be recolored with414

either of 6 or 7, then we have Case 4.3.3. To disallow coloring y1,1 with 1, 6, and 7, r must415

be adjacent to vertices with each of these colors. By the symmetry between colors 3 and416

4, we assume that f(r) 6= 4. If the neighbor r′ of y1,1 with f(r′) = 4 has no neighbor of417

color c′ ∈ {6, 7}, then we recolor r with 4 and y1,1 with c′ thus getting Case 4.3.3. If r′418

has no neighbor of color 1, then we recolor r with 4, y1,1 with 1, and y1 with 3 obtaining a419

rainbow coloring. Finally if f(N(r′)− y1,1) = {1, 5, 6, 7}, then we recolor r′ with 3, y1,1420

with 4, and y1 with 3.421

The last subcase is:422

Case 4.3.4.3: y1,1 has no neighbor of color 2 that has another neighbor of color 5.423

Then recoloring y1 with 2 creates another admissible coloring f ′. We may then repeat our424

previous argument with y3 playing the role of y2 to conclude that y3 has neighbors of color425

6 and 7. If y3 is admissible, then repeating the above argument we conclude that y3 may be426

recolored with color 1 in the original coloring f . Then after this recoloring, by coloring x427

with 2 we get a rainbow coloring. Also, if y2 is admissible in f , then we may recolor both428

of y1 and y2 with 2 and color x with 1 to get a rainbow coloring. Hence we may assume429

that all the neighbors of y2 and y3 apart from x are colored with 6 or 7. Recall that for430

i = 4, 5 and j = 1, 2, 3, f(yi,j) = j + 2 and yi,4 is uncolored. If for some i ∈ {4, 5}, yi,4431

has no neighbor of color c ∈ {6, 7}, then we can color yi with c and get a better admissible432

coloring. Since none of y1, y2, or y3 has a neighbor with color 3, if y4,4 has no neighbor of433

color 1 or y5,4 has no neighbor of color 2, then by coloring y4 with 1, y5 with 2 and x with434

3 creates an admissible coloring with more colored vertices. By the symmetry between435

colors 1 and 2, each of y4,4 and y5,4 has neighbors of colors 1, 2, 6, and 7.436

If y4,1 does not have a neighbor of color c′ ∈ {1, 2, 6, 7}, then coloring y4,4 with 3, y4437

with c′ and x with 4 yields an admissible coloring. Otherwise, we recolor y4,1 with 4 and438

color y4 with 3. This proves the lemma.439
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