Coloring Uniform Hypergraphs With
Few Edges*

A.V. Kostochka,'> M. Kumbhat'

"Department of Mathematics, University of Illinois, Urbana, Illinois 61801,
e-mail: kostochk@math.uiuc.edu; kumbhat2 @uiuc.edu

2 Institute of Mathematics, Novosibirsk, Russia

Received 16 January 2008; accepted 3 October 2008; received in final form 14 November 2008
Published online 27 July 2009 in Wiley InterScience (www.interscience.wiley.com).
DOI 10.1002/rsa.20284

ABSTRACT: A hypergraph is b-simple if no two distinct edges share more than b vertices. Let
m(r,t, g) denote the minimum number of edges in an r-uniform non-z-colorable hypergraph of girth
at least g.

Erdés and Lovész proved that
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and m(r,t,g) < 42087138756 DU+D,

A result of Szab6 improves the lower bound by a factor of 7>~ for sufficiently large r. We improve
the lower bound by another factor of r and extend the result to b-simple hypergraphs. We also get a
new lower bound for hypergraphs with a given girth. Our results imply that for fixed b, ¢, and € > 0
and sufficiently large r, every r-uniform b-simple hypergraph 7 with maximum edge-degree at most
#"r!=¢ is t-colorable. Some results hold for list coloring, as well. © 2009 Wiley Periodicals, Inc. Random
Struct. Alg., 35, 348-368, 2009
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1. INTRODUCTION

Let H be a hypergraph with vertex set V (H) and edge set E(H). The degree of a vertex v is
the number of edges containing v. Similarly, the degree of an edge e is the number of edges
intersecting e. We will denote by A(H) the maximum degree of vertices in H. A cycle of
length k in a hypergraph H is an alternating cyclic sequence eg, Vo, €1, V1, . .., €1, Vk_1, €0
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of distinct edges and vertices in H such that v; € e; N e;;; for all i modulo k. The girth of
a hypergraph is the length of its shortest cycle. The distance between two vertices is the
number of edges in a shortest path connecting them. A hypergraph of girth at least three
is also called simple. Let m(r,t, g) denote the smallest number of edges in an r-uniform
hypergraph with girth at least g and chromatic number at least 7 + 1. In their seminal article
[2], Erd6s and Lovasz gave the upper bound

m(r,t,g) < 42083 D0D (1)

for all g and the lower bound

2(r—2)

m(r,t,3) > m 2)

for simple hypergraphs. The ratio of the upper bound to the lower bound for simple
hypergraphs is only ’. The bound (2) was derived from the following famous result.

Theorem 1 [2].  Ift,r > 2, then every r-uniform hypergraph H with maximum degree of
its edges at most it’ is t-colorable. In particular, if the maximum vertex degree of 'H is at
most it’r’l, then 'H is t-colorable.

To derive the bound, they used an interesting trick of trimming. We discuss trimming in
Subsection 3.1.

Szabé [3] refined the second part of the bound of Theorem 1 for simple hypergraphs as
follows.

Theorem 2. [ft > 2 and € > 0 are fixed and r is sufficiently large, then every r-uniform
simple hypergraph 'H with maximum degree at most t'r=¢ is t-colorable.

Actually, Szabd proved the theorem only for ¢+ = 2, since that was what he needed for
his applications, but the technique works for any fixed ¢. Again, applying trimming and this
theorem, one easily gets that for fixed ¢ and € and large r,

2r
m(r,t,3) >

Flte’ 3)

In this article, we consider simple and so called b-simple hypergraphs. A hypergraph H
is b-simple if [eNe’| < b for every distinct e, ¢’ € E(H). Sometimes, b-simple hypergraphs
are called partial Steiner systems. A 1-simple hypergraph is a simple hypergraph.

The main result of this article (we state it in the next section) says that for fixed ¢ > 2 and
€ > 0 and sufficiently large r, if a simple r-uniform hypergraph H cannot be colored with ¢
colors, then either it has a vertex of degree greater than r ¢, or there are “many” vertices of
degree greater than #"7~¢. This will improve the bound (3) by a factor of r. Our result also
yields an improvement of the edge-degree version of Theorem 1 for simple hypergraphs as
follows.

Theorem 3. Ifb > 1,t > 2, and € > 0 are fixed and r is sufficiently large, then every
r-uniform b-simple hypergraph H with maximum edge-degree at most t"'r'=¢ is t-colorable.
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350 KOSTOCHKA AND KUMBHAT

The theorem holds also for list colorings. To keep proofs easier to read, we give the proof
for ordinary colorings and comment at the end of the article how to adapt the proofs to list
coloring.

Let f(r,t,b) denote the smallest possible number of edges in an r-uniform b-simple
hypergraph that is not #-colorable. From our main result we deduce that for fixed ¢, b, and
€ > 0 and sufficiently large r,

fr(+1/b)

f(r,t,b) =

4)

ré
It turns out that in terms of r, the bound cannot be improved by more than a polynomial
factor. Using the Erdds—Lovész technique [2] for proving (2), we show that for large r,
fr,1,b) <402 r?)' 1P (5)
We also use our main result and trimming to derive the following lower bounds on
m(r,t, g) for arbitrary fixed g (in [2], the bound was only for g = 3):

r(1+s)
m(r,t,2s +1) > , (6)
e

if r is large in comparison with #, s, and 1/e.

The structure of the article is as follows. In the next section we prove the main result. In
Section 3, lower bounds on the size of non-z-colorable hypergraphs are given. In Section
4, bound (5) is derived. We conclude the article with some comments. In particular, we
comment on list colorings of hypergraphs.

2. COLORING HYPERGRAPHS WITH BOUNDED EDGE DEGREES

Szabd’s theorem says that for large r, every r-uniform simple hypergraph with the degree
of each vertex at most #'7~¢ is t-colorable. Our result extends the conclusion to r-uniform
simple (and b-simple) hypergraphs in which the degree of each edge is at most "',

A vertex v of H is low, if deg(v) < #'r—¢ and high otherwise. For an edge e, let L(e)
[respectively, H (e)] be the set of low (respectively, high) vertices in e. An edge e is light, if
|H(e)| < 0.5r and heavy otherwise.

For a given € > 0, an r-uniform hypergraph H is (z, €)-sparse if

A(H) < t'r, and @)
every vertex of H is in at most " /r¢ heavy edges. (8)

Our main result is the following.

Theorem 4. [fb > 1,t> 2, and € > 0 are fixed and r is sufficiently large, then every
r-uniform b-simple (t, €)-sparse hypergraph 'H is t-colorable.

To derive Theorem 3 from our main result, we observe that for sufficiently large r, every
not (¢, 0.5¢)-sparse hypergraph H has an edge of degree greater than #"r'~¢. This is trivial
if (7) does not hold. Suppose now that (8) does not hold, in particular that some edge ¢ in H
is heavy. Then the sum of degrees of vertices in e is greater than 0.5 r#"r! %3¢, Since every
edge ¢ # e contributes at most b to this sum, e itself contributes r, and r0%€ > 4p, the
degree of e in H is greater than #"r'~¢. This proves Theorem 3 (modulo Theorem 4).
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2.1. Szabd’s Approach and the Structure of the Proof

We follow the ideas of Szab¢d [3]. He used the following lemma of Beck [1], who in turn
used the Local Lemma.

Lemma 5 [Beck]. Let X be a finite set and By, B, ..., B, be not necessarily distinct
subsets of X with |B;| > r. For everyi, letf; : B; — {1,2,...,t} be a given t-coloring of B;.
If

—IBil
Z (1 _ l) 1Bl < l 9)
r r

i:peB;
for every p € X, then there exists a t-coloring f : X — {1,2,...,t} such that f|p, # f:.

Szabd’s idea of the proof is the following. Let H be an r-uniform simple hypergraph
satisfying the conditions of his theorem. Szab¢ starts from a ¢-coloring of vertices of H
where each vertex is colored with a color uniformly at random chosen from the set {1, . . ., ¢}
independently from all other vertices. He considers a special set of so called configurations
that are pairs (B;,f;), where B; € V(H) and f; is a given t-coloring of B;. The meaning
of configurations, is that they are bad situations that may cause some edges to become
monochromatic after special recolorings in the future. He proved that

a. if f is any (not necessarily proper) ¢-coloring of V(H) and none of his configurations
occurs, then some vertices of H can be recolored so that the resulting ¢-coloring of H
is proper;

b. Inequality (9) holds for every p € V(H).

Together with Lemma 5, this yields that H has a proper ¢-coloring. Observe that each
1

configuration B C V(H) contributes to the sum in (9) the amount (1 — 1)~"%Iz~//, and we
will call this expression the contribution of B. To prove that (9) holds, for every “bad”
configuration B C V(H), Szabé estimated its contribution.

We will use the same scheme with somewhat changed rules of recoloring and somewhat
different configurations.

Another idea of Szabd is that in each edge e of H he chooses a subset R(e) such that
later, if e is monochromatic, then he tries to recolor only vertices in R(e) and does not touch
other vertices. This choice allows to decrease the number of “bad” configurations whose
contributions we need to estimate. The structure of our proof is the following. In the next
subsection, we construct asubset R(e) of each edge e. Later, if e becomes monochromatic, we
will try to recolor only vertices in R(e). In Subsection 2.3, we give the main proof assuming
that we have some bounds on the contributions of “bad” configurations. In Subsections 2.4
and 2.5, we prove these bounds on contributions.

2.2. Choosing R(e)

Lemma 6. Let k < r/3. Then in every light edge e, we can choose a k-element set
R(e) C L(e) so that for each low vertex v,

e:veRre) < =% (10)

rG
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Proof. Consider the bipartite graph G[X, Y], where X is the set of light edges in H, Y is
the set of low vertices in H, and xy € E(G) if and only if edge x contains vertex y in H. By
the definition of light edges, each vertex in X has degree in G at least r/2. By the definition
of low vertices, dg(v) < t'/r¢ for every v € Y. Let G, be the graph obtained from G by
splitting every vertex v € Y into [2dg(v)/r] vertices, each with degree at most [r/2].

Let G, be obtained from G, by deleting some edges so that the degree of every vertex
x € X becomes [r/2]. By Konig’s theorem, there exists a proper edge-coloring ¢ of G, with
[r/2] colors. Let G5 be the subgraph of G, formed by the edges with colors {1,2,...k}
in ¢. Finally, let G, be obtained from G; by gluing back all the split vertices in Y. By
construction, Gy is a spanning subgraph of G, and the degree of every vertex x € X in G4
is exactly k. The degree in G, of every vertex v € Y is at most

2
k[2dg(v)/r] <k ’7—6——‘ .
rér

The last expression for large r does not exceed the RHS of (10).
For every edge e in H, let R(e) be the set of vertices adjacent to vertex e in G4. By the
properties of G4, the lemma holds for these R(e). .

Lemma 7. Let k < r/3. Then in every heavy edge e, we can choose a k-element set
R(e) C H(e) so that for each heavy vertex v,

e:ver@) = 22, (11)

re r

Proof. By (8), every vertex is in at most #" ¥~ heavy edges. We essentially repeat the proof
of Lemma 6, only replacing light edges with heavy and low vertices with high ones. .
2.3. Configurations and the Main Proof

We start from a random #-coloring f of vertices of 'H where each vertex v is colored with a
color f(v) uniformly at random chosen from the set {1, . . ., ¢} independently from all other
vertices.

2.3.1. Configurations of Type 1. A configuration of Type 1, C(j,m,m',my, ..., m,),

with parameters j, m,m’,my, ..., m,, consists of 1 +m + m’' + (m; + - - - + m,,) (not nec-
essarily distinct) edges D, By, ..., B, Ci,...,Co, AL, ..., A Ay -« -, Ay, atranged
and colored (Fig. 1) so that:

(o¢;) There are m’ distinct vertices by, . . ., b,y in H(D) suchthatb; € R(B;) fori = 1,...,m/.
(ay) There are m distinct vertices ¢y, . .., c, in L(D) such that ¢c; € R(C;) fori =1,...,m.
(az) AIlBy,...,B,,,C,...,C, are distinct.

(oy) All verticesin D — {by,...,b,,cy,...,c,} are colored with color j + 1 (modulo ¢).
(as) All vertices in By, . .., B, are colored with j.

(a¢) Fori = 1,...,m, H(C;) contains m; distinct vertices a, 1, ..., a;, such that a;y €

R(Ai’i/) forall i = 1, e, m;.
(a7) Vertex a;, | may coincide with iy it »
with Ai2,i/2’ If a,-l,,«/l ;é a[2ql‘/2, then Ailﬂ'i/l ;é Ai27i/2' .
(ag) Foreveryi=1,...,mall vertices in C; — {a;,, ..., a;y,} are colored with j.

(ctg) All verticesinall Ay, ..., Ay, A21, ..., Apm, are colored with j — 1 (modulo 7).

when i; # i,, in which case A; 4 should coincide

if,i
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Fig. 1. An example of a Configuration of Type 1.

Comments: Since by, ...,b,, € H(D),eachof By, ..., B,y is aheavy edge. For the same
reason, each of Ay, ..., Ay, A2, ..., Ay, 18 heavy. Similarly, each of Cy,...,C, is a
light edge.

In a configuration of Type 1, edge D is called the leading edge, edges By,...,B,s are
type B edges, edges C,,...,C, are type C edges. Vertices by,...,b,y and cy,...,c, are
special in C. The size of a configuration is the cardinality of the union of its edges.

Let £k = {26—01. In the next subsection, we will prove that for every vertex p in H,
the total contribution of configurations of Type 1 containing p such that at least one of
m,m',my,...,m, exceeds k is o(1/r).

2.3.2. Configurations of Type 2a. There is a heavy edge B such that for each vertex
b € R(B) there is a configuration C;, of Type 1 with m = 0 and m’ < k such that b is special
and B is an edge of type B in C,.

2.3.3. Configurations of Type 2b. There is a light edge C such that for each vertex
¢ € R(C) there is a configuration C,. of Type 1 with each of m',m,my, ..., m, at most k
such that c is special and C is an edge of type C in C, (Fig. 2).

In Subsection 2.5, we prove that for every vertex p in H, the total contribution of con-
figurations of Types 2a and 2b containing p is o(1/r). These facts together with Lemma 5
yield that there exists a #-coloring f” avoiding configurations of Type 1 with at least one of
m'm,my, . ..,m, exceeding k and also avoiding all configurations of Type 2a and 2b. This
coloring ' might have monochromatic edges, but we shall see that we can recolor some of
the vertices and get a proper #-coloring.

First recoloring: Since configurations of Type 2a do not appear in f’, for every heavy
monochromatic edge B [say, of color j(B)], there exists a vertex b(B) € R(B) such that
there is no configurations of Type 1 with a leading heavy edge D such that b(B) is a special
vertex in D and B is a Type B edge in this configuration. For every monochromatic heavy
edge B, recolor b(B) with color j(B) 4+ 1 (modulo ¢). By the choice of 5(B), we recolored
only some high vertices.

We claim that the new coloring f” does not have monochromatic heavy edges. Indeed,
suppose that some heavy edge D is monochromatic of color j in f”. This means that it was
not monochromatic of color j in ', since in that case, a vertex of R(D) would be recolored

Random Structures and Algorithms DOI 10.1002/rsa
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Fig. 2. An example of a Configuration of Type 2b.
toj 4+ 1. So, there are vertices by, ..., b,y in H(D) that were recolored from color j — 1,

and for each b;, there is a heavy edge B; with b; € R(B;) that was monochromatic in f" and
b; = b(B;). So, we have a configuration of Type 1 in f” that contradicts the definition of the
vertex b(B;).

Second recoloring: Let C be a monochromatic edge of color j(C) in the new coloring /.
By above, itis a light edge, and in f’ C either was monochromatic of the same color, or some
vertices by, ..., b,y € H(C) were of color j(C) — 1, and each b; was in R(B;) for some heavy
monochromatic edge B; and was recolored because of this edge. Suppose that for every ¢ €
R(C), there is a configuration of Type 1 in coloring f” withm, =my =--- =m,, =0=m’
and the leading edge containing ¢ as a special vertex, where C is a Type C edge. Then,
each such configuration in f” corresponds to some more general configuration of Type 1 in
coloring f’. It follows that we encounter a configuration of Type 2b in f’, a contradiction
to the choice of f’. Thus, every monochromatic edge C in the new coloring f” contains a
vertex ¢(C) € R(C) such that there is no configuration of Type 1 in coloring f” with the
leading edge containing c as a special vertex such thatm; =m, = --- =m,, = 0 = m’ and
C is a Type C edge in this configuration.

For every monochromatic edge C in f”, recolor ¢(C) with color j(C) + 1. Observe that
at this second recoloring, we recolored only low vertices. Assume that some edge D is
monochromatic in the new coloring f [of color j(D)]. If it was also monochromatic in
f", then D is light, and some vertex of R(D) would be recolored; so this is not the case.
Thus, there are vertices cy,...,c, in L(D) that were recolored from color j(D) — 1, and
for each ¢, there is a light edge C; with ¢; € R(C;) that was monochromatic in f” of color
j(D) — 1 and ¢; = ¢(C;). Furthermore, since C; was monochromatic in f”, either it also
was monochromatic in f” or there are vertices a; ;, . .., a;,, € H(C) of color j(D) — 2 that
were recolored in the first stage. In this case, in f” each a; was in R(A; ) for some heavy
monochromatic edge A;  and was recolored in first stage because of this edge. Some vertices
by,...,b, in H(D) also could be recolored in the first stage. Thus, we have a configuration
of Type 1 in f’, a contradiction to the choice of c(C;). As we recolored high vertices in the
first stage and low at the second, no vertex is recolored more than once.

Thus, the theorem will be proved when we show that for every vertex p in H, the total con-
tribution of configurations of Type 1 containing p such that at least one of m, m’,my, ..., m,

m
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Fig. 3. An example of a Configuration of Type la.

exceeds k is o(1/r) and that the total contribution of configurations of Types 2a and 2b
containing p is o(1/r).

2.4. Handling Configurations of Type 1

We will first consider some partial cases.

2.4.1. Configuration of Type 1a. This is a configuration of Type 1 in whichm;, = m, =
ce=my, =0andk <m+m < T’bk.

For convenience of notation in handling configurations of Type 1a, define B,,;; = C; for
i=1,...,mandletM =m+m'.Forqg =1,...,M, call edge B, determined if it intersects
with U;<,_B; in at least b + 1 vertices. Let p € V(H) and z be a non-negative integer. Then
the total contribution ¢y, (p, M, z, D) of all configurations of Type 1a, containing p such that

p € D and exactly zedgesin {B, ..., By} are determined is estimated as follows (Fig. 3):

(B1) The number of candidates for D containing p is at most deg(p) < t'r.

(B>) The number of ways to choose by, . .., by in D is at most (1:4)

(B3) The number of choices of colors for vertices in D such that vertices by,. .., by are
colored with j and other are colored with j + 1 is ¢.

(B4) The number of ways to choose which z edges B; will be determined is (M )

(B5s) By Lemmas 6 and 7, the number of ways to choose a non-determined B; when we
know the corresponding special vertex is at most i—; %.

(Bs) Since every determined edge contains some (b + 1)-tuple of vertices in the union of
“previous” edges and these (b + 1)-tuples should be distinct for different edges, the
number of ways to choose a determined B; when we know the corresponding special

. 2
vertex is at most (;i’l) < (b’+1) < 242
(B7) Since

(12)

i i—1
Us-Us
=1 =1

and Mb < r/10k, the size of each such configuration is at least r + (M —z) (r —b) +z% .

L b, if B; is non-determined,
r — Mb, if B; is determined,
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Hence

¢ (p M D) <t'rt r M 4kt" M-z i) r r+(M—2)(r—b)+0.9zr
a\Ps VL, 2, <tr s o |
1 < M/ \ z plte =1

Since (;4) (A:) < rM and (ﬁ)’“M‘ZW‘bHO'gZ’ < 3'*M the last expression is at most

31+M (4k)Mfz tr+1+r(M7z)7r7(Mfz)(rfb)70.9zr 1+M7(Mfz)(1+e)+2z(b+1)'

r

Denoting the last expression by ,(M, z), we have

1

YiaM,z+ 1) - it7r+(r—b)70.9rr(l+e)+2(h+l) L h00r 2b3te

VieM,z) 4k 4k ’

which is less than 1/4 for large r. Therefore,

M
D b1a(p. M, 2,D) < 291,(M,0)

z=0

M
— 3IEMO (g g MM =) 1MW) :6”<12kth> . (13)
rG

Since for large r, 12kt* < r</2, the last expression is less than 6#r' =< Since M >

k > 2 this is less than 6¢7—° = o(r®). Thus, the total contribution ¢,,(p, D) of all

P

configurations of Type 1a such that p € D is less than

D 291.(M,0) < - 0(r™%) = o(r7).

M=k

Now, we calculate the contribution of configurations of Type la containing p such that
p ¢ D. In this case, fix an edge B; containing p in at most "+ ways. Then, we can choose
vertex b; € R(B;) in at most k ways and the edge D containing B; in at most k t'r ways. To
choose the remaining M — 1 special vertices in D there are only ( A’[_'l) ways. Then, using the
same argument and almost the same calculations as earlier we get that the total contribution
here is at most k r times greater than 224:1 2vyr1.(M, 0). Hence the total contribution, ¢y, (p)
of all configurations of Type la containing p is o(riﬁ).

2.4.2. Configuration of Type 1b. We need this structure to handle configurations of Type
lin whichm; =my = --- =m,, =0and m +m’ > w’bk. But we consider a somewhat
different situation: it is a configuration of Type 1 in whichm; =my = --- = m,, = 0 and
m+m' = [ {5 |, but non-special vertices in D also allowed to be colored with color j (and
not only with j + 1). We will estimate the contributions of such new configurations.

As in case of Type la, define B,y ; = C;fori=1,...,mandletM =m +m'.

For p € V(H) and an integer z, let ¢y, (p, z, D) denote the total contribution of all
configurations of Type 1b, containing p such that p € D and exactly z edges among B;
are determined. We repeat the first half of the argument for Type la, replacing (8;) by the

following:

(B;) The number of choices of colors for vertices in D such that vertices by, ..., by are
colored with j and other are colored with j orj + 1is t 2",

Random Structures and Algorithms DOI 10.1002/rsa
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Because of the extra factor of 2"~ instead of (13), we get

7€

u 12k
Z¢lh(p72,D)<6lV 2rM
z=0

</2_and the last expression is at most 2"~ 6¢ r'=03¥¢_Since

Again, for large r, 12k t* < r
M = | =] thisis o(r™®).

Similarly, to the argument for configurations of Type 1a, the contribution of configura-
tions of Type 1b containing p such that p ¢ D cannot exceed the last expression more than
r? times. Thus, the total contribution ¢, (p) + ¢1,(p) of all configurations of Types 1a and
1b containing p is o(r~°).

From now on, we consider only #-colorings of V() such that no configurations of types
la or 1b occur.

2.4.3. Configuration of Type 1c. This is a configuration of Type 1 in which k& <
m+m < sﬁ

By (ag) and («9) in the definition configurations of Type 1, foreveryi = 1,...,m, the set
cu U:fl’:l Ay with our coloring form a configuration of Type 1a or 1b if m; > k. Since such
configurations are forbidden, we assume that m; < k for every i. Similarly, if m" > 5=,
then the set B; U ... B,y U D with our coloring forms a configuration of Type 1b, and so,
we consider only the case m’ < 5.

To calculate carefully the contributions of configurations of Type Ic, let 7i; denote the
number of edges in {A;,, ..., A;,,} that are distinct from all A,y for all [ < i.

Letp € V(H),k < m+m' < 57, and z,2, 7y, . . ., 7, be non-negative integers. Let
M = iy, + - + . Let o1.(p,m' ,m,my,...,m,,z,7,D) denote the total contribution
of all configurations of Type 1c with parameters m’, m, my, . .., m,, containing p such that
p € D, exactly z edges among By, ...,B,s,C,...,C, are determined, and exactly 7’ other

edges are determined. We can estimate it as follows:

(y1) The number of candidates for D containing p is at most deg(p) < ¢'r.

(¥2) The number of ways to choose by, ...,b,s and cy,...,c, in D is at most (mJ:m,) ("’+m"’/).

(y3) The number of choices of colors for vertices in D such that vertices by, ...,b,, and
ci,...,Cy are colored with j and all others are colored with j + 1 is ¢.

(y4) The number of ways to choose which z edges among By, ...,B,/,Ci,...,C, will be

determined is (’”/j’” )

(ys) By Lemmas 6 and 7, the number of ways to choose a non-determined B; when we
know b; € R(B;) or C; when we know ¢; € R(C;) is at most i—; %.

(¥6) The number of ways to choose a determined edge B; when we know b; € R(B;) or C;

when we know ¢; € R(C;) is at most ((m;:'i/)’) < (h’jl) < 22,

(y7) The number of ways to choose all vertices a; 7 in C; U . .. C,, that will be colored with
j— lisatmost ().

(¥3) The number of ways to choose which 7z’ edges among A; » will be determined is (Af )-

() The number of ways to choose a non-determined A; » when we know a;7 € R(A;) is
at most £ %,

(710) The number of ways to choose a determined edge A; » when we know a; 7 € R(A; ) is

atmost (7)< (7)) < 2
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(y11) Toestimate the size of such a configuration, recall that m'+m < ﬁ and thatm; < m; <

k — 1 for each i. Therefore, m' +m—+M < k(m'+m) < . Similarly to (12), when we
add edges one by one to the configuration, every non-determined edge adds atleastr—b
vertices and every determined edge adds at least r —b(m' +m +M)>r—r /5 =4r/5
vertices to the union. It follows that the size of each such configuration is at least

rdmAm +M—z—2)r—b)+@+2)E.

Hence, ¢.(p,m',m,my, ..., m,,z,7,D) is at most

A

A L)) [() (O

4

r N mAm M —z—7 r+(mAm +M) (r—b)—(z+2')(0.2r—b)
Akt HHI2+D) r
rlte tir—1)

Since &5 < 3" and

(20 )

i=1

m+m’ e M Ry mm' +M4z+7
<M m4+m)rtMT <r ,
o1 (p,m' ,m,my, ... ,my, 7,7, D) is at most

tr+1+r(m+m/+1\;1—z—z/)—r—(m+m/+M) (r=b)+(z+z')(0.2r—b) (4k)m+m/+M—z—z/
x r1+m+m’+/\7l+z+z’f(l +€) (mAm' +M—z—2')+(z+7) (2b+2) 3! +m+m'+M

t1+b(m+m’+M)—(z+z/)(0.8r+b) 4 k)m+m/+1\31—z—z’ r1—e(m+m’+1f4)+(z+z/>(2b+4+e) 3 V+mAm/ +M

Denoting the last expression by . (m + m’ + M,z + 7)), we have

Yic(m+m' + M,z+7 +1) < L ~08r=b  2b+ate
Viem+m +M,z+z) ~ 4k

which is less than 1/4r for large r. Therefore,

3
+
3

M=

. 12k £\ "+
¢1c(p,m’,m,ﬁ11,...,ﬁ1m,z,z’,D)<2wh.(m+m/+M,O)=6tr< - ) .

/

)
Il
(=]

2

(=}

(14)

Observe that the last bound depends only on M and not on the values of particular
r?ll,...,n%m.Let

m+m' +M

¢)|(T(p’m/,m7M’D) = Z Z ¢|(T(p’m/7m7rhl5'--,’:hmazaz/’D)'

(oot Aeritm=M  2+2'=0
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-1 y
m+. ) < 2m+M’
m—1

Since the number of m-tuples (71, . .., A,) with ity + - - - + i, = M is (
for large r, by (14),

12k 0\ ~
¢1c(p,m',m,M,D) < 6tr ( ) 2 < Gy pmOSemtnl M),
=< pe =<
Since m +m’ > k > 2 the last expression is o(r™®). Since m’ < k, m < r/k, and

€
M < mk < r, the total contribution of all configurations of Type 1c containing p such that
p € D, is at most

o(r’g)kir =o(r7%).

Similarly, to the case of configurations of Type 1a, the total contribution of all configurations
of Type lc containing p such that p € B, is at most 7 times greater than our bound above.
The bound for the total contribution of all configurations of Type 1c containing p such
that p is in a light edge C; or in A, is only k times greater than the bound above, since
R(C;) and R(A;) consist only of low vertices. Hence, the total contribution, ¢;.(p), of all
configurations of Type lc containing p is o(r™).

2.4.4. Configuration of Type 1d. We need it to handle configurations of Type 1 in which
m+m' > z—. Since the situation with m’ > ;== is covered by configurations of Type 1b, it
is enough to consider the following situation: Configuration of Type 1d is a configuration
of Type 1 in which m = | 5] and m" = 0 but non-special vertices in D also allowed to be
colored with color j. We will estimate the contributions of such configurations.

Letp € V(H),and z, 7, my, . .., m, be non-negative integers. LetM = iy, +- - -+, Let
d1a(p,my, ..., M, 7,7, D) denote the total contribution of all configurations of Type 1d with
parameters m, . . ., m,, containing p such that p € D, exactly z edges among C|, ..., C, are
determined, and exactly z’ other edges are determined. The ingredients for an upper bound
on ¢(p, My, ..., My, 2,7/, D) are almost the same as for ¢,.(p,m',m, My, ..., My, 2,7/, D)
above with m’ = 0; the only difference is that Item (y3) is replaced with.

(3) The number of choices of colors for vertices in D such that vertices cy, .. ., c, are
colored with j and all others are colored either with j or with j + 1 is #2"".

Thus, repeating the argument for configurations of Type lc, instead of (14), we will
obtain

15)

rE

m M . . ) - ]Zklb m+M
ZZ¢1d(p,m1,...,mm,z,z,D) <276t r .

z=0 /=0

Since m = | 35, ], the extra factor of 27" does not hurt our upper bounds, and we essentially
repeat the argument from (14) above for configurations of Type lc.

Forbidding configurations of Types 1c¢ and 1d forbids all configurations of Type 1 with
m+m > k.

2.5. Handling Configurations of Type 2

2.5.1. Configuration of Type 2a. Letj € {1,2,...,1t}. Suppose that there exist k config-
urations of Type 1a (for the same j) with edge sets (for/ = 1,...,k) {D(l),Bgl), . ,Bfr?(l)}
such that
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i. BV =B? =...=B",
ii. all 5,7, ..., b\" are distinct vertices, so that {\",b\?, ..., b\"} = R(B!"),
iii. all edges D and B\” are heavy.

Then the union of these k configurations is a configuration of Type 2a.

It is possible that D = D for [ # I', but in this case, (since both bfl) and b(l]/) are
colored with j) bil) coincides with some bfl/) such that Bf[/) is distinct from Bil). Thus,
in any case, there are at least k distinct edges among D® and BEZ). On the other hand,
since large configurations of Type la are forbidden, m’ and each of m’'(/) is at most k.
So, the total number of involved edges is at most (k + 1)%. Since we have so few edges, in
calculations we will not care about determined edges, our only concern will be repetitions of
edges.

Given a configuration of Type 2a, let x denote the number of distinct D, Order the
edges of our configuration so that the first edge is B(ll) followed by all of the D, and then
all the other edges. With a given ordering, for all suitable /, let 7:(I) denote the number of
corresponding edges that do not appear earlier in the order. Let M = Zf: L m().

Letp € V(H). Let ® = ¢, (p, (1), ..., Mm(k),x, B") denote the total contribution of
all configurations of Type 2a with the corresponding given parameters containing p such
that p € B)".

We can estimate & as follows:

(8;) The number of candidates for B(ll) containing p is at most t"r.

(8,) The number of partitions of R(B(ll) ) into x non-empty sets is less than k*.

(63) The number of ways to choose for every of the x parts in the partition an edge containing
this class is at most (¢"r—)*, since the number of heavy edges containing any given
vertex is at most "7, These edges will be our edges D, ..., D®,

(84) The number of choices of color j is 7.

(8s) The number of ways to choose for every [ € {1,...,k}, vertices by (I),...,buu () is
atmost [T_, () < (&) < (kr)™.

) = \m
(6¢) By Lemma 7, the number of ways to choose a Bfl) when we know b;(I) € R(Bfl)) is at
most £ %
(87) To estimate the size of such a configuration, recall that in total we have at most
(k 4 1)? edges. Therefore, each edge has at most (k + 1)2b vertices that are common
with any other edge. It follows that the size of each such configuration is at least

r—(k+1)?2b)(1 +x + M).

Hence

(kY (ke M , (r—(k+1)2b) (1 +x+M)
O <tr|—) tkr)
re rlte tir—1)

< k)c+M+M4Mr 1 76X+M7(l+e)Mtr+rx+ 1 +rM7(r7(k+l)2h)(l+x+M) 3 I4+x+M

1 2k2t(k+l)2b ) Ix+M

" 2
— kx+2M4M rl*é(.x+M) tl+(k+l) b(l+x+M)3l+x+M < trl+e ( -
7

The number of different presentations of M in the form M = ZLI m(l) is at most (M “;f_l) <

2M+k=1 Therefore, the total contribution, b2 (p,x, M, Bgl)), of all configurations of Type 2a
with given x and M containing p such that p € B(,D for large r is at most
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12k2t(k+1)2b

2M+k—ltr1+e
7€

1+x+M
) < 2k—xtr1+e—0456(1+x+M).

By construction, M + x > k. Hence, since k > 0.20/¢,
b2(pox, M, B") < 25tr78 = 0(r7).

Since x < k and M < k?, the total contribution of all configurations of Type 2a containing
psuch thatp € Bil) is also o(r~7). The total contribution of all configurations of Type 2a
containing p such that p € D? for some [ is estimated in practically the same steps and
also is o(r~"). The same holds for the total contribution of all configurations of Type 2a
containing p such thatp € B;” for some [ and i. Thus, the total contribution, ¢,,(p), of all
configurations of Type 2a containing p is o(r~°).

2.5.2. Configuration of Type 2b. Let j € {1,2,...,t}. Suppose that there exist k
configurations of Type 1c (for the same j) with edge sets (for/ = 1,...,k)

0 pb (O] O] (O] O] O] O]
{D",BY,....B,),C ,...,Cm(,),AH,...,Alyml(,),...,Am(,)’mmm(,)}
such that Cfl) = sz) =...= Cik) and all cil), Ciz), .. ,cik) are distinct vertices, so that

cgl), cﬁz), R cgk)} = R(C](I)). Then the union of these k configurations is a configuration

of Type 2b. As in configurations of Type lc, some representative vertices can coincide, in
which case the corresponding edges also should coincide.

It is possible that D@ = D® for [ # I', but in this case, (since both cﬁ’) and cﬁl/) are
colored with j) c(l’) coincides with some cfl/) such that Cfl/) is distinct from Cfl). Thus, in any
case, there are at least k distinct edges among D® and C,-(l) . On the other hand, since large
configurations of Type 1c are forbidden, each of m(l), m'(l), m;(l) is at most k. So, the total
number of involved edges is at most k(k + 1).

Given a configuration of Type 2b, let x denote the number of distinct D®. Order the
edges of our configuration so that first is listed the edge C}l), then all D®, then all Bfl) (in
any order), then all C,.([), and then all other edges. With a given ordering, for all suitable i and
1, let m(l),m'(l), and 7;(l) denote the number of corresponding edges that do not appear
earlier in the order. Let M = ZLI (m(l) + n'(l)) and

A

M =
i

m;(1). (16)

k
= 1

1 i=
Letp € V(H). Let
® = o (p ' (1), ..., k), (1), ..., ¢k), A (1), ... i (), . . ., (K, x, C)

denote the total contribution of all configurations of Type 2b with the corresponding
parameters containing p such thatp € C f b,
We can estimate @ as follows:

(x1) The number of candidates for C 1(1) containing p is at most #"r.
(k2) The number of partitions of R(C fl)) into x non-empty sets is less than k*.
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(k3) Thenumber of ways to choose for every of the x parts in the partition an edge containing
this class is at most (#'7~¢)", since every vertex in R(Cfl)) is a low vertex. These edges
will be our edges DV, ..., D®.

(x4) The number of choices of colorj is t.

(k5) The number of ways to choose forevery [l € {1, ..., k}, vertices by (I), . . ., by (I) and
(D), ..., cap () in DY is at most ]_[Ll (,;1(1)4:;%’(1)) (In(l:hT(% (1)).

(k6) By Lemmas 6 and 7, the number of ways to choose a B(l) when we know b;(l) € R (Bfl))
or C() when we know c¢;(l) € R(C( )) is at most = t &

(k7) The number of ways to choose all vertices a; (l) in Uz=1 Ufl:”l) C" that will be colored
with j — 1 is at most (kzr)

(kg) The number of ways to choose an A( ) when we know a;y(l) € R(A(l),) is at most = ’ 4"

(k9) To estimate the size of such a conﬁguratlon recall that in total we have at most
(k + 1)* edges. Therefore, each edge has at most (k + 1)3b vertices that are common

with any other edge. It follows that the size of each such configuration is at least
(r— (k+1°b)(1 +x+ M+ M).

Hence

o<t (k—t>z < r ><ﬁ1(1) +ﬁ1’(1)> <k2r> <4kﬂ)M+M
<tr 7€ E m(l) + /(1) (1) M i

, (r—k+1)3b) 1 +x+M+51)
(t(r - 1)) '

. 3 0 V
Since (ﬁ)(r—(k+l) b)(1+x+M+M) < 3l+x+M+M and

k o A~ 2 .
1—[ < > <m(l)A+ m (1)) (kA”> <M 2y,
m(l) + v (D) ' (1) M

=1
we have

N oo A o 3 N N
) < kX+M+3M 4M+Mr1 X€ e(M+M)tr+rx+1+r(M+M) (r—(k+1) b)(1+X+M+M)31+X+M+M

I+x+M+M
N X X 5 . 124310+
— kx+M+3M 4M+Mrl—5(x+M+M)(3t(k+l)‘b)l+x+M+M < rl+5 .
rE
The last bound does not depend on values of m(/), ' (1), and m;(l), but only on X M, and

M'. The number of different presentations of M in the form M = Z, L) +m' (1)) is at
M+2k— l)
M

(16) is at most the number of different presentations of M as a sum of at most k> nonnegative
summands, which is at most

2 A 2 o~ 5

q=1 q q=1 q

most ( 2M+2k=1_GSimilarly, the number of different presentations of M in the form

Random Structures and Algorithms DOI 10.1002/rsa



COLORING UNIFORM HYPERGRAPHS WITH FEW EDGES 363

Therefore, the total contribution, ¢y, (p, x, M, M s C}l)), of all configurations of Type 2b with
given x, M, and M containing p such that p C{l)

3,0\ lHx+M+M 3,0\ lHx+M+M
2 124340 > 12631 4+0%
2M+2k71 2k +M r1+€ ( < 2(k+1) r1+5

1s at most

rE rE

For large r, this does not exceed DUHD? plte—05e(lx M+ Ag observed earlier, x+M > k >
20/€. Thus for large 7, ¢, (p, x, M, M,C") = o(r~®). Since x < k, M < 2k*, and M < k°,
the total contribution, of all configurations of Type 2b containing p such that p € C ,(1) is
also o(r~?). Similarly, to the argument for configurations of Type Ic, the total contribution,
of all configurations of Type 2b containing p such that p € D(l), or p € B;(l), or p € C;(]),
or p € A;#(I) does not exceed the obtained bound more than r* times. Thus for large r, the
total contribution, ¢, (p), of all configurations of Type 2b containing p is o(r~%).

3. LOWER BOUNDS ON THE NUMBER OF EDGES

3.1. Trimming

To get lower bound on the number of edges in an r-uniform (¢ 4+ 1)-chromatic simple
hypergraph, Erd6s and Lovasz [2] applied a simple but quite useful technique of trimming.
A trimming of a hypergraph H is the hypergraph F'(H) obtained from H by deleting from
each edge a vertex of maximum possible degree. Trimming has two useful properties: (a)
if H is not z-colorable, then F(H) also is; and (b) if H is simple and F(H) has a vertex of
degree at least d, then H has at least d + 1 vertices of degree at least d. We will somewhat
elaborate upon the notion of trimming.

For positive integers x and D, an edge A of a hypergraph H is (x, D)-heavy, if at least
x vertices in A have degree at least D in H. An (x, D)-trimming of a hypergraph H is the
hypergraph F, p () obtained from H in two steps: first choose in each edge A a vertex a(A)
that is contained in the most (x, D)-heavy edges; then replace each edge A with A — a(A).
The ordinary trimming above can be considered as a (1, 1)-trimming.

Let F )E"L',) (H) denote the hypergraph obtained from H by applying (x, D)-trimming m
times.

Lemmas8. Letb,x,y,d,s, and D be positive integers and H be a hypergraph.

a. If H is b-simple, F ;,bl))(H) has a vertex that belongs to at least d (x, D)-heavy edges
and 'H has y vertices that belong to at least d (x, D)-heavy edges each, then (2) >d.

b. If 'H has girth at least 2s + 1, b < s, and F’ S’g(H) has a vertex that belongs to at least
d (x, D)-heavy edges, then H has at least (d — 1)” vertices at distance exactly b from
v that belong to at least d (x, D)-heavy edges each.

Proof. For convenience, denote F;?,;(H) = H. By definition, every edge A € E(H)
contains distinct vertices aV (A), ...,a® (A) such that fori = 1, ..., b,

E(F,(H) ={A — {aVA),...,a"(A)}: A € E(H)}

and vertex a'” (A) is contained in the most of (x, D)-heavy edges of the hypergraph F }Ef;l) (H)
among the vertices in A"V := A — {aV(A),...,a""P(A)}.
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Suppose that H is b-simple and v is a vertex in F’ i?,(H) that belongs to at least d (x, D)-
heavy edges. Suppose that the edges A(lb), . ,Af,b ) of F, S’,))(H) contain v. By the definition of
(x, D)-trimming, each of the vertices a®” (A)), . ..,a® (A,) is contained in at least d (x, D)-
heavy edges in F)Ef’g Y(H) (otherwise, v would be the corresponding a® (A;)). Similarly,
each of the vertices a® V(A)),...,a% " (4,) is contained in at least d (x, D)-heavy edges
in F;ij_z) (H), and so on.

Let Y be the set of vertices in H that are contained in at least d (x, D)-heavy edges. By the
previous paragraph, each of the vertices a¥’ (A;) fori = 1,...,dandj = 1,...,bisin Y. Ver-
ticesa’”’ (A;) and a/” (A;) may coincide for distincti and 7/, but the sets {a P (4;), . . ., a® (A;)}
should be distinct for distinct i, since H is b-simple. Thus, the number of b-element subsets
of Y is at least d. This proves (a).

Suppose now that the girth of H is at least 2s+ 1,5 < s, and v is a vertex in F X(b[), (H) that
belongs to at least d (x, D)-heavy edges. Suppose that the edges AY e ,Ailb) of F X(f’[),(H)
contain v. As above, each of the vertices a®(4,),...,a®(4,) is contained in at least
d (x,D)-heavy edges in F ;{’,;”(H). Moreover, since the girth of H is at least three, all
a®(A)),...,a"” (A,) are distinct and each of them is a neighbor of v. Thus, each of a® (A;)
is contalned in some d (x, D)-heavy edges A(b 1) . ,Afz_l). If b = 1, then we are done.

Suppose b > 2. Then the girth of H is at least ﬁve and for each 1 < i < d, exactly one
edge among A,(.’bf'), ... ,Afi{l) (namely, A,(-b)) contains v, and all others are almost disjoint
amongst them and are disjoint from all other A;ﬁ_l), e ,A;Z_l) for j # i. It follows that for

all i,i, = 1,...,d such that Afb ,2” o A(b) all vertices a(”")(AG'*')) are distinct and each

such a®~ ')(A(b I)) belongs to at least d (x D)-heavy edges Afflzz)l, . ,Afb 12231 in F'% ()
and is at dlstance 2 from v in ‘H. In particular, there are at least d(d — 1) of them. Again,
if b = 2, then we are done. Otherwise the girth of H is at least seven and for all triples
(i1, iz, i3) such that Al(f’ ,221)3 # Aff’ l;), the sets Aff’ 52233 —a®" 1)(A(b l)) are disjoint from each
other and from all edges (ji, j»,/3) for (ji,j2) # (i1, ).

Continuing in this way, finally, we construct d(d — 1)*~! dlstmct vertlces aV (A iy i)
such that each of them belongs to at least d (x, D)-heavy edges in F’ X’ D (’H) and is at distance

exactly b from v. .

3.2. Size of (t + 1)-Chromatic b-Simple Hypergraphs

Theorem 9. Let t and b be positive integers, € > 0, and r be sufficiently large in
comparison with t,b, and €. Let H be a (t + 1)-chromatic r-uniform b-simple hypergraph.
Then H has at least t'1+/Dr=¢ edges.

Proof. Letx = [(r—b)/2] and D = [#'~*/r/*]. Let H, = F\") (). By construction, H,
is (r — b)-uniform and b-simple. Since H is not #-colorable, H1 is also not #-colorable. So,
by Theorem 4, either

i. H, has a vertex of degree at least " ~*(r — b), or
ii. 'H; has a vertex contained in at least D (x, D)-heavy edges.

If (i) holds, then by Lemma 8(a), 7{ has at least (#'~*(r — b))'/® vertices of degree at least
t"~?(r — b). Hence the number of edges in H is at least

l(trfh(r _ b))1+l/h > tr(l+l/b).
, =
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Suppose now that (ii) holds. Let Y be the set of vertices of degree at least D in H;. Each
(x, D)-heavy edge containing v intersects ¥ — v in at least x — 1 vertices. No b-tuple of
vertices of Y — v is contained in more than one edge containing v. Therefore,

|Y| x—1
>D .
b )~ b
For large r, this implies |Y|” > D(r/3), so that the number of edges in H, is at least

_p~ 1+1/b
1D1+1/b£ Zl ' > 410 =
r 37 3\ re3

3.3. Size of (t + 1)-Chromatic Hypergraphs of Girth 2s + 1 and 2s + 2

Theorem 10. Let t and s be positive integers, € > 0, and r be sufficiently large in
comparison with t, s, and €. Let H be a (t + 1)-chromatic r-uniform hypergraph of girth
at least 2s + 1. Then H has at least t"'*r=¢ edges. Moreover; if the girth of H is at least
25 + 2, then H has at least t"179r'=¢ edges.

Proof. Letx = [(r —2s+ 1)/2] and D = [#~2%!/r¥/%]. Let H, = F}"}(H) and H, =
F ;fg” (H1). By construction, H, is (r — 2s + 1)-uniform. Since H is not ¢-colorable, H, is
also not #-colorable. So, by Theorem 4, either

i. 'H, has a vertex of degree at least " ~>*!(r — 25 + 1), or
ii. H, has a vertex contained in at least D (x, D)-heavy edges.

If (i) holds, then H; also has a vertex of degree at least ' ~**!(r — 25 + 1). By Lemma
8(b), H has at least (+"~%*+!(r — 25 + 1) — 1)* vertices of degree at least =% (r — 25 + 1).
Hence, the number of edges in 7 is at least

Lo, o , :
_(t)—23+l(r — 25+ 1) _ 1)1+3 > tr(H—s)r.
r

Suppose now that (ii) holds. By Lemma 8(b), H, contains a set F (s, v) of atleast (D—1)*~"
vertices at distance exactly s — 1 from v such that each of them is contained in at least D
(x, D)-heavy edges. Since the girth of H, is at least 2s + 1, each u € F(s,v) is contained in
exactly one edge M (1) on the unique shortest path from u to v. Also, if for u € F(s,v) an
edge A(u) # M (u) meets or coincides with any edge containing any vertex w at distance at
most s — 1 from v, then H,; contains a cycle of length at most 2s, a contradiction.

Thus, we have a set F'(s, v) of at least (D — 1)* (x, D)-heavy edges such that each edge
in F'(s, v) contains exactly one of our (D — 1)*~! special vertices at distance s — 1 from v
and no other vertices at distance at most s — 1 from v. This means that each of the edges in
F’(s,v) contains at least x — 1 vertices of degree at least D that do not belong to any other
edge in F'(s,v). Since x is about /2 and r is much larger than s and ¢, it follows that the
number of edges in H, is at least

1 " 1 " 1 /2t I+s (49
_ D _ 1 K _ 1 > _Ds > _ > tr +s 76'
r( TG )_3 _3<r€/3s> - "
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This proves the statement for girth 2s 4 1.

Suppose that the girth of H is at least 2s + 2. It (i) holds, then the statement is already
proved above. Suppose that (ii) holds. Then we construct F’(s, v) exactly as in the previous
paragraph. Consider an edge A € F'(s,v) and any vertex z € A of degree at least D that
does not belong to other edges in F'(s, v). If any of the at least D — 1 distinct from A edges
containing z contains also a vertex from any other edge in F'(s, v), then H has a cycle of
length 2s 4 1 or less. Thus, all these edges are distinct and the total number of them is at
least

tr72s+1 I+s
|F/(S,V)|()C —HDd-1 > gDsH > g (T) > gt d—e
rE N

4. UPPER BOUND ON f(r, t, b)

The Erdés—Lovasz bound (1) can be easily extended to b-simple hypergraphs as follows.

Theorem 11. Ifb > 1 and t > 2 are fixed and r is sufficiently large, then
F(r,t,b) < 107221 r?)O+D/e,

Proof.  We follow the lines of the proof of Theorem 1" in [2] by Erdés and Lovasz.
Let

n=[41Qr )P and  mo=dnet ~ 82 Q) D, a7

We let 'H, be the edgeless hypergraph with |V(Hy)| = tn and for i = 1,...,m will
obtain H; from H;_; by adding an edge e; so that

a. H; remains b-simple and
b. x; < (1 — 1/4¢")x;_,, where x; is the number of n-element subsets of V(Hy) = V(H;)
not containing edges of H,.

As in [2], if we manage (a) and (b) until i = m, then

1 m t 1 an7+1 (l ),, e\
n e e
: —x°< 4,,) (n)( 4ﬂ> = e (e) -

Suppose that (a) and (b) hold fori = 0, 1,...,j. Let S be an n-element subset of V(H,)
not containing any edge of H;. If an r-tuple R C S cannot be added to H; because (a) would
fail, then R has b + 1 elements in common with some ¢;, i < j. The number of such R C §
is at most

r n—>b—1 mrb+] n rb+1 er(b+1) n
j < = .
J(b + 1) <r —b- 1) = b+ 1) (r> (n— by (b+ Dl(n — b+ (r)

By (17), for fixed b and ¢ and for large r, we have

2(b+1) 2(b+1) 2(b+1)
r rp1 2r r+1 2r < l
) —2°

<4 - < I —
PO D=k =T G Dbt T (A2 20
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It follows that every n-element S C V (H;) not containing any edge of H; contains at least
0.5(’;) candidates for e;,. Therefore, some r-element subset ¢, of V(H;) is a candidate

for at least
% -0.5 n\ [t 712xjn(n—l)~-~(n—r+l).
r)\r 2(tn)"

n-element subsets of V(H;) not containing any edge of H;. Since n > 8r?,

xinn—1)---(n—r+1) >ﬁ(n—r—|—l>’>ﬁ

2(tn)" ~ 2t n — 4

Thus, if we choose this ¢e;,, then (a) and (b) hold for i =j + 1. .

5. COMMENTS

1. Although all b, ¢, s, and € are considered fixed, they also can be viewed as very slowly
growing functions of r. For example, it is possible to consider € = cloﬁfg"ﬁ;’f’ for a small
positive constant c.

2. Condition (7) in the definition of (z, €)-sparse r-uniform hypergraphs can be weakened
by any polynomial factor of r. The problem in sharpening our results is in (8).

3. The proofs of Theorems 4 and 3 and inequalities (4) and (5) can be adapted to list
coloring. In particular, the following statement holds (and implies the other results).

Theorem 12. [fb > 1,t > 2, and € > 0 are fixed and r is sufficiently large, then every
r-uniform b-simple (t, €)-sparse hypergraph 'H is list t-colorable.

We start from a random coloring f° of vertices of { where each vertex v is colored with
a color f(v) uniformly at random chosen from its list List(v) independently from all other
vertices. To adapt the proof of Theorem 4, for each vertex v € V(H), fix any bijection
v, of the list List(v) onto itself with v, (o) # o for each o € List(v). In all recolorings

(. @ (@) e (F(FE) o )D

0G0

B| © o B ' 2 2, ® Color )
g g Cil o o | Ca
&) (o]
o o o) o
S S

A, (o-ooo\o_*oD ([- Q]ooo-o)
A'm.{ooooo@ﬂ) o Ay

N Ny
Fig. 4. Configuration of Type 1 for list colorings.
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during the proof, each vertex v of color j will be tried to be recolored (if at all) into the
color v, (j) (instead of color j + 1, as it was in the proof in Section 2). So, the Configuration
of Type 1 in Fig. 1 will look more like in Fig. 4. In this picture, if the “main color” of
the edge D is j, then f(v) = v,'(), f(2) = v (), fF®) = v, (F@) = v, W (),
FO) = v, (f(2)) = v, (v7(j)), and s0 on. So, the colors of vertices v and z (likewise, of
x and y) can be different, but the structure remains the same, and for each vertex, only one
color is “dangerous” for the configuration. Similarly, we define the other configurations.
After these definitions and before any recoloring is done, all the calculations will be the
same as in Section 2, and the result follows.
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