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1. Introduction

Two n-vertex graphs G; and G, are said to pack if there exist injective mappings of their vertex sets onto [n] such that
the images of the edge sets do not intersect. In a similar way, one can define the packing of more than two graphs.

The study of extremal problems on packings of graphs was started in the 1970s by Bollobas and Eldridge [3], Sauer and
Spencer [18], and Catlin [5].

Sauer and Spencer [ 18] proved that two n-vertex graphs pack if the product of their maximum degrees is less than n/2. Kaul
and Kostochka [14] characterized the pairs of n-vertex graphs with the product of maximum degrees exactly n/2 that do
not pack.

The following BEC-conjecture (one of the main conjectures in the area) was posed in 1978 by Bollobas and Eldridge [3],
and independently by Catlin [6].

Conjecture 1. Let G and G, be n-vertex graphs with maximum degrees A, and A, respectively. If (A1+ 1)(A;+1) <n+1,
then G and G, pack.

By definition, graphs G; and G, pack if and only if G; contains the complement G, of G,. In the containment language,
the BEC-conjecture states that every n-vertex graph G with minimum degree § contains each n-vertex graph H such that
nm—=8AMH)+1) <n+1

This conjecture is proved to be true only for some limited classes of graphs, see [1,2,8,4,15]. In particular, Aigner and
Brandt [1], and independently Alon and Fisher [2] (for n sufficiently large), proved the special case A(H) < 2:

Theorem 1. If G is an n-vertex graph with §(G) > (2n — 1) /3, then G contains each n-vertex graph H with A(H) < 2.
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Theorem 1 generalizes an earlier result by Corradi and Hajnal [7], which says that a 3k-vertex graph G with minimum
degree at least 2k contains k disjoint triangles. Another important generalization of the Corradi-Hajnal result is the
Hajnal-Szemerédi Theorem [12] states that each n-vertex graph G with §(G) > (1 — 1/k)n contains the graph H(n, k) whose
every component is Ky, given that k divides n. This theorem is the partial case of the BEC-conjecture for G, being the disjoint
union of complete graphs of the same size.

The above-mentioned results have the spirit of Dirac’s Theorem [9] (which says that every n-vertex graph with minimum
degree at least n/2 contains a hamiltonian cycle) in the sense that these results guarantee the existence of some subgraph if
the minimum degree of the graph is large enough. Ore [17] gave a different sufficient condition for hamiltonicity: he proved
that every n-vertex graph G with

02(G) = min {deg(x) + deg(y)} > n
Xy¢E(G)

contains a hamiltonian cycle. Justesen [ 13] proved an Ore-type version of the Corradi-Hajnal Theorem by showing that every
n-vertex graph G with o, (G) > 4n/3 contains |n/3] disjoint triangles. Enomoto [10], and Wang [19] sharpened this result.
In particular, they proved the following.

Theorem 2. For each positive integer k, every 3k-vertex graph G with o, (G) > 4k — 1 contains k disjoint triangles.

Our main result is the following.

Theorem 3. Each n-vertex graph G with

4n
02(6) = 3 1 (1)

contains all spanning subgraphs whose components are isomorphic to graphs in # = {K1, K>, G3, K, , C;L}.

Here C;' denotes a cycle of length five with a chord. Note that K, can also be considered as C, F.ie.acycle of length four
with a chord.

Condition (1) cannot be weakened. For example, for each integer k > 2, let G(k) denote the complement of the disjoint
union Ki U Ky U K_5. Its number of vertices, n(k), is 3k — 2 and 05(G(k)) = 4k — 4 = 4"("% — 1 which is just 1/3 less
than the lower bound in (1). However, G(k) does not contain the graph H (k) which is the disjoint union of k — 1 triangles
and a single vertex. It particular, Theorem 3 generalizes and extends the above-mentioned results of Justesen, Enomoto and
Wang.

Theorem 3 is also a step towards an Ore-type analogue of the BEC-conjecture. We state and discuss this analogue in the
next section in terms of graph packing. In Section 3 we present some technical results on the existence of some subgraphs
in dense graphs on at most 12 vertices. The proofs in this section can be omitted at first reading. In Section 4 we prove the
following weakening of Theorem 3.

Theorem 4. Each n-vertex graph G with
4n
02(G) > 3 1

contains all spanning subgraphs whose components are isomorphic to graphs in #, = {Ky, K3, G3, K, }.

In Section 5 we prove two auxiliary statements, and in the final section we prove the main result. The idea of the proofs
of most results below is as follows. We have a graph G satisfying (1) and a graph H that we want to show to be embeddable
into G. We also know that G contains another graph H’ that is obtained from H by replacing one (small) component, say F,
with a bit ‘simpler’ component F’. Using (1), we show that there is some embedding f : V(H') — V(G) of H' into G such
that there are ‘many’ edges in G between f(V(F")) and the image of some other component F” of H'. Then we prove that
under these conditions G[f (V (F")) U f(V (F”))] contains vertex-disjoint copies of F and F”’.

The notation used is mostly from [20]. Let G be a graph. For W, U C V(G), e(W, U) is the number of edges connecting
W with U. For W C V(G) and x € V(G), Ny (x) is the set of neighbors of x in W and dy, (x) = |[Nw (x)|. Also, G[x1, ..., X]
(respectively, GIW —x; — - - - — X, +¥1 + - - - + y1]) denotes the subgraph of G induced by the set {x1, ..., X} (respectively,
by theset W U {y1, ..., ¥} \ {X1, ..., X}).

2. A graph packing conjecture

As mentioned in the introduction, a graph G contains a graph H if and only if H packs with the complement G of G. Ore-type
conditions look more natural for packing graphs than for embedding graphs. Indeed, let 6 (G) = maxyycg(c) {deg(x) +deg(y)}.
In terms of 6, Ore’s Theorem claims that every n-vertex graph G with 6(G) < n — 2 packs with the cycle C, of length n. Note
that 6(G) = A(L(G)) + 2, where L(G) is the line graph of G. By definition, for every graph G,

A(G) + 8(G) < 6(G) < 2A(G). (2)
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In [16] Dirac-type packing results of Sauer and Spencer [ 18] and Kaul and Kostochka [ 14] mentioned above were extended
to the following Ore-type result.

Theorem 5. If two n-vertex graphs G, and G, satisfy 6(G1) A(G,) < n, then G, and G, pack, with the following exceptions:
(I) Gy is a perfect matching and G, is either Ky /5 /> with n/2 odd or contains Ky /»41;
(I) G, is a perfect matching and G, is either K ,_, with r odd or contains Ky 1.

In [15] we posed the following conjecture which by (2) extends the BEC-Conjecture.

Conjecture 2. If Gy and G, are n-vertex graphs and (0.56(G1) + 1)(A(G;) + 1) < n + 1, then Gy and G, pack.

Theorem 3 implies the partial case of Conjecture 2 when every component of G, is a cycle of length at most five or a short
path.

Remark. One of the referees suggested to consider an Ore-type analogue of the result by Fan and Kierstead [11] that every
n-vertex graph G with 6(G) > (2n — 1)/3 contains the square of a hamiltonian path. That would be a challenging problem.

3. On small dense graphs with a C4-subgraph

In this section we present some technical facts on the existence of K, -subgraphs in small (on at most 12 vertices) dense
graphs. The reader can skip it at first reading.

Lemma 1. Let V and V; be disjoint vertex subsets of a graph F such that F; = F(V1) = Ks, F, = F(V,) is the 4-cycle y1y2y3Y4
and e(Vy, V,) > 9. If each vertex in V; is adjacent to some vertex in F;, then V; U V, can be partitioned into two sets V] and V;
such that F(V}) is K5 and F(V,) contains K, .

Proof. LetV; = {x1, X2, x3}. First suppose that some x; is adjacent to every vertex in V,. Some vertex y; is adjacent to at least
[9/4] = 3verticesin V;. Then F(V; — x; +y)) = Kz and F(V, —y; + x) =K, .

The only other possibility is that each vertex in V; has exactly 3 neighbors in V. Suppose that Ny, (x;) = V; — y4.If both
x; and x5 are neighbors of y4, then we let V; = V; —x; +y4 and V; = V, —y4 +x;. So, we can assume that Ny, (x;) = Vo —ya.
Then under conditions of the lemma, x3y, € E(F). Vertex x; must also be adjacent to some y € {y1, y3}, say to y;. Then we
let Vi = {x3,y1,ya} and V; = {x1, %2, y2,¥3}. O

Lemma 2. Let V; and V, be disjoint vertex subsets of a graph F such that
@ Vi = {x1, %2, X3, x4}, and Fy = F(V1) = Ky,
(b) F, = F(V5) is the 4-cycle y1y>y3ya4;
(©) [Ep(Vy, V2)| = 11.
If F(V1 U Vy) does not contain two vertex-disjoint copies of K, , then there are x4 € V, and y, € V, such that
(i) Np,—y, (x1) = Ng,_y, (x2) = Ng,_y, (X3) = {¥1, Y2, ¥3},
(ii) y4 has at most one neighbor in V1 and |Er (V1, V5)| = 11.

Proof. Assume that V; and V; satisfy conditions (a)-(c), but F(V; U V,) does not contain two vertex-disjoint copies of K, .
First we prove that

dr, (x;) <3 foreach i. (3)

Indeed, if dr, (x;) = 4, then we can choose some y € V, withdp, (y) > 3andlet F; = F(V; —x;+y) and F;, = F(V; +x; — ).

Assume that y, has the fewest neighbors in V.

CASE 1: dy, (y4) = 0.By (c), at least 3 vertices in V; have three neighbors in V,, each. Thus in this case both (i) and (ii)
hold.

CASE 2: dy, (y4) = 1.Suppose x4y4 € E(F). By (c), everyy € V, — y4 has dy, (y) > 2. Hence if dy, (x4) = 3, then we get
two vertex-disjoint copies of K, by switching x4 with its non-neighbor y € V;.If dy, (x4) < 2, by (c), each of x1, X5, x3 has
exactly 3 neighbors in V5, i.e. (i) holds. Also there must be equality in (c), so (ii) also holds.

CASE 3: dy, (y4) > 2.By (c) and (3), some x € V; has exactly 3 neighbors in V,. Then switching x with its non-neighbor y
in V5, we obtain two vertex-disjoint copies of K, , a contradiction. This finishes the proof. O

Lemma 3. Let V; and V, be disjoint vertex subsets of a graph F such that

(@) Vi = {x1, X2, X3, x4}, and Fy = F(Vy) = K, withx1x4 & E(F);

(b) F, = F(V,) is the 4-cycle y1y2y3ya;

(©) |EF(V1, V)| = 11

If F(Vq U V,) does not contain two vertex-disjoint copies of K, , then either F(V; U V) contains a copy of K4 and disjoint
from it copy of C4, or there are x € {x,, x3} and y4 € V5 such that

(l) NFz—y4(X/) = {y17 Y2, y3}f0r eachx’ € Vl —X;

(ii) y4 and y, have no common neighbors in V;.
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Proof. Assume that y4 has the fewest neighbors in V;.

CASE 1: dy, (y4) = 0 (see Fig. 1). By (c), at least 3 vertices in V; have three neighbors in V5, each. So, if (i) does not hold,
then we may assume that x, has exactly two neighbors in V, — y,4, and every other x € V is adjacent to all yq, y,, and ys.
If x4y, € E(F), then switching y, with x; we obtain a copy of K4 and a disjoint from it 4-cycle. Otherwise, x4y, x4y3 € E(F)
and we get a copy of K, and a disjoint from it 4-cycle by switching y, with x,.

CASE 2: dy, (ya) = 1. Suppose x;y4 € E(F).

Subcase 2.1: dy, (x;) > 3. Define y to be the non-neighbor of x; in V, if dy, (x;) = 3 or any y € V, with 4 neighbors in V;
otherwise. Note that such y exists by (c) when dy, (y4) = 1. We try to switch x; with y. We do not get two disjoint copies of
K, oracopy of K4 and a copy of C4 only if dy, (x;) = 3, y has exactly two neighbors in V; and F; — x; is not a K3. In particular,
we may assume that i = 2. Also from (c) we conclude that dy, (') = 4 for bothy’ € V, — y4 — y. By the symmetry between
y1 and y3, we may assume that y; € V, —y, —y. By the symmetry between x; and x4, we may assume that x;y € E(F). Then
either of F[ys, ya, X2, X4] and F[y1, ¥2, X1, X3] contains K, .

Subcase 2.2: dy, (x;) < 2.By (c), dy,(x;) = 2 and each x € V; — x; is adjacent to y1, y,, and ys. Thus (i) holds, unless
i € {1, 4}. Suppose, i = 4. Then we have F[x1, X2, ¥1, ¥2] = K4 and the 4-cycle (x3, y3, Y4, X4). So, we only need to prove (ii)
inthecasei € {2, 3}. Suppose thati = 3and x3y, € E(F).Then F[V;—x;+y2] = K4 and F[V, —y,+x1] = C4. This proves (ii).

CASE 3: d\/1 (y4) > 2.

Subcase 3.1: dy, (x1) > 3. Switch x; with its non-neighbor y in V5, if dy, (x) = 3, and with any y € V,, otherwise. In both
cases we obtain two K, .

By the symmetry between x; and x4, the remaining case is the following.

Subcase 3.2: dy, (x1) < 2 and dy,(x4) < 2.By (c), we can assume that dy, (x;) = 4.Ifdy,(y) = 4 for some y € V,, then
we switch x, with y and get two K, . Otherwise, we can assume that

dy,(y1) = dy,(y2) =dy, (y3) = 3. (4)

By the symmetry between x; and x4, we can assume that x;y; € E(F). Then F[xq, X2, ¥3, y4] has at least five edges. If
Fly1, ¥2, X3, X4] also has at least five edges, then we are done. Otherwise, by (4) both y; and y, are adjacent to x;, a con-
tradiction to dy, (x1) < 2. O

Lemma 4. Let V3, V,, and V3 be disjoint vertex subsets of a graph F such that
(@) Vi = {X1, X2, X3, X4}, and F; = F(V1) D K, with x1x4 possibly not in E(F);
(b) F2 = F(V,) is the 4-cycle y1y2y3ya;
(C) F3 = F(V3) (S {K], Kz, C3, K4, K;},
I(;‘) Ng, (x1) = Ng,(x2) = Ng,(x4) = {y1, Y2, ¥3}.

dp; (V1) + dpy, (v3) + 2(dp, (v2) + dry (Va)) > 4|V3], (5)
then V; U V, U V3 can be partitioned into sets V;, V5 and Vj so that F(V{) and F(V,) contain K, and F(V}) contains Fs.

Proof. By the symmetry between y; and y3, we will assume that dg, (y1) > dp, (¥3).
If F; = K; with V(F3) = {u}, then y1, ¥2, ¥4 € N(u). Then we have Fy, F' = {y3} and K, C G[u, y1, 2, y4l.
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Suppose F; = K, with V(F3) = {uq, up}. By (5), either Fuq, uy, y1, y2] or Fluy, Uy, y3, y4] has at least 5 edges. If it is
Flu1, uz, y1, ¥2], then we have Fy, F’ with V(F') = {ys, y4} and K, € F[uy, uy, 1, ¥-]. The other possibility is very similar.

If F3 is 3-cycle (21, 23, z3), then d, (v2) + dr, (ya) > 4. 1f dp, (y4) > 2, then Glys, V(F3)] 2 K, , Glys3, X2, X3, X4] = Fj,
and G[x4, ¥1, ¥2] = K3. Suppose now that dg, (y4) < 1. Then df,(y;) = 3 and dr,(v4) = 1.1t follows that dr,(y;) = 3 and
dr; (y3) > 2. We may assume that y,z; € E(G) and y3z; € E(G). Then F, U F; can be decomposed into 3-cycle G[z,, y3, y3]
and G[y1, ¥4, 21,231 2 K, .

The last case is that F3 is a 4-cycle (with at least one chord) (z1, 23, z3, z4). Then since e({y1, y3}, F3) < 8, dr(v2) +
dp; (y4) > 5.

Bgd& (y2) + dp; (y4) = 5, then dp, (y1) + dr;(y3) > 7, and hence df,(y;) = 4 and df, (y3) > 3. Letz € F; be a common
neighbor of y, and y4. If zy3 & E(G), then we have three K, ’s: G[V (F3) — z + y3], G[y1, ¥2, Z, y4] and F;. On the other hand,
if zy3 € E(G), we also have three K, ’s: G[V (F3) — z + y11, Gly2, ¥3, ¥4, z] and F;.

The following claim will be helpful.

Claim 1. Suppose that some y € {yy,y3} has a common neighbor, say z; € Fs, with y,. Then y4 has at most two neighbors in
{22, z3, 24}, and if it has exactly two neighbors in {z,, z3, z4}, then z,z4 & E(F3) (and hence z1z3 € E(F3)).

Proof. Let y' € {yq,y3} — y.If y4 is adjacent to each of z, z3, z4, or is adjacent to two of them and z,z4 € E(F3), then we
have three K, 's: F[V (F3) — z1 + y4l, F[x1, ¥, Y2, z1] and F[y', x5, X3, X4]. O

If d, (y2) + dr, (v4) = 8, then dg, (y1) > 1. This contradicts Claim 1.

Suppose that dg, (y2) + dp, (y4) = 7. In this case, dr, (y1) + dr,(v3) > 3, and therefore dr, (y1) > 2. Hence y, and y; have
a common neighbor, say, z; in Fs. In view of Claim 1, since dg, () + dr,(y4) = 7, we can assume that dr,(y;) = 4 and
2,24 & E(F3). Then z,z3 € E(F3) and Ng, (y1) = {z;, z3}. Furthermore, by symmetry, we may assume that y3z; € E(F) and
that y4z, € E(F). In this case, we replace F; and F3 by F, — y» + z; and F3 — z1 + .

Finally, suppose that dg, (y2) + df, (v4) = 6. Then dp, (y1) + dr;(y3) > 5. By Lemma 2 if F(V, U V3) does not contain two
vertex-disjoint copies of K, , then F3 # K. By Lemma 3, if F(V, U V3) does not contain two vertex-disjoint copies of K, or
a copy of K4 and a copy of C4, then there is a vertex, say z4, in V3 and some y; € V, such that eachy € V, — y; is adjacent
to each z € V3 — z4 and y; has at most one neighbor in V3. Since dr, (y2) + dp; (y4) = 6,1 = 3. Furthermore, in this case
247, € E(F). Then we have the following 3 copies of K, : F[x2, X3, X4, ¥31, F[X1, ¥1,¥2, z1], and Fys, 2, 23, 24]. O

The next lemma is similar.

Lemma 5. Let V4, V,, and V3 be disjoint vertex subsets of a graph F such that
(@) Vi = {x1, X2, x3}, and F; = F(Vy) = Ks;
(b) F, = F(V) is the 4-cycle y1y2y3ya;
(© F3=F(V3) € {Ky, K3, 3, Ky, K, };
(;1) N, (x1) = N, (x2) = N, (x3) = {y1,¥2,¥3}.
|

de, (Y1) + dpy (¥3) + 2(dp; (v2) + dp; (Va)) > 4|Vs|, (6)
then V1 U V, U V3 can be partitioned into sets V;, V, and Vj so that F(V7) is K3, F(V;) contains K, , and F (V) contains Fs.

The proof of this lemma mimics that of Lemma 4 but is much simpler, so we omit it.
4. Packing 3- and 4-cycles

In this section, we will prove Theorem 4. Let #, be the class of n-vertex graphs whose every component is either K, or
K, or K3, or K, . Let ¢, consist of graphs H in ¢, such that at most one component of H is K.

It is enough to prove the theorem for graphs in #;, since each graph H € #, is contained in a graph H' € #, (we can
replace two copies of K, in H by a copy of K, ). Let G satisfy the conditions of the theorem. Suppose, for a contradiction, that
G does not contain some graph in #,. Among such ‘bad’ graphs in #, choose a graph Hy with fewest components that are
K, s. Suppose that Hy has no K, -components. The following corollary of Theorem 2 handles this case.

Proposition 1. Let ¥, be the class of n-vertex graphs whose every component is either Ky, or Ky, or K3, and at most one of these
components is K,. Then every n-vertex graph G with o,(G) > 4n/3 — 1 contains each graph in J,,.

Proof. If n = 3k, then the statement directly follows from Theorem 2.

Ifn = 3k + 1, then 0,(G) > [4(3k + 1)/3 — 1] = 4k 4+ 1 and hence for any vertex v € V(G), graph G — v satisfies
the conditions of Theorem 2. Hence G — v contains each graph in #,_,. On the other hand, if n = 3k + 1, then at least one
component of any graph H € #, is K;. This settles the case n = 3k + 1.

Ifn = 3k — 1, then 0,(G) > [4(3k — 1)/3 — 1] = 4k — 2. Adding to G a new vertex z adjacent to each other vertex, we
get a graph G* satisfying Theorem 2. Hence G* contains k disjoint triangles. It follows that G contains the graph H;' that has
one K,-component and k — 1 K3-components. But such an H; contains each graphin #,. O
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Assume now that Hy contains some K,s.

Proposition 2. Let H] be obtained from Hy by replacing one component K, with Cs. Then G contains Hj.

Proof. Suppose not. Let Hj be the graph obtained from Hy by replacing one component K, with the graph C; U K;. By the
choice of Hy, G contains Hy. Among all copies of H} contained in G choose a copy H with most components K, embedded
into K4-subgraphs of G.

Choose in H a K3-component with vertex set W = {wi, wz, w3} and a K;-component v. By the choice of H, K, &
Glw1, wy, w3, v]. Then v has at most one neighbor in W.

For every U C V(G), define D(U) = 3dy (v) + dy(wq) + dy(wy) + dy(ws).

CASE 1. D(V(G)) > 30>(G). In this case,

D(V(G)) > 305(G) =7 —3>4n—3 — 10 > 4(n — 4),
and hence there is a component of H with vertex set U C V(G) such that
D(U) > 4|U]|. (7)

IfU = {u}, then u has at least two neighbors in W and thus G[W +u] contains K, . But then G contains Hy, a contradiction.

Suppose that U = {uq, u,} and G[U] = K;. By (7), v has a neighbor, say, u; in U. If u; has at least two neighbors in W, then
G[W 4+ uy] 2 K, and G[v, u;] = K, a contradiction to the choice of G. Otherwise, again by (7), vu, € E(G). Then similarly,
14 also has at most one neighbor in W, a contradiction to (7).

If G[U] is a triangle, then e(W, U) < 9, and hence there are at least two edges between v and U. Thus G[U + v] contains
K, and G[W] contains a 3-cycle. Again G contains Hy, a contradiction.

Now suppose that U = {uy, uy, us, us} and G[U] 2 K, with possible non-edge uu3. By (7), 3dy (v)+e(W, U) > 17.Since
e(W,U) <12,dy(v) > 2.1fdy(v) = 2, then uy or u3 (we may assume uq) has three neighbors in W, thus G[W + u;] = K4
and then by the choice of H, G[U] is also K4. Note that if some non-neighbor of v in U has at least two neighbors in W, then
we again can embed H, into G. Thus 16 < D(U) < 3dy(v) + 4 — dy(v) + 3dy(v) = 4 + 5dy (v), and therefore dy (v) > 3,
a contradiction. So dy (v) > 3.1f uy, uy € N(v), then G[U] = Ky, since G[Ny[v]] contains K. But then as above each vertex
in U has at most one neighbor in W, and we have 16 < D(U) < 3dy(v) + 4 < 16, a contradiction. So we assume that
Uy, Uy, u3 € N(v) and uy ¢ N(v). Then again, every vertex in U has at most one neighbor in W, and we have a contradiction.

CASE 2. D(V(G)) < 302(G). Then v has exactly one neighbor in W, say w;. By the definition of o3, d(v) + d(w;) > 02(G)
fori = 2, 3,and hence 2dg_w_,(v) +dg_w_y (w2) +dg_w_,(w3) > 202(G) — 6 > %(n —4). Therefore there is a component
of H with vertex set U C V(G) such that

8
2dy (v) + dy (w2) + dy(ws3) > Z|UJ. (8)

On the other hand, since D(V(G)) < 30,(G), we have d(v) + d(w) < 0»(G) and hence
d(w) < min{d(wy), d(ws3)}. 9)

If U = {u}, then u is adjacent to v and to at least one of w, and ws. Thus we have a 4-cycle, a contradiction.

If U = {uq, up} and G[U] = K>, then by (8), 2dy (v) + dy(w,) + dy(w3) > 6. Similarly to Case 1, if u; is adjacent to both
w; and w3, and us_jv € E(G), then we have disjoint K, and K, a contradiction. Hence, dw_,, (1;) + 2d;,y(u3—;) < 3 for
i =1, 2.1t is possible only if vuq, vu; € E(G) and each u; has exactly one neighbor in {w,, ws}. If this is the same neighbor,
say wy, then we have G[v, uy, up, wy] = K, and Glws, wi] = K. If these neighbors are distinct, say uqw;, uws € E(G),
then G[v, uq, w,, w1] = C4 and G[ws, uy] = K5. Both outcomes contradict the choice of G.

If GIU] = K3, then 2dy (v) > 9 — 6 = 3 and so v is adjacent to at least two of the vertices in U. Hence G[U + v] contains
K, and G[W] contains a 3-cycle, a contradiction.

If G[U] = K4, then by (8), 2dy(v) > 11 — 8 = 3 and so dy(v) > 2.If thereisu € V(U) such that dy(u) > 2 and
dy_y(v) > 2, then we partition G[W U U + v] into two K, : GIW + u] and G[U — u + v], a contradiction to the choice of G.
Thus the only possibility to satisfy (8) is that dy(v) = 4 and each vertex in U has at most one neighbor in W. Since by (8),
dy(wy) + dy(ws) > 11 — 8 = 3, we may assume that for some u € U, uws € E(G) and therefore uwq, uw, & E(G). By (9),
d(u) + d(wsz) > d(u) + d(wq) > 02(G), and hence 3d(u) + d(w4) + d(w,) + d(ws) > 30,. Since G[U — uy + v] = K4, we
come to Case 1, which is resolved.

Finally suppose that U = {uy, uy, u3, u4} and G[U] = K, with non-edge u,u4. As in the previous paragraph, dy (v) > 2.
Suppose first that N(v) N U = {u;, ujy1} for some i, say, for i = 1. Then by (8), dy(w;) + dy(ws3) > 7. In particular,
dy—u, (wj) > 2forj = 2, 3 and we may assume that wsu, € E(G). Then G[U —u, +w-] contains K,” and G[W — w, + v +u;]
contains C4. IfN(v)NU # {u;, i1} for some i, then N(v) U 2 {u;, uj4,} forsomei € {1, 2}.If for somej # i, i+4-2, vertex u;
has at least two neighbors in W, then G[W +u;] contains K, and G[U — u;+v] contains C4. Hence for eachj # i, i+ 2, vertex
u; has at most one neighbor in W. In particular, by (8), dy(v) > 3.If Ny(v) contains a triangle, say U — uy4, then G[U + v]
contains K4 U K7, a contradiction to the choice of H. Otherwise, we may assume that Ny (v) = {u;, us, u4}. In this case, each
u € U has at most one neighbor in W, which together with (8) yields dy(v) > 4. A contradiction to our last assumption
finishes the proof of Proposition2. O



4768 A.V. Kostochka, G. Yu / Discrete Mathematics 309 (2009) 4762-4771

Fix an embedding of Hy into G provided by Proposition 2. Suppose that the C4,-component of H is embedded into 4-cycle
(U)1 , Wy, W3, w4) inG. LetW = {UJ] , Wy, W3, w4}. By the choice OfG, WiW3, WrW4 ¢ E(G) Since (d(U)]) +d(w3)) + (d(wz) +
d(wg)) > 205(G), we have Zle de_w(w;) > 20,(G) — 8 > % —10 > %(n — 4). Hence there exists a component of H
mapped to aset U C V(G) with

e(W,U) > §|U|. (10)

CASE 1.U = {v}. Since e(v, W) > 3, N(v) + v contains K, and G[W — N(v)] is K;. This contradicts the choice of G.

CASE 2. U = {uy, up} and G[U] = K;. Since e(W,U) > [16/3] = 6, we may assume that e({wq, wy}, U) > 3. Then
G[wq, wy, uy, uy] contains K, and G[ws, wa] = K>, a contradiction to the choice of G.

CASE 3. U = {uy, up, u3} and G[U] = Ks. Then e(W,U) > 9. Suppose that we cannot decompose G[U U W] into
K, and K3. Then by Lemma 1, there is a vertex, say wy, in W such that Ny (u;) = W — wy fori = 1,2, 3. Since
de—w (w1) + de—w (w3) + 2(dg—w (w32) + de_w (w4)) > 302(G) — 8 > 4(n — 4), there exists a component of H) mapped to a
setU’ C V(G) withe(U’, W) = dy (wq) + dy (w3) + 2(dy (wy) + dy (w4)) > 4|U’|. Since U does not satisfy this condition,
U’ # U. Applying Lemma 5 with F; = U, F, = Up and F; = U’, we again get a contradiction to the choice of G.

CASE 4. U = {uy, up, u3, us} and G[U] = K, with ujus ¢ E(G). Suppose that we cannot partition G[U U W] into two
K, orinto K4 and Cy. Since e(W, U) > 11, by Lemma 3, we may assume that each of w1, w,, and wj is adjacent to each of
uq, Uy, and uy and that w4 and w, have no common neighbors in U. Since d(w) + d(w3) + 2(d(w;) + d(ws)) > 302(G),
there exists a component of Hj mapped to some U’ C V(G) with dy’ (w1) + dy (w3) + 2(dy (w3) + dyr(ws)) > 4|U’|. Note
that U’ # U, since dy (w;) + dy(w4) < |U|. Then G[U UW U U] satisfies the conditions of Lemma 4, which proves this case.

CASE 5.U = {uy, uy, us, ug} and G[U] = Ky. If GIW U U] contains two disjoint copies of K, , then by Lemma 2, there are
u4 € U and wy € W such that (i) Nw_y,, (1) = Nw—y, (U2) = Nw_y, (u3) = W — wy, and (ii) w4 has at most one neighbor
inU and |Eg(W, U)| = 11. Since d(w1) + d(ws3) + 2(d(w;) + d(w4)) > 30,(G), there exists a component of Hj mapped to
some U’ C V(G) with dy(w1) + dy (w3) + 2(dy (wy) + dyr (wg)) > 4|U’|. By (ii), U’ # U.Then G[U UW U U’] satisfies the
conditions of Lemma 4, which finishes the proof.

5. Two reductions

In this section, we prove two lemmas that will help us later to find a special subgraph H in a graph satisfying (1).
Let the microphone graph M, be the 5-vertex graph such that a 4-vertex subgraph of M; is K4 and the fifth vertex has
exactly one neighbor in M;.

Lemma 6. Let H be an n-vertex graph whose components are isomorphic to graphs in # = {Ky, K, G3, K, , CS+ }. Let Hy be
the graph obtained from H by replacing a copy of C;r with a copy of the microphone graph. If an n-vertex graph G satisfying (1)
contains Hy, then it contains H, as well.

Proof. Suppose not. Fix an embedding of H, into G. Suppose that the component M; of H; is embedded into the subset
A = {aq, a3, as, a4, as} of V(G) so that G[A — as] = Kj. Since G does not contain H, we may assume that the only neighbor
of as in A is a4. For every W C V(G), consider the expression D(W) = 3dy (as) + dw(a;) + dw(ay) + dw(as). Since
D(V(G)) > 30,, we have D(V(G) —A) > 30, — 2|E(G[A])| > (4n—3) — 14 > 4(n—5), and hence there exists a component
of H; mapped to aset U C V(G) with D(U) > 4|U|. Let Ay = {a4, a3, as}.

CASE 1: U = {u}. By the choice of U, D(U) > 5.Then u is adjacent to as and at least two vertices in A;. Hence G[A —as +u]
contains CJ".

CASE 2: U = {uq, up} and G[U] = K. By the choice of U, D(U) > 9. Then some vertex of U, say uy, has at least two
neighbors in A;. If asu; € E(G), then G[A — as + u4] contains C;L and Glu,, as] = K. If asu, & E(G), then the only way to
have D(U) > 9is that uq is adjacent to all vertices in A — a4 and u; is adjacent to all vertices in A;. In this case, after switching
the roles of u; and u, the previous argument works.

Observe that in order to have D(U) > 4|U| for any U with |U| > 3, we need

dy(as) > 2. (11)

CASE 3: U = {uq, up, u3} and G[U] = Kz. By the choice of U, D(U) > 13. Some vertex in U, say uy, has at least two
neighbors in A;. If asu,, asus € E(G), then G[A — a5 + u1] contains CS+ and G[as, u», u3] = K3z. Hence we may assume that
N(as) NU = {uy, up}. Then by the above dy4, (u3) < 1. So, to have D(U) > 13, we need N(u;) N Ay = N(u;) NA; = A and
da, (u3) = 1. Let a € A; be the neighbor of us in A;. Then Glay, as, uy, us, al contains C5+ and G[A; — a + uq] is a triangle, a
contradiction.

CASE 4: U = {uy, up, u3, us} and G[U] D K, with uqus as the only possible non-edge. By the choice of U, D(U) > 17.1f
G[U + as] contains CJ, we are done. By (11), G[C + as] does not contain C5Jr only if N(as) N U = {uy, us} and ujus & E(G).
Therefore, there are at least 11 edges between A; and U, and we can find a € Ay and u € {u;, us} suchthat U — u € N(a)
and A; — a € N(u). Then G[U — u + a + as] contains C5+ and G[A; — as — a + u] contains K, .
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CASE5: U = {uy, uy, us, ug, us} and G[U] contains cycle (u1, uy, us, Uy, us) and edge u,us. By the choice of U, D(U) > 21.
We may assume that a; has the most neighbors in U among vertices in A;. Since D(U) > 21,

dy(as) +dy(ay) = 7. (12)

Subcase 5.1: dy (a;) = 5.1f some neighbor u of a5 in U is adjacent to a;, or as, then either of G[A—a; +u] and G[U —u+a,]
contains C5+, a contradiction. Otherwise, e(A1, U) < 15 — 2dy(as) and hence D(U) < 15 + dy(as) < 20, a contradiction
again.

Subcase 5.2: dy(as) = 3.Since e(A;,U) <21 —9 = 12 and dy(a;) < 4, we have dy(a) = 4, for each a € A;. Then as
has at least two common neighbors in U with aq, say, u and u'. If G[U — u + a,] 2 C;r or G[U — u’ + a;] 2 €, then we are
done, since in this case either of G[A — a, + u] and G[A — a, + /] also contains C5+. Otherwise, u and u’ are the two vertices
next on the cycle (uq, uy, us, uy, us) to the non-neighbor of a, in U, and the third neighbor of a5 in U is the non-neighbor
of a;. By the symmetry between ay, a, and az, we conclude that u and u’ are adjacent to all vertices in A;, and the third
neighbor of as is adjacent to none of them. Let the non-neighbors of as in U be u; and u; 1. Then either of G[U — a3 + u;] and
G[U — u; + as + a3] contains Cs .

Subcase 5.3: dy (as) = 4. Let u; be the non-neighbor of as in U. If some u € U —u;_; —u;41 has at least two neighbors in A4,
then either of GJA—as+u] and G[U —u+as] contains C;L. Otherwise, to have D(U) > 21, weneed dy, (uj—1) = da, (Uj+1) = 3
and da, (u;) = da, (ui—p) = da, (uiy2) = 1. Since dy(a;) < 4, no vertex in A; is a common neighbor of u;_, u;, and u;,. By
the symmetry between u;_, and u;,,, we may assume that for some distinct a, @’ € Ay, u;_»a, u;a’ € E(G). Let a” be the third
vertex in A;. Then either of GI[A — a — @’ + u;_» + ui2] and G[U + a + @’ — u;_» — u;,»] contains C5+.

Subcase 5.4: dy(as) = 5. Since D(U) > 21, some u € U has at least 2 neighbors in A;. Then either of G[A — as + u] and
G[U — u+ as] contains Cf. O

The T-graph is the 5-vertex graph obtained from K, 3 by adding an edge connecting the two vertices of degree 3.
Equivalently, the T-graph is the 5-vertex graph obtained from K5 by deleting the edges of a triangle. Sometimes, the T-graph
is also called the book with 3 pages.

Lemma 7. Let H be an n-vertex graph whose components are isomorphic to graphs in # = {K1, K>, C3, K, C5+}. Let H, be the
graph obtained from H by replacing a copy of C5+ with a copy of the T-graph. If an n-vertex graph G satisfying (1) contains H,,
then it contains H, as well.

Proof. Suppose not. Fix an embedding of H, into G. Suppose that the T-graph component of H, is mapped to a subset
A = {ay, a, as, a4, as} of V(G) so that dy(ay) = dus(as) = 4. Since G does not contain H, the set A, = {ay, az, as} is
independent in G. For every W C V(G), consider the expression D(W) = dy (a;) + dw(az) + dw (as). Since D(V(G)) > %oz,
we have D(V(G) — A) > %az — 6> (4n—3)/2 — 6 > 2(n — 5), and hence there exists a component of H, mapped to a set
U C V(G) with D(U) > 2|U|. By symmetry, we may assume that

dy(ay) > dy(az) > dy(as). (13)

CASE 1: U = {u}. By the choice of U, D(U) > 3.In particular, a,u, a;u € E(G). Then G[A — a3 + u] contains C;L.

CASE 2: U = {uy, up} and G[U] = K5. By the choice of U, D(U) > 5. So, we may assume that among the edges connecting
Ay with U only asu; is missing. Then G[as, u1] = K; and G[A + u, — as] contains C5+.

CASE 3: U = {uq, up, us} and G[U] = Ks. By the choice of U, D(U) > 7. So, by (13), dy(a;) = 3 and dy(ay)
G[U U {a;, a,}] contains C;” and G[A — a; — @3] = K.

CASE 4: U = {u4, uy, u3, us} and G[U] D K, . By the choice of U, D(U) > 9. Hence by (13), dy(a;) > D(U)/3 > 3.Then
G[U + a1] contains C;” and G[A — a1] = K, .

CASE5: U = {uy, uy, us, ug, us} and G[U] contains cycle (u1, u,, us, Uy, us) and edge u,us. By the choice of U, D(U) > 11.
By (13), dy(a1) = 4.

Subcase 5.1: dy(ay) = 5.Since dy(a;) +dy(as) > 6,some u € U is adjacent to both of them. Then either of G[A — a; 4 u]
and G[U — u + a;] contains C;".

Subcase 5.2: dy(a;) = 4. Then dy(a;) = 4 and dy(az) > 3 also. Let u; be the only non-neighbor of a; in U. If any
u € U — uj_1 — ujyq is adjacent to both a, and as, then again either of G[A — a; + u] and G[U — u + a4] contains C5+.
Otherwise, the only possibility to have D(U) > 11 is that da, (uji—1) = da, (Uiy1) = 3, da, (Ui—2) = da, (Uiy2) = 2, and
dA1 (u,') =1.

Let aj = a; when da, (1) = 3, and let g; be the only non-neighbor of u; in A; when dp, (u1) = 2. So, if da, (1) > 2, then
G[A — g; + u4] contains a C;L. Furthermore, since dy_,, (a;) > 3 and uus € E(G), G[U + a; — u4] also contains C;L. Thus,
the only remaining possibility is that i = 1. By the symmetry between a; and a,, the only non-neighbor of a, in U is also u;.
Hence Ny (as) = {us, uq, uy}. Then G[A — as + u4] contains C;r and G[U — u4 + as] is the microphone graph. This means that
G contains the graph H; obtained from H by replacing a copy of C;r by a copy of the microphone graph. Hence by Lemma 6,
G contains H, a contradiction. O

v

2. Then
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6. Proof of Theorem 3

Similarly to Section 4, let #, be the class of n-vertex graphs whose every component is either Ky, or K, or K3, or K, or C5+.
Let G satisfy the conditions of the theorem. Suppose, for a contradiction, that G does not contain some graph in #¢,. Among
such ‘bad’ graphs in #¢, choose a graph Hy with fewest components that are C; . By Theorem 4, Hy has a C;r -component. Let
H; be obtained from Hy by replacing a C5+ -component with K, and an isolated vertex. By the minimality of Hy, there exists
an embedding of H in G. Among embeddings of H; in G, choose and fix one such that

(*) it has the largest total number of edges in subgraphs of G induced by the components of H,).

Suppose that the isolated vertex of Hy is mapped to a vertex v € V(G) and a K, -component of H; is mapped to a set
W = {wq, w,, w3, ws} C V(G), where only w;ws can be a non-edge of G[W]. Since G[W + v] does not contain C", only
the three cases below are possible up to symmetry.

CASE 1.N(v) "W C {w;}.Forevery Y C V(G), consider the expression D(Y) = 3dy(v) + dy(w3) + dy(w3) + dy(wy).
Since D(V(G)) > 303, wehave D(V(G) — W —v) > 30, — (34+3+3+4+3) > (4n— 3) — 12 > 4(n — 5), and hence there
exists a component of Hy mapped to a set U C V(G) with D(U) > 4|U|. Denote W; = W — w.

Case 1.1: U = {u}. By the choice of U, D(U) > 5. Then u is adjacent to v and to at least two vertices in Wy. Hence G[W +u]
contains either C5+ or the T-graph. By Lemma 7, this contradicts the choice of G.

Case 1.2: U = {uy, uz} and G[U] = K;. By the choice of U, D(U) > 9. Then some vertex of U, say uy, has at least two
neighbors in W;. If vu, € E(G), then G[u,, v] = K> and G[W + u;] contains either CsjL or the T-graph. If vu, & E(G), then the
only way to have D(U) > 9, is that both u; and u, are adjacent to all vertices in Wy and u;v € E(G). But then after switching
the roles of u; and u, the previous argument works.

Observe that in order to have D(U) > 4|U| for a U with |U| > 3, we need

dy(v) > 2. (14)

Case 1.3: U = {uy, up, us} and G[U] = Ks. By the choice of U, D(U) > 13. Some vertex in U, say uy, has at least two
neighbors in Wy. If vu,, vus € E(G), then G[v, u,, us] is a triangle and G[W + u4] contains either CS+ or the T-graph. Hence
we may assume that vus ¢ E(G) and, by (14), N(w) N U = {uy, up}. Then by the above argument, dy, (u3) < 1. So, to have
D(U) > 13, we need N(uy) N W7 = N(u;) N Wy = Wi and dw, (u3) = 1. In this case, G[U + v + ws] contains the T-graph
and G[W — w3] = K3

Case 1.4: U = {uy, up, us, ug} and G[U] D K, with u;us as the only possible non-edge. By (14), G[U + v] contains either
C:, or the T-graph.

Case 1.5: U = {uq, uy, us, Uy, us} and G[U] contains cycle (u1, us, us, ug, Us) and edge u,us. By the choice of U,D(U) > 21.

Subcase 1.5.1: dy(v) = 5. Since D(U) > 21, some u € U has at least two neighbors in W — w;. Then G[U — u + v]
contains C;” and G[W + u] contains either C;", or the T-graph.

Subcase 1.5.2: dy(v) = 4. Let u; be the only non-neighbor of v in U. If dy (u;) < 4, then G[U — u; + v] has more edges
than G[U], a contradiction to (*). So, dy (u;) = 4. Hence for each j, G[U — u; + v] contains C5+. If follows that we are done if
for some j, u; has at least two neighbors in W. Otherwise, D(U) < 3 -4+ 5 -1 = 17, a contradiction.

Subcase 1.5.3: dy(v) = 3.Then e(W;,U) > 21 — 9 = 12.If for some u € U, G[U — u + v] contains C5+, then u has at
most one neighbor in W, because otherwise G[W + u] contains either C; or the T-graph. Since at most 3 edges connecting
W1 with U are missing, it yields:

(**) There is at most one u € U such that G[U — u + v] contains C5+.

If the non-neighbors of v in U are not consecutive on the cycle (uq, .. ., us) (in which case they are u;_; and u;, | for some
i €{1,2,3,4,5}) then both G[U — u;_y 4+ v] and G[U — u;;1 + v] contain C5+, a contradiction to (**). So we assume below
that the neighbors of v in U are u;_1, u;, and u; 1. Recall that u,us € E(G). Up to a symmetry, there are three possibilities:
i=3,i=2andi= 1.Ifi = 3, then either of G[U — u; 4+ v] and G[U — u3 + v] contains C;L, a contradiction to (**), again. If
i = 2, then either of GIU — u; + v] and G[U — u4 + v] contains C5+. Thus, the last possibility is that i = 1. In this case, u; has
at most one neighbor in W and hence some u € {us, u4} is adjacent to all vertices in W;. Then G[W + u] contains C5+, and
G[U — u + v] contains the microphone graph. This contradicts Lemma 6.

Subcase 1.5.4: dy(v) = 2. Thene(W — wq, U) > 21 — 6 = 15. It follows that all edges connecting U with W — w are
present in G. We may assume that the neighbors of v in U are u; and either u;,; or u;1,. Then either of G[u;, Uj11, Uiz, v, ws]
and G[W — w3 + u;_1 + u;_] contains C5.

CASE 2. N(v) N W = {w,, wy}. Then v and W form the T-graph, and we are done by Lemma 7.

CASE 3.N(v) N W = {wy}. Forevery Y C V(G),let D(Y) = 3dy(v) + dy(w1) + dy(w,) + dy(ws3). Since D(V(G)) > 305,
we have D(V(G) — W —v) > 305 — 3+ 3+ 3+ 3) > (4n — 3) — 12 > 4(n — 5), and hence there exists a component of
H; mapped to aset U C V(G) with D(U) > 4|U|.Let Wy = W — wy.

Proofs of the Cases 3.1 (when |U| = 1), 3.2 (when |U| = 2) and 3.4 (when |U| = 4) are exact repetitions of proofs of the
Cases 1.1, 1.2, and 1.4, respectively. Also, (14) holds if [U| > 3 for the same reasons as in Case 1.

Case 3.3: U = {uy, Uy, usz} and G[U] = Ks. By the choice of U,D(U) > 13.If some w € {wq, w3} has at least two neighbors
in U, then G[W — w] = K3 and, by (14), G[U 4 v 4+ w] contains either C5+ or the T-graph. Otherwise, e(W,, U) < 5 and to
have D(U) > 13, we need dy (v) = 3. In this case, we still have e(W,, U) > 4 and hence some w € {w1, w3} has a neighbor
in U. Then G[U 4 v 4+ w] contains the microphone graph and again G[W — w] = Ks.
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Case 3.5:U = {uy, uy, us, Uy, us} and G[U] contains cycle (u1, uy, us, Uy, us) and edge u,us. By the choice of U,D(U) > 21.
The proofs of the subcases when dy (v) equals 5, 4, and 2 word-by-word repeat the proofs of the subcases 1.5.1, 1.5.2, and
1.5.4, respectively. So, we need to handle only the case dy (v) = 3.

Since D(U) > 21, we have e(W,, U) > 12.Then some x € {w, w3} has at least four neighbors in U, and some x’ € W4 —x
(also having at least four neighbors in U) has at least two common neighbors (say u and u’) with v in U. Since vw,4 € E(G),
G[W —x+v+u] (and G[W —x+v+u']) contains either C5+ or the T-graph. Hence we are done if G[U —u+x] or G[U —u’ +x]
contains C5+. If neither of G[U — u+x] and G[U — u’ 4+ x] contains C5+, then dy (x) = 4and dy (') = 4. Furthermore, if u; is the
non-neighbor of x in U, then the common neighbors of v and x" in U are only u;_; and u;4. It follows that Ny (wj) = U — u;
forj=1,2,3and Ny (v) = {u;_1, U, uj+1}. Then either of G[u;_1, u;, uiy1, v, w1] and G[W — w1 + u;j_3 + u;4»] contains C5+.

So, all cases are considered and the theorem is proved.
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