S@©MR ISSN 1813-3304

CUBUPCKUNE SJIEKTPOHHDBIE
MATEMATUYECKUE USBECTUA

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Tom 6, ecmp. 465-504 (2009) VIK 519.172.2
MSC 05C69, 05C40, 05C35

A NEW BOUND ON THE DOMINATION NUMBER OF CONNECTED CUBIC
GRAPHS

A.V. KOSTOCHKA, C.STOCKER

ABSTRACT. In 1996, Reed proved that the domination number, v(G), of every n-vertex graph G
with minimum degree at least 3 is at most 3n/8. This bound is sharp for cubic graphs if there is no
restriction on connectivity. In this paper, improving an upper bound by Kostochka and Stodolsky
we show that for n > 8 the domination number of every n-vertex cubic connected graph is at most
|5n/14]. This bound is sharp for even 8 < n < 18.
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1. INTRODUCTION

A set A of vertices in a graph G dominates itself and the vertices at distance one from it. If a set A
dominates all vertices of G, then it is called dominating in G. The domination number, v(G), of a graph G
is the minimum size of a dominating set in G.

Naturally, graphs G with high minimum degree, 6(G), have small domination number. Ore [8] proved
that v(G) < n/2 for every n-vertex graph without isolated vertices (i.e., with 6(G) > 1). Blank [1] proved
that v(G) < 2n/5 for every n-vertex graph with 6(G) > 2 if n > 8. Reed [10] proved that v(G) < 3n/8 for
every n-vertex graph with 6(G) > 3. All these bounds are sharp. Reed [10] conjectured that the domination
number of each connected 3-regular (cubic) n-vertex graph is at most [n/3]. Kostochka and Stodolsky [5]

disproved this conjecture. They proved:

Theorem 1. [5] There is a sequence {Gr};2, of cubic connected graphs such that for every k, |V (Gy)| = 46k

G
and v(Gy) > 16k, and thus \‘Z((GZ))I > % — % + &
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Kelmans [4] elaborated new examples giving stronger lower bounds on the domination number of cubic

connected graphs:

Theorem 2. [4] There is a sequence {G1}3, of cubic 2-connected graphs such that for every k, |V (Gy)| =

60k and v(Gy) > 21k, and thus &((g’;))‘ > % &.

He also provided an example of a 54-vertex connected cubic graph L with v(L) =19 = (3 + 2;) [V(L)].
On the other hand, Kostochka and Stodolsky [6] improved Reed’s upper bound of 3n/8 for connected
cubic graphs:

Theorem 3. [6] Let n > 8. If G is a connected cubic n-vertex graph, then

4dn 1 1
G <—=|z+—=]|n
1@ < 37 (3+33>"
The aim of this paper is to improve the bound of Theorem 3. Our main result is:

Theorem 4. Let n > 8. If G is a connected cubic n-vertex graph, then

on 1 1
V(G)Sﬂz (3-1-42>n.

The bound L?—ZJ is sharp for 8 < n < 18. For example, a 3-connected cubic 14-vertex hamiltonian graph
G with v(G) = 5 is presented in [2].

Our proofs exploit the ideas and techniques of Reed’s seminal paper [10] and of [6]. We modify and
elaborate the technique of [6] substantially. In the next section, we describe the setup of the Reed’s paper [10]
with some small changes and the procedure of constructing a dominating set. In the same section we state
the basic lemmas that we will prove later. In Section 3, we describe a discharging that proves the bound

modulo basic lemmas. In the next three sections we prove the basic lemmas.

2. THE SETUP

We use standard notation. In particular, for a vertex v in a graph G, N(v) denotes the set of neighbors
of v.

We elaborate and extend the proof in [6]. A vdp-cover of a graph G is a covering of V(G) by vertex-
disjoint paths. The order, |P|, of a path P is the number of its vertices. For i € {0,1,2}, a path P is an
i-path, if |[P| =4 ( mod 3). If P is a path, € V(P) and P — x consists of an i-path and a j-path, then z
is called an (i, j)-vertex of P.

Let G be a connected cubic graph and S be a vdp-cover of G. An endpoint = of a path P € S is an
out-endpoint if x has a neighbor outside of P. An endpoint x of a 2-path P € S is a (2,2)-endpoint if x is
not an out-endpoint and is adjacent to a (2,2)-vertex of P. By S; we denote the set of i-paths in S.

A vdp-cover S of G is optimal if
R1) 2|S1| + |S2| is minimized;
R2) Subject to

)

) R1), |S2| is minimized,;
R3) Subject to

)

)

R1) and (R2), >_pcg, |P| is minimized;
R1)-(R3), > pcg, [P| is minimized;
R1)-(R4), the total number of out-endpoints of all paths in S is maximized;

R4) Subject to
R5) Subject to
R6) Subject to (R1)—(R5), the total number of (2,2)-endpoints of all 2-paths in S is maximized.

It turns out that optimal vdp-covers possess several useful properties. The next lemma is Lemma 1 in [6].
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Lemma 1. Suppose that an out-endpoint x of a 1-path or a 2-path P; in an optimal vdp-cover S is adjacent
to a vertex y € Pj, where j # i. Let P; = PjyP;'. Then

(B1) P; is not a 1-path;

(B2) If P; is a O-path, then both P; and P} are 1-paths;

(B3) If P; is a 2-path, then both P} and P} are 2-paths;

(B4) If P; is a 2-path and z is the common endpoint of P; and P, then each neighbor of z on P;j" should be
a (2,2)-vertex.

Properties (B3), (R1), (R2) and (R3) yield the following fact.

Lemma 2. If a path (vy,...,vs) in an optimal vdp-cover S has chord vivy (see Fig. 1a), or chord vivs, then

none of its vertices is adjacent to an end vertex of another path in S.
We also will use the following result.
Theorem 5. [2] If G is a hamiltonian cubic (3k 4+ 1)-vertex graph, then v(G) < k.

A path P in a vdp-cover S is a special path of type 1 (respectively, of type 2), if P has 35 vertices
(respectively, 38 vertices) and none of the hamiltonian paths on V(P) has an out-endpoint or a (2,2)-
endpoint. A special vertexr in a special path P is a vertex at distance 17 in P from some of its end. By
definition, each special path of type 1 has exactly one special vertex (its center), and each special path of
type 2 has two special vertices (at distance 3 from each other). A special path P in a vdp-cover S will be
called very special if there exists a path P; in S whose end-vertex is adjacent to the special vertices of at
least two special paths one of which is P. The other special paths in the definition of a very special path are,
by definition, also very special.

Now we essentially repeat construction in [6] of a dominating set with some modifications. Let S be an
optimal vdp-cover.

(C1) If a 1-path P € S has no dominating set of size at most (|P|—1)/3, but has an out-endpoint, choose
a vertex y ¢ V(P) which is a neighbor of an out-endpoint z(P) of P. Call this y ¢ V(P) an acceptor for P.
If 2(P) or the other endvertex of P has an outneighbor that is not a special vertex of a special path, then
let the acceptor of P be not the special vertex of a special path. Furthermore, if there is a choice between
special paths of type 1 and type 2, then we choose the acceptor in a path of type 2. In particular, if |P| = 4
and G[V(P)] is a 4-cycle, then we choose, if possible, an outneighbor of V(P) that is not a special vertex of
a special path.

(C2) Say that a path P € S with |P| = 5 forms a 6-subgraph, if for some hamiltonian path on P, the center
vertex, x’ is adjacent to an endpoint of the path (see Fig 1.b) and the other end of P has an outneighbor.
For each P forming a §-subgraph, choose an outneighbor of  and call it an acceptor for P. If GV (P)] is the
5-cycle, then choose as acceptors the outneighbors of two adjacent vertices of G[V(P)]. If G[V(P)] is Ka.3,
then choose as acceptors the outneighbors of two vertices of degree two in G[V(P)]. In all cases, if there is a
choice, we try to minimize the number of acceptors that are special vertices of special paths.

(C3) Let P € S be a 2-path not described in (C2). If either P has two out-endpoints, or |P| < 11 and P
has one out-endpoint, then for each of the out-endpoints of P, choose a neighbor outside P and designate it
as an acceptor corresponding to that endpoint. If possible, choose the acceptors that are not special vertices
of special paths.

Call a path accepting if at least one of its vertices was designated as an acceptor.
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FIGURE 1

(C4) Construct a family A C S of 2-paths as follows. Initially, let A be the set of accepting 2-paths in S.
While there is any out-endpoint z of a path in A for which we have not already chosen an acceptor (because
the path has only one out-endpoint), choose a neighbor y of 2 in G — P and designate it as an acceptor for
x. Moreover, if we can choose an acceptor that is not a special vertex of a special path, we do not choose
a special vertex. If we have choice between special vertices of special paths of type 1 and type 2, then we
choose the vertex in a special path of type 2. If y is on a previously non-accepting 2-path P’, then add
P’ to A. Continue this process until there is an acceptor for every out-endpoint in A. In addition, for each
(2,2)-endpoint = of each path P in A, designate a (2,2)-vertex y adjacent to x as an in-acceptor for x.

(C5) When we finish the procedure above, we look at special paths again. If a special vertex y of a special
path P € S was designated as the acceptor for a path P; with an endvertex x; adjacent to y and some other
vertex of P also is an acceptor, then we leave the situation as it is. If y is the only acceptor in P and z; has
an outneighbor ¥’ in a path that has other acceptors, then we redesignate the y’ as the acceptor for x; (and
Py). Moreover, if P; is a path with 4 vertices, and G[P;] is a 4-cycle, then we choose y as an acceptor only
if each other outneighbor of this 4-cycle also is a special vertex of a special path and no other vertices on
all these paths are acceptors. If P; is a path with 5 vertices, and G[P1] is a 5-cycle or Ky 3, then we also, if

possible switch to an acceptor in a path that contains another acceptor.

Each accepting 2-path P € S can be written in the form P, P, P3;, where P, and P3; are both 1-paths
containing no acceptors (including in-acceptors) and are maximal with this property. By (B3), the second
and the penultimate vertices of P, are acceptors. The paths P, and P5 are called tips of P, and P is the
central path of P. Now a dominating set D is defined as follows.

(C6) For each O-path P € S, every (1, 1)-vertex of P is included in D.

(C7) For each accepting 2-path P € S, every (2,2)-vertex of P that is in the central path of P is included
in D.

(C8) Let P € S be a l-path. If G[P] has a dominating set D’ with |D’| < ||P|/3], then we include D’
into D. If no such set exists and P has an out-endpoint, then P has an out-endpoint, say x(P), adjacent to
the acceptor of P. In this case, choose some ||P|/3] vertices that dominate all vertices of P except for x(P),
and include these ||P|/3] vertices in D.

(C9) For each non-accepting 2-path in S on 5 vertices that forms a d-subgraph, include vertex =’ from
the definition of d-subgraphs into D. If G[V(P)] is K23, then include into D the vertex of degree two in



A NEW BOUND ON THE DOMINATION NUMBER OF CONNECTED CUBIC GRAPHS 469

G[V (P)] that is not adjacent to the acceptors of P. If G[V(P)] = Cj, then include into D the vertex not
adjacent to the two vertices adjacent with the acceptors of P.

(C10) For each other non-accepting 2-path P € S in which each of the ends is either an out-endpoint or
a (2,2)-endpoint, include in D all (2, 2)-vertices of P. Note that there are ||P|/3] of them and these (2,2)-
vertices dominate all vertices of P except possibly for the out-endpoints of P. If a non-accepting 2-path
P € S has exactly one out-endpoint z and |P| < 11, then include into D a smallest subset of V(P) that
dominates V(P) — .

(C11) Let P € S be a 1-path, or a non-accepting 2-path with no out-endpoints, or a non-accepting 2-path
with exactly one out-endpoint and |P| > 14. Choose a smallest dominating set in G[V(P)] and include it in
D. Note that in any case, this set has at most [|P|/3] vertices.

(C12) Let P; be a tip of an accepting 2-path P € S and z be the common end of P and P;. If z is an
out-endpoint or a (2, 2)-endpoint, then include in D all (2, 2)-vertices of P that are in P;. There are ||P;|/3]
of them and these (2,2)-vertices dominate all vertices of P, except for x (which is dominated by a vertex
already included in D by (C6) or (CT7)). If x is neither an out-endpoint nor a (2,2)-endpoint, then include
in D a smallest dominating set in the subgraph of G induced by P;. Similarly to (C11), this set has at most
[|P1]/3] vertices.

(C13) An exceptional path is a non-accepting 2-path P € S such that
(i) both ends of P are out-endpoints and P does not form a é-subgraph,
(ii) the acceptors of both ends are vertices of 2-paths P’ = PP, P} and P”
(if) |P{] = 16, |P4] > 16, |P{| > 16, and |P}| > 16,
(
(

= P/’ P} P{ with no outneighbors,
iv) paths P’ and P” do not contain other acceptors, |Pj| = |Py| = 3, and
v) according to (C12), [IDNV(P')| = (|P'|+4)/3 and [DNV(P")| = (|P"| +4)/3.

The paths P’ and P” in the definition of an exceptional path P are called dependants of P.

For every exceptional path, we replace the ||P|/3] vertices of D in P (they dominated P apart from the
endpoints) by a set of size 1+ ||P|/3]| dominating all vertices of P, but replace the (|P’|+4)/3+ (|P"|+4)/3
vertices of D in P’ UP" by (|P'| +1)/3 + (|P"”| + 1)/3 vertices dominating V (P" U P").

This finishes the definition of D.

By construction (see [10, P. 283]), the set D is dominating. We will prove that |D| < 5|V(G)|/14 if
|[V(G)] > 8 and G is connected. Note that a path P (or P;) can contribute to D more than |P|/3 (or |P1|/3)
vertices only in cases (C11), (C12) or (C13). Thus the following lemmas will be helpful (and are extensions
of Lemmas 2, 3, and 4 in [6]).

Lemma 3. If a 1-path P in an optimal vdp-cover is such that each of the hamiltonian paths in G[V (P)]
has no out-endpoints, then either some (|P| — 1)/3 vertices dominate all vertices of P or P has at least 28

vertices.

Lemma 4. If a 2-path P in an optimal vdp-cover is such that each of the hamiltonian paths in G[V (P)]
has at most one out-endpoint, then either some (|P| — 2)/3 vertices dominate all vertices of P apart from an

out-endpoint or P has at least 14 vertices.

Lemma 5. Let P; = (x1,...,2) be a tip of an accepting 2-path P in an optimal vdp-cover. Let X (Py) be
the set of the hamiltonian paths in G[V (Py)] one of whose ends is x. If none of the other ends of any path
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in X(P1) is an out-endpoint of P or a (2,2)-endpoint, then either some (k —1)/3 vertices dominate V (Py),
or k> 16.

In the next section, we will use discharging in order to prove our upper bound on |D| provided that

Lemmas 3, 4 and 5 hold. In the subsequent sections we prove these lemmas.

3. DISCHARGING

Consider the following discharging. Initially, every vertex in D has charge 1 and every other vertex of G
has charge 0, so the total sum of charges is |D|. We will change the charges of vertices in such a way that
(a) the sum of charges does not decrease, and
(b) the charge of every vertex becomes at most 5/14.

The properties (a) and (b) together imply that |D| < 5|V(G)|/14. We do the discharging in several steps
and at every step check that the charge of each so far involved vertex is not greater than 5/14.

Step 1: For each 0-path P, every (1, 1)-vertex of P gives 1/3 of its charge to either of the two neighbors
on P. After this step, each vertex of each 0-path P has charge 1/3.

Step 2: For each accepting 2-path P, every (2,2)-vertex of P that is in the central path of P gives 1/3
of its charge to either of the two neighbors on P. After this step, each vertex in the central path of each
accepting 2-path P has charge 1/3.

Step 3: If P is a 1-path and D N V(P) dominates all vertices in P, then we distribute the charges of
vertices in D N V(P) evenly among vertices in P. If |D NV (P)| < [|P|/3], then each vertex of P will
have charge less than 1/3. If |[D NV (P)| > [|P|/3], then, by (C8) and (C11), P has no out-endpoints and
|DNV(P)| = (|P|+ 2)/3. Furthermore, by Lemma 3, |P| > 28 and hence the charge of each vertex will be
at most %—i—ﬁg%—&—ﬁ:%.

Step 4: If P is a 1-path and D N V(P) does not dominate all vertices in P, then by (C8) and (C11), P
has an out-endpoint, say z(P), adjacent to the acceptor of P. Distribute the charges of the ||P|/3] vertices
of D in V(P) evenly among the vertices in V(P) — {z(P)}. After this step, the vertex x(P) has charge 0
and every other vertex of P has charge 1/3.

Step 5: Let P be a non-accepting and non-exceptional 2-path that does not form a d-subgraph and in
which each of the ends is either an out-endpoint or a (2,2)-endpoint. Distribute the charges of the ||P|/3]
vertices of D in V(P) evenly among the internal vertices of P. After this step, either of the ends of P has
charge 0 and every other vertex of P has charge 1/3.

Step 6: For each 2-path P on 5 vertices forming a §-subgraph, the only vertex 2’ of P in D gives 1/4 to
each of its neighbors. After this step, the out-endpoint x of P has charge 0 and every other vertex of P has
charge 1/4.

Step 7: Let P be a non-accepting 2-path with at most one out-endpoint that does not form a J-subgraph.
Since P has at most one out-endpoint, it is not exceptional. If |V (P)| > 14 or P has no out-endpoints, then
similarly to Step 3, distribute the charges of the vertices in D N V(P) evenly among the vertices of P. In
this case, if |V(P)| < 14, then by Lemma 4, |D N V(P)| < |V(P)|/3, and each vertex of P will have charge
less than 1/3. If |V (P)| > 14, then

[DAV(P) < (V(P)|+1)/3= 1+ 1/[V(P))IV(P)|/3 < (1+1/14)|V(P)|/3 = 5|V (P)[/14,

and, hence, each vertex of P has charge at most 5/14. Suppose now that |V (P)| < 11 and P has exactly one
out-endpoint z(P). Distribute the charges of the vertices in DNV (P) evenly among the vertices of P—x(P).
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By (C10) and Lemma 4, |[DNV(P)| < (|JV(P)| — 2)/3, and so each vertex of P — z(P) has the charge less
than 1/3, and z(P) has charge 0.

Step 8: Let P be an exceptional path and P’ and P” be its dependants. By the definition of exceptional
paths, P is non-accepting, and P’ and P” contain acceptors only for P. Distribute the charges of the
vertices in D N (V(P) U V(P") U V(P")) evenly among vertices in V(P) U V(P’) U V(P”). Recall that
V(P)UV(P)UV(P")| > 2+ 35+ 35 =T72. By (C13),

V(P)|+ V()| + V(P
3

Hence, the charge of each vertex in V(P)U V(P) UV (P") is at most 1/3+1/72 =25/72 < 5/14.

Step 9: Let P, be a tip of an accepting 2-path P such that the common end, z(P;), of P and P is either
an out-endpoint or a (2,2)-endpoint of P. Distribute the charges of the ||Pi|/3] vertices of D in V(P;)
evenly among the vertices of P; apart from x(Py). After this step, z(P;) has charge 0 and each other vertex
of P, has charge 1/3.

Step 10: Let P, be a tip of an accepting 2-path P such that the common end, z(P;), of P and P; is

neither an out-endpoint nor a (2, 2)-endpoint of P, and the central path of P has more than 3 vertices. Since

|IDN(V(P)UV(P)UV(P"))| = + 1.

the central path of P has more than 3 vertices, P is not a dependant of an exceptional path. Suppose that
Po=(x1...2x), Po=(y1-.-Ym), and P3 = (21...2), so that P = (x1...2y1 ... Ymz1 ... 2). Recall that,
by definition, y» is an acceptor for an out-endpoint 3’ of a path or for y’ = z; if z; is a (2, 2)-endpoint. Recall
also that so far all out-endpoints and (2, 2)-endpoints of non-exceptional paths had charges equal to 0. If
|[V(P1)| > 16, then we distribute the charges of at most (|V(P1)| + 2)/3 vertices of D NV (P;) as follows:
each vertex of P, gets 5/14, then we add 1/42 to the charge of each of y1,y> and y3 and give 3/14 to the
vertex y' whose acceptor is y;. The total charge that the vertices of Py U {y1,y2,y3,y’'} get at this step is
5|P;|/14+3/42+ 3/14 which is at least (|V(Py)|+2)/3 when |P;| > 16. Each of y1,y2 and y3 had charge 1/3
after Step 2 and for each of them the charge changed to 5/14. Note that, since m > 3, the vertices y1, y2, ys3,
and 3’ will not get any charge from the tip Ps.

If |[V(Py)| < 16, then since () is not an out-endpoint, by Lemma 5, |[DNV(Py)| < |V(P1)|/3, and after
distributing the charges of vertices of D N V(P;) evenly among vertices of P, each vertex of P; will have
charge less than 1/3.

Step 11: Let P be an accepting 2-path such that exactly one endpoint of P is an out-endpoint or a
(2,2)-endpoint, and the central path of P has exactly 3 vertices. By definition, P is not a dependant of
an exceptional path. Suppose that P, = (z1...2%), P = (y1y2y3), and P3 = (21...%), so that P =
(z1...2xY1Y2Y321 - - - 21). We may assume that x; is neither an out-endpoint nor a (2, 2)-endpoint of P. By
definition, ys is an acceptor for an out-endpoint 4’ of a path P’ or for y' = z; if 2; is a (2, 2)-endpoint. Since
z; is either a (2, 2)-endpoint or an out-endpoint of P, the charges of vertices in P; were defined at Step 9 (if
the acceptor of z; is on a 2-path, then the charge of z; could be changed at Step 10 or Step 11). We define
the charges of vertices in Py, P, and the charge of ' exactly as at Step 10.

Step 12: Let P be an accepting 2-path such that each of the endpoints of P is neither an out-endpoint
nor a (2,2)-endpoint, the central path of P has exactly 3 vertices, and |D NV (P)| < (JV(P)| +1)/3. By
Lemma 5, |P| > 16. Hence, after distributing the charges of vertices of D NV (P) evenly among all vertices
of P, each vertex of P will have charge at most

V(P)|+1 1 1

ks L _ 5
BIV(P) 3 3[V(P)

1
< — — .
=3t <1
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Step 13: Let P be an accepting 2-path such that each of the endpoints of P is neither an out-endpoint
nor a (2, 2)-endpoint, the central path of P has exactly 3 vertices, and [D NV (P)| > (|[V(P)|+1)/3. If P is
a dependant of an exceptional path, then we are done at Step 8. Suppose not. Let Py, P, and P3 be defined
as at Step 11. Then |[DNV(P)| = (|V(P)|+4)/3 and this may happen only if |[DNV (P;)| = (|P1|+2)/3 and
|IDNV(P3)| = (| P3| +2)/3. In this case, by Lemma 5, k > 16 and [ > 16. If k+3+1 > 38, then k+3+1 > 41
and [DNV(P)| < [k/3]1+1+[1/3] = ([V(P)| +4)/3. Distributing the charge evenly among the vertices of
V(P)U{y'}, where ¢’ is the out-endpoint of another path P’ whose acceptor is ya, we obtain that the charge
of each vertex in V(P) U {y'} is at most

V(P)+4 1 3

<1+1_5
=3 42 14

A(VP+1) 3 3VEI+D)
This is the only case so far that the end-vertex of a tip of a non-exceptional path gets charge greater than
3/14. Note that it happens only when each of the tips of P has at least 16 vertices, P has no out-endpoints
or (2,2)-endpoints, |[D NV (P)| = (|[V(P)| + 4)/3, and P accepts only one vertex. Recall that the other
possibility for an end-vertex yx of a 1-path or of a tip of a 2-path to get a positive charge occurs only at
Step 10 or 11. In such a case, the following conditions hold:
(rl) y* receives at most 3/14 of charge;
(r2) the accepting vertex y is either the second or the penultimate vertex in the central path, say Py, of
some 2-path P*;
(r3) if Py has more than 3 vertices (Case 10), then the closest to y tip of P* has at least 16 vertices and no
out-endpoints;
(r4) if Py has exactly 3 vertices (Case 11), then one of the tips of P* has at least 16 vertices and no
out-endpoints and the other tip has either an out-endpoint or a (2,2)-endpoint.

The only case we have not yet considered is that |Ps| = 3, k,I > 16 and k + [+ 3 < 38. In particular, this
means that P is a special path. In this case, |D NV (P)| = 13, when P has type 1 and |D NV (P)| = 14,
when P has type 2. In both cases, the only accepting vertex is a special vertex. In both cases, ¥’ has the
current charge 0. We give to y’ and to every vertex of P charge 5/14, but (35 +1)-5/14 = 13 — 1/7 and
(38+1)-5/14 = 14 — 1/14; so we need to distribute either 1/7 (when P has type 1) or 1/14 (when P has
type 2) among some other vertices. Consider the following cases for distributing this charge.

Case 1: Vertex y' is the out-endpoint of a 1-path P’ of length at least 4. In this case, we add 1/42 to
the charge of each of the vertices of P’ —y'. At Step 3 or Step 4, each of these vertices got charge 1/3, so
now each of them has charge 5/14. If P is a special path of type 2 or P’ has at least 7 vertices, then we
are done; so suppose that P has type 1 and |P’| = 4. Let P’ = (wjwowswy), where y' = wy. If wy has
another outneighbor v apart from its acceptor, then by (C1) and (C5), v is a special vertex of a special path
P" of type 1, and this path is non-accepting. In this case, every vertex of P has charge 12/35, and after
distributing evenly our surplus charge of 1/14 among vertices of P”, each of these vertices will have charge
12/35 +1/(14 - 35) < 5/14. So, w; has no other outneighbors. By (C1), no vertex in P’ dominates all the
others. If w; has two neighbors in P’ and no vertex in P’ dominates all the others, then G(P’) is the 4-cycle
(w1, wa, w3, wy). By (C5), the outneighbors of we, w3 and w4 are special vertices of special paths which are
not accepting. So, we can distribute our surplus 1/14 among these vertices, as above.

Case 2: Vertex 3’ is the out-endpoint of a tip of an accepting 2-path P’. Then P’ can be written as
P{P}P;, where P| and P} are the tips, and Pj is the center. Suppose that Pj = (vjvs...v:). Note that by



A NEW BOUND ON THE DOMINATION NUMBER OF CONNECTED CUBIC GRAPHS 473

the definition of a center, vy is the acceptor for a vertex v’ and the charge of v/ (maybe received because of
Pj at Step 10 or 11) is at most 3/14. We give 1/7 to v'.

Case 3: Vertex y/ is the out-endpoint of a 2-path P’ that forms a §-subgraph. From (B3) we get that the
center vertex is the only possible accepting vertex, but it has degree 3 in P’. Hence P’ is non-accepting. We
give 1/28 to each of the remaining vertices of F'. Since each of them got the charge 1/4 at Step 6, now it will
have 1/441/28 = 2/7.

Case 4: Vertex 4 is the out-endpoint of a non-accepting 2-path P’ that does not form a d-subgraph. Let
P’ = (wq ... ws), where ¢y’ = wy. Since P’ is not accepting and we chose an acceptor for wy, according Rules
(C2)-(C5), either w; also is an out-endpoint or s < 11. Suppose first that s < 11 and w, has no outneighbors.
Then s € {5,8,11} and on Step 7 each of the vertices of P’ — w; got the charge 3(%721) We distribute 1/7
evenly among these vertices so that each of them will now have charge

s—2 1 7s —11
3-1)  Ts—1) 20(s—1)

<L
3
Suppose now that wy is an out-endpoint. Since P’ is not an exceptional path, the path P accepting ws does
not give charge to any vertex apart from ws and by (rl) ws has charge at most 3/14. Adding the surplus to
this vertex leaves it with charge 3/14 +1/7 = 5/14.

Case 5: The path P’ containing y’ has no other vertices. Since P is special, by (C1) this might happen only
if P is very special and 3’ is adjacent to special vertices in special paths P; and P, that are non-accepting.
We add 1/(14 - 35) to the charge of each vertex in P; and P,. This finishes the discharging.

Thus, what is left to prove Theorem 3 is to prove Lemmas 3, 4 and 5. We will do it in the next sections.
In Section 4 we describe the approach we use and prove a number of auxiliary statements. Applying these
statements, we prove Lemmas 4 and 5 in Section 5. Lemma 3 has the longest proof. It will be proved in

Section 6.

4. STRUCTURE OF PROOFS AND TECHNICAL STATEMENTS

We will need some notation. Let G’ be a subgraph of a graph G and w,v € V(G’), u # v. Say that u is
(G',v)-distant if G’ contains a hamiltonian v, u-path. Sometimes, if it is clear which G’ we have in mind, we
will simply say that u is v-distant.

A wv-lasso is a graph consisting of a cycle, say C, and a path connecting v with C'. In this case, C' is the
loop of this v-lasso, and H is the remaining path which we will call the handle. If v € V(C), then C itself is
a v-lasso. A v-lasso with k vertices, | of whose belong to the loop, will be sometimes called a (v, k, 1)-lasso.

A typical structure used in the proofs of Lemmas 3, 4, and 5 will be as follows. We will consider a path
P = (v1...v;) and let G; = G[V(Py)]. We will know that k is not large, for example, k¥ < 11. For some
reasons, we will know that v; has no neighbors outside of P; and, moreover, that no (Gy, vy )-distant vertex
has a neighbor outside of P;. If k is 2 (mod 3), then we will want to prove that some (k — 2)/3 vertices
dominate V(P;) — vg. If k is 1 (mod 3), then we will want to prove that some (k — 1)/3 vertices dominate
V(P1). We will show that we do not need to consider the case of k¥ = 0 (mod 3). Thus, we need that some
|k/3] vertices dominate the first 3| k/3| 4 1 vertices of P;. For example, if P = P = (v ...vs) and vg is the
only out-endpoint of P, then we will prove that some two vertices dominate V' (P;) — vs. We will do this as

follows.
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Since v; has no neighbors outside of Pi, it has two neighbors, v; and v; distinct from v, on P;. Path P,
together with edge viv; forms a vg-lasso. Among all vg-lassos on V(P;) choose a lasso L with the largest
loop C'. By renumbering vertices, we may assume that L consists of the cycle C = (v;...v,) and the path
(vr ... vg). If r is divisible by 3, then the set D = {v3,v6, ..., v31/3)} dominates what we need. So, we will
need to consider only r # 0 (mod 3). The problem of finding |k/3] vertices that dominate the first 3| k/3] +1
vertices of P reduces to the problem of finding [r/3] vertices that dominate {vy,...,vs|,/3/41}, since the
remaining 3(|k/3| — |r/3]) vertices of P; that we need to dominate are easily dominated by the vertices
U3([r/31+1)> Us(lr/3]+2)s - - - » Us([k/3))-

Let G = G[V(C)]. By the above condition on Py, no (G’,v,)-distant vertex has a neighbor outside of P;.
By the maximality of |C|, no (G’,v,.)-distant vertex has a neighbor in V(P;)—V (C). Thus, no (G’, v,)-distant
vertex has a neighbor outside of C. In the rest of this section we will prove that under these conditions, some
|7/3] vertices dominate {v1, ..., v, 3)41} for r =4,5,7,8,10,11,13 and 14. This will be heavily used later.

Lemma 6. Let G’ be the subgraph of a cubic graph G induced by vertices vy, ve,v3, and vy. If v1 has no
neighbor outside of G, then v1 dominates V(G').

Proof. This is because the only possible neighbors of v, are vg, v3, and vy. a

Lemma 7. Let G’ be the subgraph of a cubic graph G induced by the vertices of a path (vivavsvavs). If no

(G',vs)- distant vertex has a neighbor outside of V(G'), then some vertex dominates V(G') — vs.

Proof. If viv3 € E(G), then v dominates V(G’) — vs. Suppose that vivs ¢ F(G). Then vivg, v105 € E(G).
The paths (vsvaviv4v5) and (vovsvavivs) show that each of ve and vs can play the role of v; and thus by
the above argument should be adjacent to vs if no vertex dominates V(G’) — vs. But v5 cannot be adjacent

to all of vy, va,v3, V4. O

Lemma 8. If a graph G' on 3k+1 vertices has a hamiltonian path P = (vy ... v3g+1) and an edge ViVit35—1,

where 1 is not divisible by 3, then G' has a dominating set of size k.

Proof. If i = 3m+1, then welet D = {v2,v5, ..., V3m—1, U3m+3, U3m+6 - - - , U3k ;- Note that then v;13;_1 € D.
Thus every v € D dominates its neighbors on P, and v;43;_1 also dominates v;.

If i = 3m + 2, then we let D = {vg,vs,.. <> U3m43j—1> V3m+3j+35 U3m+3j46» - - - , U3kt In this case v; € D,
every v € D dominates its neighbors on P, and v; = v3p,42 also dominates v;43;_1 = U3m43j+1- O

An immediate corollary of this lemma is the following fact.

Lemma 9. If a graph G' on 3k + 1 vertices has a hamiltonian cycle (vi...v3p41) and an edge v;v; with

j—1i+ 1 divisible by 3, then G’ has a dominating set of size k.

Lemma 10. Let graph G’ on 3k + 1 vertices form a subdivision of K, with the set R of the 4 branching
vertices. Then either G' has a dominating set of size k or the lengths (mod 3) of the paths between the vertices
in R in this subdivision of G' are equivalent to those in one of the three graphs in Figure 2 (graphs D, E,
and F).
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FIGURE 2. Graphs D, E, and F

Proof. A thread in a graph is a path connecting two vertices of degree at least 3 whose all internal vertices
have degree 2. Say that two subdivisions of Ky are equivalent if the lengths of their threads are the same
(mod 3). Since every vertex of degree 2 dominates exactly three consecutive vertices in a thread, it is enough
to prove the lemma for subdivisions of K4 in which the length of each thread is in {1,2,3}. Since every edge
subdivision in a graph adds one vertex and one edge, each K, subdivision with 3k + 1 vertices has 3k + 3
edges.

Case 1: Two threads of length 2 share an endvertex v. Then v dominates all but a path with 3k — 3 vertices.
Taking the natural dominating set in this path yields a dominating set of G’ with size k.

Case 2: (¢ contains two vertex disjoint threads of length 2, but Case 1 does not hold. Since G’ has 3k + 3
edges, the other threads necessarily have the lengths 1,1,3, and 3. This yields two possible graphs. The
graphs and their dominating sets are shown as graphs G and H in Figure 3.

Case 3: Exactly one thread has length 2. The possible lengths of the remaining threads are 1,1,1,1,3 or
1,3,3,3,3. This yields four possible graphs, the bad case shown as F', and the three graphs shown with their

dominating sets of size k are shown as graphs I, J, and K.

FI1GURE 3. Graphs G, H,I,J, K, L, M, and N along with their dominating sets
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Case 4: All threads have the same length (mod 3). This yields the graphs L and M each of which has a
dominating set of size k.

Case 5: The lengths of the threads in our subdivision are 1,1,1, 3, 3, 3. The three possible graphs with these
thread lengths are graphs D, E in Figure 2, and graph N in Figure 3. a

Sometimes, it will be simpler to check that Case 1 of Lemma 10 holds. We state this case as a separate

claim:

Lemma 11. Suppose that a graph G' on 3k+1 vertices has a spanning subgraph G" consisting of 3 internally
disjoint paths Py, P, and P3 connecting some vertices x and y. Suppose that the distances on Py from an
internal vertex z of Py to x and to y are 2 (mod 3). Then either G' has a dominating set of size k, or z has

no third neighbor in G', or the third neighbor of z belongs to P;.

Lemma 12. Let G’ be the subgraph of a cubic graph G induced by vertices vy, v, ...,vr. If G' contains a
hamiltonian cycle (vivy ... v7) and vy has an outneighbor, then either some two vertices dominate V(G'), or

there are two (G',v7)-distant vertices such that each of them has an outneighbor.

Proof. Suppose that the lemma does not hold for some choice of G and G’. For each ¢ = 1,...,7, the
third neighbor of v; is the in-neighbor different from v;_; and v;y; (if it exists). Since both vy and vg are
(G', vy)-distant, under conditions of the lemma, at least one of them has no outneighbors. By symmetry, we
may assume that v; has no outneighbors. By Lemma 9, the only possible third neighbors of v; are vy and
Us.

Case 1: viv; € E(G’). By Lemma 9, vy has no third neighbors in G’. Thus it has an outneighbor. But
the path (v4v3v901V5V6v7) is hamiltonian in G’. So if the lemma does not hold, then vg has no outneighbors.
Symmetrically to vy, the possible third neighbors of v are vo and vs. If vgvz € E(G’), then {v1,v3} dominates
V(G"). If vgvy € E(G'), then symmetrically to vy, v3 must have an outneighbor, a contradiction to our
assumptions.

Case 2: vjvg € E(G"). If {v1,v6} dominates V(G'), then we are done. Suppose not. Then vgvs ¢ E(G).
Thus by Lemma 9, vs has an outneighbor. Since the path (v3vevivsvsv6v7) is hamiltonian in G', vs is v7-
distant. Hence if the lemma does not hold, then vg has the third neighbor in G’. By the symmetry with

v1, it should be vq or v3. But we assumed that vgvs ¢ E(G). Hence, vgve € F(G) and we have Case 1 again. O

Lemma 13. Let G’ be the subgraph of a cubic graph G induced by vertices vi,vs,...,vs. If G' contains a
hamiltonian cycle (v1vs ... vs) and vs has an outneighbor, then either some two vertices v; and v; dominate

V(G') — vs, or some (G', vs)-distant vertex has an outneighbor.

Proof. Suppose that the lemma does not hold for some choice of G and G’. In particular, this implies that
vy and v7 have third neighbors in G’. If v1v7 € E(G’), then Lemma 12 yields our lemma. Let viv7 ¢ E(G').
By Lemma 8, v1vs ¢ E(G’) and vivs ¢ E(G’). Hence, the only possible third neighbors for v; are vy and vs,
and by symmetry, the only possible third neighbors for v; are vy and vs. If vg is not a neighbor of {vy,v7},
then vrvs, v1v5 € E(G’) and hence {vs, v5} dominates V(G’) — vs. Thus, (by symmetry) we may assume that
v1v4 € E(G") and hence vrvz € E(G').

The existence of the path (vevsv4v1v2v3v7V8) yields that vg has no outneighbors. The only possible third in-

neighbor for vg is vo. Then vs must have an outneighbor, but this contradicts the existence of the hamiltonian
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path (v5v4v3V7V6V2V1 V). a

Lemma 14. [6] Let G’ be the subgraph of a cubic graph G induced by vertices vy, va, ..., v19. Suppose that G’
contains a hamiltonian cycle (v1vs ... v10), and that vip has an outneighbor. Then either some three vertices

dominate V(G'), or some (G',v19)-distant vertex has an outneighbor.

Lemma 15. [6] Let G’ be the subgraph of a cubic graph G induced by vertices vy, va, ..., v10,011. Suppose
that G' contains a hamiltonian cycle (v1vy ... v11), and that vi1 has an outneighbor. Then either some three

vertices dominate V(G') — v11, or some (G',v11)-distant vertex has an outneighbor.

Lemma 16. Let G’ be the subgraph of a cubic graph G induced by vertices vy, vs,...,v13. Suppose that
G’ contains a hamiltonian cycle (v1ve ...v13) and viz has an outneighbor. Then either some four vertices

dominate V(G'), or some (G',v13)-distant vertex has an outneighbor.
Proof. Suppose that the lemma does not hold for some choice of G and G’. By Lemma 9,
(1) no edge of the form v;v;43;_1 is present in G'.

Further, if the hamiltonian cycle is drawn as a planar graph, then any two crossing edges along with the

hamiltonian cycle determine a K4 subdivision on 13 vertices. Hence Lemma 10 may be applied whenever a

potential edge crosses an edge already forced. Since vy is vi3-distant, it has a third neighbor in G’.

Case 1: vjug € E(G’). The path (vi3v12...v04v10903) forces vs to have its third neighbor in G’. Since any

such neighbor forces an edge crossing viv4, Lemma 10 restricts this neighbor to one of v7 and wvqg.

Case 1.1: vsvy € E(G’). Then Lemmas 9 and 10 forbid edges viav9, v12v5, and viav19. So, the third

neighbor of vy is one of vg, vs, and vy. If vi2vg € E(G’), then the set {v1,v6,07,010} dominates G’. Suppose

that viovg € E(G’). Then the path (v13v1vs...v8012011010V9) forces vy to have its third neighbor in G’. By

(1) and by Lemma 10 with R = {v1,v2,v4,v9} and R = {v3, vs,v7,v9}, we have vgug € E(G’). So, the set

{v1,v6,v7,v11} dominates G’. Thus, viovg € E(G’), and by symmetry, vigvg € E(G’). Then {v1, vg, v7,v12}

dominates G’.

Case 1.2: v3v1g € E(G’). Lemma 10 applied successively with R D {vy,v4,v12} and R D {ws,v10,v12}

restricts the third neighbor of v12 to one of vg and vg. In either case, the set {v1,vg,v9,v10} dominates G’.
Hence v1vy4 ¢ G', and symmetry gives viovg ¢ G-

Case 2: vjv5 € F(G'). The path (v13v12...v5v102v304) forces vy to have its third neighbor in G’. By (1), this

neighbor is one of v7,vg,v1¢, Or v11.

Case 2.1: vyv7 € E(G'). The path (vi3v12 ... v7v4v3v2v105V6) forces vg to have its third neighbor in G'. By

Lemma 10 with R D {vs,v4,v7} and R D {vs,v1,v5}, this neighbor must be v19. Then by Lemma 10 with

R D {v12,v6,v10} and R D {wv12,v1, 5}, the third neighbor of v12 must be vo and hence the set {v1, va, v7,v10}

dominates G’.

Case 2.2: vqvs € E(G’). By Lemma 10 with R D {v12,v4,v8} and R D {v12,v1,v5}, the third neighbor of

v12 must be vo. Then the path (vi3v1v2v12v11 - . . v3) forces vs to have its third neighbor in G’; but Lemma 10

with R D {v3,v1,v5} eliminates all possible neighbors of vs.

Case 2.3: v4v19 € E(G’'). By Lemma 10 with R D {v12,v4,v10} and R D {v12,v1,v5}, the third neighbor of

v12 must be vy. But then the set {v1, va,v7,v10} dominates G'.

Case 2.4: v4v1; € E(G’). By Lemma 10 with R D {v12,v4,v11} and R D {v12,v1,v5}, the third neighbor

of v1g is either vy or vs. If vigvs € E(G’), then the path (v13v12v2010506 ... v11v4v3) forces vs to have
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its third neighbor in G’, but Lemma 10 with R D {v3,v1,v5} eliminates all possible neighbors of v3. So,
v12vs € E(G’). The path (v13v1201104V3V201V5V6 - . . 10) forces vip to have its third neighbor in G’, but
Lemma 10 with R D {v12, vs, v10} eliminates all possible neighbors of vyg.

Hence v1vs ¢ G, and symmetry gives viovs ¢ G'.
Case 3: viv7 € E(G'). Each allowable edge from vy5 crosses vivy, and Lemma 10 gives a dominating set of
size 4.

Hence viv7 ¢ G’, and symmetry gives viovs ¢ G'.
Case 4: viv19 € E(G’). Each allowable edge from wvy5 crosses v1v19, and Lemma 10 gives a dominating set
of size 4.

Hence v1v10 ¢ G', and symmetry gives viavs ¢ G'.
Case 5: vyvg € E(G'). The two possible third neighbors of v are v, and vs.
Case 5.1: vjvy € E(G’). The path (vi3v1vsv7 ... v2v12011019v9) forces vg to have its third neighbor in G’.
By (1), this third neighbor is not in {vg,v7,v11}. Then Lemma 10 with R = {v1,vg,vs,v;} for i € {4,6}
forces vgvs € E(G'). Now the path (vi3v12...vs010s2 ... v7) forces vy to have its third neighbor in G’. This
contradicts Lemma 11 with x = v5, y = vg9 and z = v7.
Case 5.2: viav5 € E(G'). The path (vizvivs ... v5012011 - .. Ug) forces vg to have its third neighbor in G’.
Lemma 11 with 2 = vy, y = vg and z = vg forces this neighbor to be one of vg and vs. If vgv3 € E(G’), then
the set {v1, vs, vg,v10} dominates G’. So, vgve € E(G’). By the symmetry between vg and v7, v7v11 € E(G).
The path (v13v1vV206V7 . . . V12V5v4v3) forces v to have its third neighbor in G’, a contradiction to Lemma 11
with x = vy, y = vg and z = vs.

Hence vivg ¢ G’, and symmetry gives viavs ¢ G'.
Case 6: vjv1; € E(G), and viavy € E(G’). The path (v13v1202v1011010 - - . v3) forces vz to have its third
neighbor in G’. By (1), this neighbor is one of vg,v7,v9, and v19. Note that v1g is symmetric with vs.
Case 6.1: v3vg € E(G’). The path (v13v12v201011010 - - - VeU3V4Us5) forces vs to have its third neighbor in G’.
Lemma 10 with R D {vg,vs,vs} restricts this neighbor to vg. By (1), vigvs ¢ F(G). By Lemma 11 with
x =5,y =vg and z = vy, v19v7 ¢ E(G). So, vipvs € E(G). So, the path (v130120901111V10V4V3V6V5V9V8VT)
forces v7 to have its third neighbor in G’, but no possible third neighbor remains.
Case 6.2: vs3v7 € E(G’). By symmetry, we may assume that vy is adjacent to either vy or vg. If viguy €
E(G"), then the path (v13v101101202V3V4V109 - . . V5) forces vs to have its third neighbor in G’, a contradiction
to Lemma 11 with = = v3, y = v7 and 2z = vs. So, vigvs € E(G’). The path (v13v101101202V3V70V8V9V10VeV5V4)
forces vy to have its third neighbor in G’. By (1), this neighbor must be vs, but Lemma 10 with R =
{vy, vs, V6, v10} gives a dominating set of size 4.
Case 6.3: v3v9 € E(G’), and necessarily vigvy € E(G’). The path (v13v12020101101004V3090s . . . U5) forces
vs to have its third neighbor in G’; and (1) forces it to be vg. Finally the path
(V130120201 V11V10V4V3V9UVsVeV7 ) forces vy to have its third neighbor in G’ which is impossible.
Case 6.4: v3v10 € E(G’). The path (v13v1011012020301009 . .. v4) forces vy to have its third neighbor in G'.
By (1), this neighbor is one of v; and vs. Note that vg is symmetric with vy. If v4v7; € E(G’), then Lemma 10
with R D {v4,v7,v9} eliminates vs and vg as possible third neighbors of vg. So, vyvg € E(G’), and by
symmetry, vgvs € E(G’). The path (v13v1011012020301009U504v807Vg) forces vg to have its third neighbor in

G’ which is impossible. This proves the lemma. a
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Lemma 17. Let G’ be the subgraph of a cubic graph G induced by vertices vi,va,...,v14. Suppose that
G’ contains a hamiltonian cycle (v1vy...v14) and vig has an outneighbor. Then either some four vertices

dominate V(G') — v14, or some (G',v14)-distant vertex has an outneighbor.

Proof. Suppose that the lemma does not hold for some choice of G and G’. Then by Lemma 8, for every

hamiltonian path (u; ...wu13) in G/ — v14,
(2) if w;uips;i—1 € E(G'), then ¢ = 0 (mod 3).

By (2) for the path P=(vivs...v13), the only possible third neighbors of vy are v4,v5,v7,08,010,v11, and vy3.
Note that vz is symmetric with v;.

Case 1: vivy € E(G'). The path (v13v12 ... v4v10903) forces vz to have its third neighbor in G’. By (2) for
this path, this neighbor is amongst vs,v7,v8,v10,v11, and v13.

Case 1.1: vsvs € E(G’). The path (v13v12 ... v5v3040102) forces vo to have its third neighbor in G’. By (2)
for this path and for P, this neighbor is either vs, or v1;. In either case, the set {vs,vs,v11,v14} dominates
G'.

Case 1.2: vsv7 € E(G’). The third neighbor of vy3 is amongst vg,v9, and vyg.

Case 1.2.1: v13v5 € E(G’). The path (v1040506013012 . . . U70302) forces v to have its third neighbor in G'.
By (2) for P, this neighbor is among vs,vs,vg,v11, and vig. If vovgs € E(G’), then the set {v4,vs,v10,v13}
dominates G'. If vavg € E(G’), then the set {v4,vs,v9,v11} dominates G’ — v14. If vov1; € E(G’), then
the set {v4,v6,08,011} dominates G’ — v14. If vav12 € E(G’), then the set {v4,v6,09,v12} dominates G’ — vy4.
Thus, vovs € E(G’). The path (v13060502010403070s . . . v12) forces vio to have its third neighbor in G’. By
(2) for P, this neighbor is either vg, or vg. If v1ovg € E(G’), then the path (vi3vsv5v901V4V3V7V8V12V17 - . . Vg)
forces vg to have its third neighbor in G’. Then (2) for this path disallows all possible third neighbors. If
v12v9 € E(G’), then the path (v13v605v20104V30708V9V12V11010) forces v1g to have its third neighbor in G'.
Thus vigvs € E(G’), and the set {vq, v3,v10,v13} dominates G’.

Case 1.2.2: vj3vg € E(G’). The path P’ = (vivy ... 09013012 ... v10) forces v1p to have its third neighbor
in G’, and (2) for P’ forces vigvg € E(G’). The path (v1v4v506010011012013090s07V3v2) forces v to have its
third neighbor in G'. If vevs € E(G’), then the path (v13v9UgV7V3V2V1V4V5V6V19V11V12) forces vio to have
its third neighbor in G’, and hence viovs € E(G’). Then the set {vq,v3,v10,v12} dominates G’ — vi4. If
vovg € E(G') or vav1a € E(G'), then the set {vy,vs, vs,v12} dominates G’ — v14. Finally, if vav1; € E(G’),
then the set {v4,vg,vg, v11} dominates G’ — v14.

Case 1.2.3: vy3v19 € E(G’). The path (vvs ... v10v13v12011) forces vy to have its third neighbor in G'. By
(2) for P and the symmetry between v and vs, v11v5 € E(G’). The path (v1v4v506v1101201301009U8V7V3V2)
forces vy to have its third neighbor in G'. If vovs € E(G’), then the path (v1v9v504v3V7V60V11V12013V10V9VSs)
forces vg to have the third neighbor in G’, hence vgv1a € E(G’). Then the set {v, vs, vs,v10} dominates G’ —
v14. lf vovg € E(G’), then the set {v4, vg, v11, V14 dominates G'. If vavg € E(G’), then the set {vy, vg, vg, v12}
dominates G’ — v14. If vov19 € E(G’), then the set {v4,vg, vg, v12} dominates G’ — v14.

Case 1.3: vzug € E(G’). The path (v13v12 ... vgv3V201 V405 . . . v7) forces v7 to have its third neighbor in G’.
By (2) for this path this neighbor must be amongst v19,v11, and v3.

Case 1.3.1: vyv1g € E(G'). Then (2) with the path (v13v12011V10V7V6U5V4V1V2V3V8Vg) forces vigvg ¢ G'.
Hence by 2) for P vi3vg € E(G’). Then the path (v13v9vsv3v20104V50V607V19V11V12) forces via to have its
third neighbor in G’. Using (2) on this path forces viavg € E(G’). Then the set {vs,vg, v10,v14} dominates
G'.
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Case 1.3.2: v7v11 € E(G’). The path (v13v12011 0706050401 02030809010 ) forces vy to have its third neighbor
in G’. Then (2) for this path and P forces vigv13 € E(G’). This is then symmetric with Case 1.2.

Case 1.3.3: vyv13 € E(G’). The path (v1307060504010203V80g - . . v12) forces v to have its third neighbor
in G'. By (2) for this path, this neighbor is amongst ve,vs,vs, and vg. If viovy € E(G’), then the set
{v2, v4,v7,v10} dominates G’ — v14. If v19v5 € E(G’), then the set {ve,vs,v7,v10} dominates G’ — vy4. If
v12vg € E(G’), then the set {vs, vg, v10,v14} dominates G'. If viov9 € E(G’), then the path

(V13V7V6V5V4V1 V2U3VgVU12V11V1g) forces vyp to have its third neighbor in G’, and (2) for P forces vigvg €
E(G"). Then the set {vs, vs, v12, v14} dominates G'.

Case 1.4: vzvig € E(G’). The path (v13v12011010V302010405 - . . vg) forces vg to have its third neighbor in
G'. By (2) for this path and for P, this neighbor is amongst vs, vs, v, v11, and vy3.

Case 1.4.1: vgvs € E(G’). The set {vy, vg, vg,v12} dominates G’ — vy4.

Case 1.4.2: vgvs € E(G’). The path (v13v12011010030201040509vsV706) forces vg to have its third neighbor in
G’. By (2) for this path, this neighbor is amongst va, v11, and vi3. If vgve € E(G’), then the set {v4, v, vg, v12}
dominates G’ —v14. If vgv11 € E(G'), then by (2) for P vi3vs ¢ E(G’) and hence viz3v7 € E(G’). So, in this case
{va,v5,v7,v11} dominates G’ — v14. Thus, vgv1z € E(G’). The path (vivs...vgv13012 . .. v7) forces v7 to have
its third neighbor in G’. By (2) for P, vyv11 € E(G’). Then the path (v1v4v509080706v13012011010V302) forces
vg to have the third neighbor in G’, and (2) for this path yields vov1a € E(G’). Thus the set {v4, vg, vg, v12}
dominates G’ — v14.

Case 1.4.3: vgvg € E(G’). The path (v13v120110100302010405V6V9Usv7) forces vy to have its third neighbor
in G'. By (2) for P, this neighbor is one of v11, and v13. If v7v1; € E(G’), then by (2) for P, no vertex in
G’ can be adjacent to viz. If vyv13 € E(G'), then the path (vivs...vgv9v10 ... v1307vg) forces vg to have its
third neighbor in G’. By (2) for this path, this neighbor is one of v11, or vi2. If vgvy; € F(G’), then the set
{vs,v6,v11,v14} dominates G'. If vgv15 € E(G'), then the set {vs, vg,v12,v14} dominates G'.

Case 1.4.4: vgv1; € E(G’). The path (v13v1201109010v3V201V405 . . . vg) forces vg to have its third neighbor
in G'. By (2) for this path and for P, this neighbor is one of vy, and vs. If vgve € E(G’), then the path
(V13012011 V9V10V3V4V1 V2UgV7Vg Vs ) forces vs to have its third neighbor in G’. Then by (2) for this path (2) for
P eliminates the remaining possible neighbors of vs. So, vsvs € E(G’). The path

(V13012011 V9V10V3V2V1 V4U5VsV7Vg ) Torces vg to have its third neighbor in G’. By (2) for this path this neighbor
is one of vg and vy3. If vgvy € E(G’), then the set {v4, vg, vg, v12} dominates G’ — v14. If vgv13 € E(G’), then
the set {v1,vs, v10,v13} dominates G'.

Case 1.4.5: vgv13 € E(G’). The path (vi3vgvs . . . v4010203019011V12) forces vis to have its third neighbor
in G’. By (2) for this path and for P, this neighbor is amongst vg,vs, and vs. If viove € E(G’), then the
set {vy,vg,v9,v12} dominates G’ — vy4. If viov5 € E(G'), then the set {vq,vr,v10,v12} dominates G'. If
v1ovg € E(G'), then the set {v1,vg, v10, v12} dominates G'.

Case 1.5: vzv1; € E(G’). The path (v13v120110302010405 . . . v19) forces vy to have its third neighbor in G’.
By (2) for P, this neighbor is amongst vg, v7, and vy3.

Case 1.5.1: v1gvg € E(G’). The path (v13v12011030201040506010V9Ugv7) forces vr to have its third neighbor
in G'. By (2) for P, this neighbor is v;3. Now the path (vivs...v7v13v12...vg) forces vs to have its third
neighbor in G’. By (2) for this path, vgvi2 € E(G’). Then the set {vs, vs, vs,v14} dominates G’.

Case 1.5.2: v1gv7 € E(G’). The path (v13012011 030201 040506070109 Vs ) forces vg to have its third neighbor in
G'. By (2) for this path and for P, vgvg € E(G’). Then by (2) for P vizvg € E(G’), and the set {v1, vg, vg,v11}

dominates G'.
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Case 1.5.3: vipviz € E(G’). The path (viv4vs ... v19v130120110302) forces v to have its third neighbor in
G’'. By (2) for P, this neighbor is amongst vs, vg, vs, Vg, and vi2. If vaovs € E(G’) or vavg € E(G’), then the
set {vs, vs, v11,v14} dominates G'. If vavg € E(G') or vavg € E(G’), then the set {vy,vg, vg,v12} dominates
G’ — v14. If vov19 € E(G’), then the set {vy, vy, v7,v10} dominates G' — v14.

Case 1.6: v3v13 € E(G’). The path (v1v405 . .. v13v302) forces vy to have its third neighbor in G’. By (2) for
this path and for the path (vev;v4v3v13012 ... v5) this neighbor is amongst vs, vs, and v17.

Case 1.6.1: vous € E(G'). Identifying the vertices v13, v14,v1,v2,v3, and vy as one vertex v gives a new
graph G” on 8 vertices. A hamiltonian path in G” starting at v has a corresponding hamiltonian path in G’
which starts at v14 by using either the path (vi4v13v3v2v105) or the path (vi4v1v4v5v2v3013). A dominating
set of G” — v not using v can be extended to a dominating set of G’ — v14 with size 2 greater by including
the vertices v and vs. A dominating set of G” which contains v can be extended to a dominating set of G’
with size 2 greater by replacing v by the vertices vo, v5, and v13. Hence Lemma 13 gives the desired result
for G” which extends to G'.

Case 1.6.2: vaug € E(G’). The path (v13v309010405 . .. v12) forces via to have its third neighbor in G’. By
(2) for this path and P, this neighbor is one of v or vg. Also the path (viv4v5 . .. VgV2V3V13V12 . . . Vg) forces vg
to have its third neighbor in G’. By (2) for this path and P, this neighbor is one of v or vi2. This then forces
the edge vgv12 € E(G’). Next the paths (v1v4v5 . . . UgU203013V12V9010v11) and (v1V208V7 . . . V3V13V12U9V10V11)
force v1; to have its third neighbor in G’, and these paths along with (2) force this edge to be to vs. Finally
the path (v13v3v9V1V405 . .. V9U12V11V10) forces vip to have its third neighbor in G’; and (2) on this path
forces this edge to be to vg. Then the set {va, v4,vg, v12} dominates G’ — v14.

Case 1.6.3: vov1; € E(G’). The path (v1v4v5 ... v110203013012) forces vis to have its third neighbor in G'.
The set {va,v3,v6,v9} is a dominating set if v1o is adjacent to either of vg or vg. By (2) on the path P the
third neighbor of v15 must be either vs or vs.

Case 1.6.3.1: viavs € E(G’). The path (v1v9v110120130304 - . . v19) forces vy to have its third neighbor in
G’'. By (2) on P this vertex must be either vg or v;. The inclusion of the edge vigvg gives the amended
path (v1v9v11V1201303 . . . V10 - - . v7) forcing vrvg € E(G'). Then the path (v1v9v1101201303 . . . VgU10V9V7VS)
gives the (G’,v14)-distant vertex vs with an outneighbor. Hence the edge vipv; € E(G’). Then the path
(v1V2v11V12V13V3V4 € V7U19V9Vs) forces vg to have its third neighbor in G’. Hence vgvg € E(G’). Then the
set D = {v1, vg, V10, v13} dominates G’.

Case 1.6.3.2: viovg € E(G'). The path (v1v9v11v12013V304 . .. v10) forces v1g to have its third neighbor in
G’'. Since G’ — {v14, vg, V10, v11} has the hamiltonian cycle (vivav3v13v1208V7 ... v4), V19 dominates all but a
Py in G’ — v14 so G’ — v14 has a dominating set of size 4.

Case 2: vju5 € E(G’). The path (vi3v12 ... vsv1v203v4) forces vy to have its third neighbor in G’. By (2) for
P, this neighbor is amongst v7, vs, v10, V11, and v13.

Case 2.1: vyv7 € E(G’). Then by the symmetry with vy, the third neighbor of vy3 is in {vs, vg, vg}.

Case 2.1.1: v13v3 € E(G’). The set {v1,v7,v10,v13} dominates G’.

Case 2.1.2: vi3v6 € E(G’). The path (v13v605v10203v4070g . .. v12) forces vy to have its third neighbor in
G’. By (2) for this path and for P, this neighbor is amongst vz, vs, and vg. If vigv3 € E(G’), then the set
{v1, v7,v9,v12} dominates G'. If viavg € E(G’), then the path (v13v6v5v10203V4V7V8V12011V10Vg) forces vg
to have its third neighbor in G’, and (2) for this path, forces vgvs € E(G’). Then the set {v1, vy, vg,v12}
dominates G'. If v1av9 € E(G'), then the path (v13v6v5v1v203V4V708V9V12V11V10) Torces vy to have its third
neighbor in G/, and (2) for P forces vigvs € E(G’). Then the set {v,vs, v7,v12} dominates G'.
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Case 2.1.3: vi3v9 € E(G’). The path (vivs ... vgu13v12v11v10) forces v1p to have its third neighbor in G'. If
v1ovs € E(G’), then the set {v1, v7,v10,v12} dominates G'. So, v1gvg € E(G’). The path

(V1 V5V6V10V11V12013VgVgV7V4 V302 ) forces vg to have its third neighbor in G’. By (2) for this path, this neighbor
is one of vg and wviy. If vovg € E(G’), then the set {va,v4,v10,v12} dominates G’ — v14. If vov1y € E(G'),
then the set {va,v4,v9,v10} dominates G — v14.

Case 2.2: vqvg € E(G’). The path (v13v12 .. . vgU4030201V5V6v7) forces vy to have its third neighbor in G'.
By (2) for this path and for P, this neighbor is amongst v19, v11, and v1s.

Case 2.2.1: v7v19 € E(G'). The path (vi3v12 .. . v100706V501V2V3V4V8V9) forces vg to have its third neighbor
in G'. By (2) for P, vgv11 ¢ E(Q). If vgv12 € E(G) or for some i € {2,3}, vgv; € E(G), then the set
{vi, v5,v7,v12} dominates G’ — v14. Thus, vgvg € E(G). Now by (2) for P, only v3 can be the third neighbor
of v13. Then the set {vs, vs, vg,v11} dominates G’ — v1y4.

Case 2.2.2: v7v1; € E(G"). The path (v13v12011 07060501 U2030408U9010) forces vy to have its third neighbor
in G’. By (2) for this path, this neighbor is one of vz, or vy3. Symmetry with Case 1 forces vigvs € E(G').
The set {v3,vs, vs,v12} dominates G’ — vy4.

Case 2.2.3: vyv13 € F(G'). The path (v13v7060501 0203040809 - . . v12) forces vy to have its third neighbor
in G'. By (2) for this path, this neighbor is amongst ve,vs,vs, and vg. If visvy € E(G’), then the set
{v2, v4,v7,v10} dominates G’ — v14. If v12v3 € E(G’), then the set {v1,vs, vy, v10} dominates G’. So, either
v12vg € E(G’) or v1av9 € E(G').

Case 2.2.3.1: viovg € E(G’). The path (v1v506v7013012 - . . VgU4v302) forces ve to have its third neighbor in
G’'. By (2) for the path P, this neighbor is one of vg and wvy1. If vovg € E(G’), then the set {va, v4,v7,v11}
dominates G’ — v14. If vov1; € E(G’), then the set {va, vs,v9,v13} dominates G’.

Case 2.2.3.2: vjovg € E(G'). The path (v13070605010203040809V12011019) forces v1g to have the third
neighbor in G’. By (2) for P, this neighbor is one of vs, or vg. If vigvs € E(G'), then the set {vy,vs, v7,v12}
dominates G'. If v1gvg € E(G’), then the set {vy,v4, vg,v12} dominates G'.

Case 2.3: v4v19 € E(G'). The path (v1301201101004030201U506 - . . Ug) forces vg to have its third neighbor in
G'. By (2) for this path, this neighbor is amongst vy, v3, v, v11, and vy3.

Case 2.3.1: vguy € E(G'). The set {vg,v4,v7,v12} dominates G' — vy4.

Case 2.3.2: vguz € E(G"). The path (v13v120110100405V3V9Vs . . . U5v1V2) forces v to have its third neighbor
in G'. By (2) for this path and for P, this neighbor is one of vg, or vy1. If vovg € E(G’), then the set
{v2,v4,vg,v12} dominates G’ — v14. So, vavy; € E(G’). The third neighbor of vz is one of vg, or vy. If
v13vs € E(G’), then the set {vo,v4,vs,v13} dominates G’. If vizv; € E(G'), then the set {vy,vs,v7,v11}
dominates G’.

Case 2.3.3: vgug € E(G'). The path (v13v1201101004V30201V50609Ugv7) forces vy to have its third neighbor
in G'. By (2) for P, this neighbor is amongst vs, v11, and v13. If v7vs € E(G’), then the set {v1,vs, vg, v12}
dominates G'. If vyv1; € E(G’), then the path (v13v12011V706U5V1V203V4V10V9vs) forces vg to have its third
neighbor in G’. So (2) for this path and for P forces vgvs € E(G’). Then the set {vs, vg,v11, v14} dominates
G'. Thus, vrv13 € E(G'). The path (vivs...v7v13012 ... vg) forces vg to have its third neighbor in G’. By
(2) for this path, this neighbor is amongst vs,v11, and vi2. If vgvs € E(G’), or vgv1; € E(G’), then the set
{vs, vg, v11,v14} dominates G'. If vgvi2 € E(G’), then the set {v1,v4,vs,v12} dominates G'.

Case 2.3.4: vgv11 € E(G’). The path (v130120110901004030201 V506070s) forces vg to have its third neighbor
in G’, and (2) for this path and for P, forces vgvs € E(G’). Then the set {vs, vg, v11,v14} dominates G'.
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Case 2.3.5: vgv1z € E(G’). The path (v1v5v6 . . . Vgv13012011V10V4V3v2) forces v to have its third neighbor
in G'. By (2) for this path and for P, this neighbor is one of vg, or vi;. If vavg € E(G'), then the set
{va, v4,vg,v12} dominates G’ — v14. If vov1; € E(G’), then the set {vq, vy, v7,v13} dominates G’.

Case 2.4: vyv1; € E(G'). The path (v13v120110403V20105V6 . . . U19) forces v1g to have its third neighbor in
G’. Then (2) for this path and for P limits this neighbor to one of vg, v7, and vy3. By the symmetry between
vy and v13, vigv13 ¢ E(G).

Case 2.4.1: v1gvs € E(G’). The path (v13v12011040302010506010V9UgV7) forces v7 to have its third neighbor
in G'. By (2) for P and this path, this neighbor is v13. The path (vivs ... vgv10v11v12013V7V8V9) forces vy to
have its third neighbor in G’. By (2) for this path, this neighbor is one of v3 and v1s. If vgvs € E(G’), then
the set {v1,vs, vz, v11} dominates G'. If vgu12 € E(G’), then the set {v1,v4,v7,v9} dominates G’.

Case 2.4.2: v1gv7 € E(G’). The path (v13v1201104030201050607010V9Vs) forces vg to have its third neighbor
in G, and (2) for this path and for P, forces vgve € E(G’). Then the set {va,vs,v10, v13} dominates G'.
Case 2.5: v4v13 € E(G'). The path (v1v5v6 . . . v13040302) forces va to have its third neighbor in G’. Then vy
dominates vy, v, v3 and one vertex of the cycle (v4vs ... v13) leaving only a Py (i.e., a path with 9 vertices)
undominated. Hence G’ — v14 can be dominated by 4 vertices.

Case 3: vju; € E(G’). The path (v13v12 ... 070102 ... vg) forces vg to have its third neighbor in G’. By (2)
for this path, this neighbor is amongst vo, vs, vs, v10,v11, and v13.

Case 3.1: vgvs € E(G’). By the symmetry between v; and v13 and by (2) for P, the third neighbor of
v13 is either vy or vs. If vi3v4 € E(G), then as in Case 2.5, the set {vs, vy, vs,v11} dominates G — v14. So,
v13v3 € E(G). The path (v13v3040506V201070s - . . v12) forces vy to have its third neighbor in G'. By (2) for
P, this neighbor is amongst vs, vs, and vg. If viov5 € E(G’), then the set {vs, vs, v7,v10} dominates G’ — v14.
If viovug € E(G’), then the path (v13v3v4V5V6V2V1V7U8V12V11V10Vg) forces vy to have its third neighbor in G/,
and (2) for this path and P forces vgvs € E(G’). In this case, the set {vs,vs,v7,v11} dominates G’ — vy4.
Thus, vi2vg € E(G’). The path (v13v30405V6V2010708V9V12V11V10) forces vig to have the third neighbor in
G’, and (2) for P forces vigvy € E(G’). Then {v1,v4,v7,v12} dominates G’.

Case 3.2: vgvs € E(G’). By the symmetry between v, and vi3 and by (2) for P, vizvs € E(G’). The path
(v1v7vVs . . . V13V4U5V6V3V2) forces va to have its third neighbor in G’. As in Case 2.5, v dominates vq, va, v3
and one vertex of the cycle (vqvs...v13) leaving only a path with 9 vertices undominated. Hence G’ — v14
can be dominated by 4 vertices.

Case 3.3: vgvg € E(G’). The path (vi3v12 ... vgv6v7v1V2 . . . v5) forces vs to have its third neighbor in G’. By
(2) for this path and for P this neighbor is one of vy and vy1. If vsv17 € E(G’), then the set {vs,vs, v11,v14}
dominates G’. Thus, vsvy € E(G’). By the symmetry between v; and v;3, the third neighbor of v;3 is either
vg or vs. If v13v4 € E(G), then as in Case 2.5, the set {vq, v, v11,v13} dominates G'. If vsv13 € E(G'), then
the set {vq, v3,vs,v11} dominates G’ — vy4.

Case 3.4: vgv1g € E(G’). The path (v13v12011010V60s - - . V1V70gV9) forces vg to have its third neighbor in
G’'. By (2) for this path and for P, and by the symmetry with Case 2, this neighbor is in {ve,vs,v11}. If
vgvg € E(G’), then the set {vy, v7,v9,v12} dominates G' — v14. If vgvs € E(G’), then the set {vs, v7,vg,v12}
dominates G’ — v14. Thus, vgvi; € E(G’). Then v13 is adjacent to one of vz and vy. If vizv3 € E(G’), then
the set {v1, v5,v9,v13} dominates G'. If vi3v4 € E(G’), then the set {v1,v4,v7,v11} dominates G'.

Case 3.5: vgv11 € E(G’). The path (v13v1201106U5 . . . V10708V9V1) forces vig to have its third neighbor in
G'. By (2) for P and the symmetry with Case 2, this neighbor is one of vz and vy. If vigvz € E(G’), then
vizvy € E(G'), and the set {v1,v4,vs,v11} dominates G'. So, vigvy € E(G’). Then vizvs € E(G’). The
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path (v1v2v3V13V12V11V10V45 . . . Vg) forces vg to have its third neighbor in G’; and (2) for this path forces
vgvs € E(G"). Then the set {v1,v3,v9,v11} dominates G'.

Case 3.6: vgu13 € E(G'). The path (v13v0605 . .. v1070s . . . v12) forces v1g to have its third neighbor in G’. By
(2) for this path and for P, this neighbor is in {vy, vs, vs, vg}. If v15ve € E(G’), then the set {v4, v7,vg, v12}
dominates G’ — v14. If vi2us € E(G’), then the set {vs, vy, vg,v12} dominates G’ — v14. If vi2v9 € E(G’),
then the path (v13v6vs . . . V1V7V8V9V12V11V10) forces vy to have its third neighbor in G’, and (2) for this path
and for P forces vigvy € E(G’). In this case, the set {v1,v4,v7,v12} dominates G'. Thus, visvg € E(G').
The path (vi3v6vs5 . . . V1V7V8V12V11V10V9) forces vg to have its third neighbor in G’. By (2) for this path and
for P, this neighbor is either ve or vs. If vgve € E(G'), then the set {v4, v7,v9,v12} dominates G’ — vy4. If
vgvs € E(G’), then the set {vs, vy, vg,v12} dominates G’ — vy4.

Case 4: vivg € E(G'). The third neighbor of v13 is amongst vs, vy, and vg.

Case 4.1: vizv3 € E(G’). The set {vs,vs,vs,v11} dominates G’ — vy4.

Case 4.2: v13v4 € E(G’). The path (vizv12... 080102 ... v7) forces vy to have its third neighbor in G’. By
(2) for this path, this neighbor is amongst vs, v19, and vy;.

Case 4.2.1: vyv3 € E(G’). The path (v1vgvg . . . V130450607302 forces vy to have its third neighbor in G'.
Then v, dominates vy, vy, v3 and one vertex of the cycle (vqvs ... v13) leaving only a Py undominated. Hence
G’ — v14 can be dominated by 4 vertices.

Case 4.2.2: vrv19g € E(G'). The path (v1vov304v13012 ... v5) forces vs to have its third neighbor in G'.
By (2) for this path, this neighbor is in {vs,vg,v11,v12}. If vsv3 € E(G’), then the set {v1,vs,v10,v12}
dominates G'. If vsvg € E(G'), then the set {vq, vs,v7,v12} dominates G’ — v14. If vsv12 € E(G’), then the
set {v1,v4,v5,v10} dominates G’. Thus, vsv1; € F(G’). The path (v1v8v9010V7UaV5V11V120130403V2) forces
vy to have its third neighbor in G’. Then vo dominates vy, vo, v3, and one vertex of the cycle (v4vs ... v13)
leaving only a Py undominated. Hence G’ — v14 can be dominated by 4 vertices.

Case 4.2.3: v7v1; € E(G'). The path (v1v2v3v4013v13 - . . v5) forces vs to have its third neighbor in G’. By
(2) for this path, this neighbor is amongst vs, vg, and v;s.

Case 4.2.3.1: vsv3 € E(G’). The path (vivov3v5v4v13012 . .. vg) forces vg to have its third neighbor in G'.
By (2) for this path, this neighbor is amongst vg, v19, and via. If vgvg € E(G’), then the set {vs, vg, v11,v14}
dominates G'. If vgv1g € E(G’), then the set {vs,vs, v19,v13} dominates G'. If vgv12 € E(G’), then the set
{v1, v4,v6,v10} dominates G’.

Case 4.2.3.2: vsv9 € E(G’). The set {v1,v4,v5,v11} dominates G'.

Case 4.2.3.3: v5v12 € E(G’). The path (v1vgv9v100110706U5012013040302) forces vg to have its third neighbor
in G'. Then vo dominates vy, va, v3, and one vertex of the cycle (vqvs ... v13) leaving only a Py undominated.
Hence G’ — v14 can be dominated by 4 vertices.

Case 4.3: vgv13 € E(G’). The set {vs,vs,vs,v11} dominates G’ — vy4.

Case 5: v1v19 € E(G’). Then vy3 is adjacent to one of vz and vy.

Case 5.1: v13v3 € E(G’). The path (v1vav3v13012 ... v4) forces vy to have its third neighbor in G’. By (2)
for this path, this neighbor is amongst v7, vg, and v11.

Case 5.1.1: vqv7; € E(G’). The path (v1v9v3v13012 . . . v70405V6) forces vg to have its third neighbor in G’. By
(2) for this path, this neighbor is one of vg and v1;. If vgug € E(G’), then the set {v1,v4,vs,v12} dominates
G'. So, vgv11 € E(G"). The path (v13030201010V9UsV7V4V5V6011012) forces v1o to have the third neighbor in
G'. Then v15 dominates v;1, v12, v13 and one vertex of the cycle (vyvs . ..v10) leaving only a Py undominated.

Hence G’ — v14 can be dominated by 4 vertices.
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Case 5.1.2: vqvs € E(G’). The path (v1v9v3013012 . . . VgV4V5v607) forces v7 to have its third neighbor in G/,
and (2) for the path P forces vrv1; € E(G’). Now the path (v1303020101009U804U506VU7011012) forces vis to
have its third neighbor in G’. So v12 dominates v11,v12,v13, and one vertex of the cycle (vivs...v10) leaving
only a Py undominated. Hence G’ — v14 can be dominated by 4 vertices.

Case 5.1.3: vqv1; € E(G’). The path (v13v302v1010v9 . . . v4011V12) forces v to have its third neighbor in
G’. Then vy dominates v11, v12, v13, and one vertex of the cycle (v1v3 ... v19) leaving only a Py undominated.
Hence G’ — v14 can be dominated by 4 vertices.

Case 5.2: v13v4 € F(G’). The path (v1vav3v4v13012 . . . v5) forces vs to have its third neighbor in G’. By (2)
for this path and for the path (vsvg . . . v10v1V2V3V4V13V12011 ), this neighbor is amongst vs, vg, and v1;. Note
that a similar argument works for wvg.

Case 5.2.1: vsvg € E(G’). The path (vi1v2v304v13012 . . . vgU5Vv7) forces vy to have its third neighbor in
G’. By (2) for the path P, this neighbor is one of v3 and vy1. If vyv3 € E(G’), then the set {vs,vs,v10,v12}
dominates G’ — v14. So, v7v1; € E(G’). The path (v13v4v30201010V9UsUsV6U7V11V12) fOrces v1a to have its
third neighbor in G’. Then v15 dominates v11,v12,v13, and one vertex of the cycle (vjvy...v10) leaving only
a Py undominated. Hence G’ — v14 can be dominated by 4 vertices.

Case 5.2.2: v5v9 € E(G’). The path (v13v12v110100102 . . . Us09UgU7Vg) forces vg to have its third neighbor in
G’, and (2) for this path and for the path (vgv7v8V9U5V4V13V12V11V10V1V2v3) forces vevz € E(G'). Similarly,
vgv1 € E(G’), and then the set {vy,vg, v, v13} dominates G'.

Case 5.2.3: v5v11 € E(G’). The path (v13v4v30201010v9 . . . U5v11012) forces vio to have its third neighbor in
G’. Then vy dominates v11, v12, V13, and one vertex of the cycle (vivs ... v19) leaving only a Py undominated.
Hence G’ — v14 can be dominated by 4 vertices.

Case 6: viv1; € F(G'). By the symmetry between v; and vy3, vizvs € E(G'), and the set {vs,vs,vs, v11}
dominates G’ — v14.

Case T: viv13 € E(G’). As in the proof of Lemma 16, for the cycle C = (v1vz...v13) (1) holds. The path
(v1v13v12 . . . v2) forces vy to have its third neighbor in G’. By (1), this neighbor is amongst vs, vg, vs, Vg, V11,
and v1s. Note that a similar argument works for vqs.

Case 7.1: vovs € E(G’). The path (viv13v12 ... v5v2v304) forces vy to have the third neighbor in G'. By (2)
for this path and (1) for C, this neighbor is one of vg and v1;.

Case 7.1.1: vqvg € E(G’). The path (v1v13v12 ... vsv4U3V2V5V6V7) forces vy to have its third neighbor in
G'. By (2) for this path and (1) for C, this neighbor is one of vz and vi;. If v;v3 € E(G’), then the set
{vs,v7,v10,v13} dominates G’. So, v;v1; € E(G'). The path (v1v13v120110706U5020304U8V910) forces vig to
have its third neighbor in G’. By (2) for this path and (1) for C, this neighbor is one of vz and vg. If
vigvs € E(G'), then the set {vs,v7,v10,v13} dominates G'. If vigvg € E(G’), then the set {v1, vy, v10,v11}
dominates G’.

Case 7.1.2: v4v11 € E(G’). The path (v1v13v120110403020506 . . . v19) forces vig to have its third neighbor in
G’. By (2) for this path and (1) for C, this neighbor is amongst vs, vg, and v7. If vigvs € E(G’), then the
set {vs, v7,v10,v13} dominates G'. If vigv; € E(G’), then the path (v)v13v120110403V2V5V6V7V10V9Vs) forces
vg to have its third neighbor in G’. So (2) for this path and (1) for C force vsvi2 € E(G’). Then the set
{v2, s, v10,v12} dominates G’ — v14. Thus, vigvg € E(G’). The path (v1v13v12011040302U5V6V10V9VsV7) forces
v7 to have its third neighbor in G’. So (2) for this path and (1) for C force vy;vs € E(G’). Then the set

{vs,v7,v10,v13} dominates G.
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Case 7.2: voug € E(G’). The path (v1v13v12 ... vgvav3v4v5) forces vs to have its third neighbor in G’. By
(1) for C, this neighbor is amongst vg, vg, v11, and vy2.

Case 7.2.1: vsvg € F(G'). The path (v1v13012 . . . VgU5V4U3V2V6V7) forces v7 to have its third neighbor in G'.
By (2) for this path, and the path (vrvgvaviv13v12 . .. VsUsV4v3), this neighbor is one of vs and wvy;.

If vyvs € E(G’), then the set {vs, vs,v10,v13} dominates G’. Thus, v7v;; € E(G’). Then the path
(V113012011 V7V6V2V3V4V5 Vg VeV ) forces vy to have its third neighbor in G’. So, (2) for this path and (1) for
C force vigvy € E(G’). Then the set {vg, vy, v, v12} dominates G’ — vy4.

Case 7.2.2: vsvg € E(G'). The path (v1v13v12 ... v9Usv4v3V2v6v7Vs) forces vs to have its third neighbor
in G'. By (2) for this path and (1) for C, this neighbor is either vy; or via. If vgvis € E(G’), then the
path (v13v1V20V6V7V8V12011V10V9V5V4V3) Torces vz to have its third neighbor in G’, and (2) for this path forces
v3v10 € E(G’). In this case, the set {v1, vs,vs,v10} dominates G’. So, vgv1; € E(G’). By (1) for C, we need
v1203 € E(G"). Then the path (v1v13012011080706V203V4V5vV9019) forces vyp to have its third neighbor in G'. If
v10v4 € E(G’), then the set {va, v4,vs, v12} dominates G’ —v14. If v1gv7 € E(G’), then the set {v1, vs, v7,v12}
dominates G’.

Case 7.2.3: vsv1; € E(G). The path (v1v13v12011050403020607 . . . U19) Torces vy to have its third neighbor in
G’. By (2) for the path (v1gvg . . . VgU2v1 V13012011 V5V4v3) this neighbor is either vz or vy. If vigvs € E(G’), then
the set {vs,vs,vs,v13} dominates G'. So, vigvy € E(G’). The path (v1v13012011V50403V20607V10V9Vs) forces
vg to have its third neighbor in G’. Then (1) for C and (2) for the path (vgvgv10U7V6V2V1 V13012011 U5V4V3)
eliminate all possible third neighbors of vs.

Case 7.2.4: vsv12 € E(G’). The path P’ = (v13v1020607 . . . 1205v4v3) forces vz to have its third neighbor
in G’, and (2) for P’ and (1) for C force vzvg € E(G’). Now path (v1v13012050403020607 . . . v11) forces vy to
have its third neighbor in G’. By (2) for the path (v19v11v12013V1V2V3V9vs . . . V4), V1108 € E(G’). Hence, the
set {vs,vg,v11,v14} dominates G’.

Case 7.3: vovg € E(G’). By the symmetry between vy and v12 and by (1) for C, vi5 is adjacent to one of
vz, vs and vg.

Case 7.3.1: viovs € E(G'). The path (vi3v1v2. .. v5012011 . . . Ug) forces vg to have its third neighbor in G'.
By (1) for C, this neighbor is amongst vs, vg, and v19. The case vgv1g € E(G) contradicts Lemma 11 with
T =g, Yy = v19 and z = vg.

Case 7.3.1.1: vgvs € E(G’). The path (v13v102080g . . . V1205V4V306V7) forces vz to have its third neighbor
in G'. By (1) for C, this neighbor is amongst vy, v19, and vy1. If v7vg € E(G’), then the set {vq, v7,vg,v12}
dominates G’ — v14. If v7v19 € E(G'), then the set {vy, vs,v10, v14} dominates G'. Thus, vyv1; € E(G’). The
path (v1301V2V8V7UgV3VLV5V12011V10Vg) forces vy to have its third neighbor in G’, and (1) for C eliminates
all possible third neighbors of vg.

Case 7.3.1.2: vgvg € E(G’). The path (v1v130120504030208V7V6V9V10v11 ) forces v11 to have its third neighbor
in G, and (2) for this path and (1) for C force v11v7 € E(G’). Then the set {v1,v4,v9,v11} dominates G’.
Case 7.3.2: v1ovs € E(G’). The path (v1v13v12 ... 080203 ... v7) forces v; to have its third neighbor in
G’'. By (2) for this path and the symmetric path, this neighbor is one of vz and vy;. W.l.o.g. assume that
v7vs € E(G"). Then the path (v1v13v12 . . . VgU2V3V7VUsV,) forces vy to have its third neighbor in G7, and (2)
for this path and (1) for C force vqv1; € E(G’). So, the set {v1,v4,v6,v9} dominates G’.

Case 7.3.3: v13v3 € E(G’). The path (v13v1020807 . . . V301201101009 ) forces vg to have its third neighbor in
G'. By (1) for C, this neighbor is in {vs,vs}. The path (v13v1v208v9 . .. V12V5V4V3V6V7) forces vr to have its
third neighbor in G'. If vsvg € E(G), this contradicts Lemma 11 with = v5, y = vg and z = v7. Thus
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vevg € E(G). Then the path (v1v13v12 .. . v9v6U7VsV2V3V4Vs) forces vs to have its third neighbor in G’. By
(1) for C, it is v11. Now the path (v1v13012011V50403V2V8V7UgV9V10) fOrces vig to have its third neighbor in
G’. This contradicts Lemma 11 with = vg, ¥ = v and z = vqy.

Case 7.4: vovg € E(G'). The path (v1v13v12 ... v9vovs ... vg) forces vg to have its third neighbor in G’; so

by Lemma 11 with x = vg, y = v19 and z = vg,

(3) VeV10 ¢ E(G)

By the symmetry between vy and v12 and by (1) for C, vi5 is adjacent to either vz or vs.

Case 7.4.1: vipvs € E(G’). The path (vi3v1v2v9vs . .. v3012011v10) forces vyp to have its third neighbor in
G’. By (1) for C, this neighbor is in {v4, vg, v7}. By (3), it is in {v4, v7}, and the set {va, v4, v7,v12} dominates
G’ — v14.

Case 7.4.2: v15v5 € E(G). The path (v13v1vs .. . v5v12011 - . . vg) forces vg to have its third neighbor in G’. By
(1) for C and (3), this neighbor is vs. Symmetrically, vgv1; € E(G’). The path (v1v13v120110807 . . . V2v9V10)
forces vy to have its third neighbor in G’, and similarly v, has its third neighbor in G’. Thus v4v19 € E(G’),
and the set {vg, vy, v7,v12} dominates G’ — vy4.

Case 7.5: vav11 € E(G’) and symmetrically viovs € E(G’). Let G” be obtained from G’ — {v1,ve,v13,v12}
by identifying vz and vq; into a new vertex v*. Graph G” with 8-cycle C” = (vqvs...v10v*) satisfies the
conditions of Lemma 13. So by this lemma, either (a) some v*-distant vertex z € G” has an outneighbor in
G, or (b) a set {y, 2z} of two vertices dominates G” — v*. Suppose (a) holds. By symmetry, we may assume
that a hamiltonian path P in G from v* to x starts from the edge v*v4. Then adding to P — v* the path
V14V13V1 V2011 V120304 We produce a hamiltonian in G’ path from wvy4 to the vertex x having an outneighbor,
a contradiction. Thus (b) holds. Since v* has only two neighbors in G” — v*, v* ¢ {y, z}. Hence the set
{y, z,v2,v12} dominates G’ — v14.

Case 7.6: vov13 € E(G’). The path (vi3v1v2v120171 ... v3) forces vs to have its third neighbor in G’. By (1)
for C, this neighbor is amongst vg, v7, vg, and v1g.

Case 7.6.1: v3vs € F(G’). The path (v13v1030120171 . . . UgU3V4v5) forces vy to have its third neighbor in G,
and (2) for this path and (1) for C force vsvg € E(G’). The path

(v13V1V2012V11V10V9 U5 V4V3V6V7Vs ) forces vg to have its third neighbor in G’, and (2) for this path and (1) for
C force vgvy € E(G'), a contradiction to Lemma 11 with x = vyg, y = vg and z = vg.

Case 7.6.2: vgv; € E(G'). Symmetry forces v1; to be adjacent to one of vy and vs. By Lemma 11 with
x =ws, y=v7 and z = vs, v1105 ¢ E(G’). Thus, v11v4 € E(G’). The path (v1v13012020307060504011V10V9Us)
forces vg to have its third neighbor in G’, and (1) for C forces vgvs € E(G’). Then the set {v1,v7,vs,v11}
dominates G’.

Case 7.6.3: v3vg € F(G’). Then vy, is adjacent to one of vy and vs. Both cases are forbidden by Lemma 11
with x = vg, y = v3 and z = vq3.

Case 7.6.4: v3v1p € E(G’). This forces vi;v4 € E(G’). Then the path (v13v10201201104V301009 . . . v5) forces
vs to have its third neighbor in G’. By (1) for C, this neighbor is one of vg and vg. If vsvs € E(G’), then
vgvg € F(G"). Now the path (v13v1v2v12v1104v3010V9v6V5v807) forces vy to have its third neighbor in G/,
but no possible neighbor exists. Thus, vsvg € E(G’). The path (v13v1v2v120110V4V3V10V9UsVU7vg) forces vg

to have its third neighbor in G’, but (1) for C' eliminates all possible neighbors of vs. O
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5. PROOFS OF LEMMAS 4 AND 5
For convenience, we restate Lemma 4 here.

Lemma 4 If a 2-path P in an optimal vdp-cover is such that each of the hamiltonian paths in G[V (P)] has
at most one out-endpoint, then either some (|P| — 2)/3 vertices dominate all vertices of P apart from an

out-endpoint or P has at least 14 vertices.

Proof. If a 2-path P = (vjvy...v;) has at most 11 vertices, then k € {2,5,8,11}. If k = 2, then clearly
both vertices of P are out-endpoints. The case k = 5 was considered in Reed’s paper [10], and the case k = 8
is proved in [6]. Hence we may assume that k = 11. If one of v; and vy is an out-endpoint, then we may
assume that it is v1;. Consider a vii-lasso on V(P) with a largest loop. As described in Section 4, we may
assume that this loop is the cycle C = (vy...v,). Let G = G[V(P)] and G” = G[V(C)].

Case 1: Vertex v1; is an out-endpoint of P. By Lemma 8, if r € {3,6,9}, then there exists a dominating set
of G’ — vyy of size 3. If r = 11, then by Lemma 15, some three vertices dominate V(P) — v;;. Consider the
remaining cases.

Case 1.1: r = 10. Since vy; is an out-endpoint of P, it has at most two neighbors in V(G”) (one of which
is v19), and we are done by Lemma 14.

Case 1.2: r = 8. By Lemma 13 either there exists a dominating set of G” — vg of size two, and this set
together with vg dominates V(P) — v11, or a (G”, vg)-distant vertex is adjacent to a vertex in {vg, v10,v11},
a contradiction to the maximality of r.

Case 1.3: » = 7. By Lemma 12, either there exists a dominating set of G with size two, or a (G”, v7)-distant
vertex is adjacent to a vertex in {vs,vg,v10,v11}, & contradiction to the maximality of .

Case 1.4: r < 5. Since dg~(v1) = 3 and by Lemma 8 vivz ¢ E(G), r = 5 and vivg,v105 € E(G”). Then
the path P; = (vav3v4v10506...v11) shows that vy is (G, v11)-distant. Hence, vo has a neighbor in G’ distinct
from vy and v3. This neighbor is not in {vy, vs}, since vivg, v1v5 € E(G). This contradicts the maximality of
.

Case 2: P has no out-endpoints. We consider a lasso on G’ with the largest loop. Since a cubic graph must
have an even number of vertices, some vertex of G’ must have an outneighbor. In particular, some vertex in
G’ is not the end of a hamiltonian path in G’. This then gives that r # 11. Consider the remaining cases.
Case 2.1: » = 10. Since G’ has no out-endpoints, v1; has all three of its neighbors in G’. Viewing G’ as
the 10-cycle C together with the extra vertex vi;, we conclude that each vertex v; adjacent along C' to a

neighbor of v17 is the end of a hamiltonian path on G’ connecting v; with v11. It follows that
(4) each v; adjacent along C' to a neighbor of v1; has no outneighbors.

If two neighbors of v1; are adjacent along C, then G’ is hamiltonian contradicting the maximality of r. If the
shortest distance along C' between two neighbors of vy is at least 3, then we may assume that vi;v3 € E(G)
and vi;v7 € E(G’). Then by (4), only vs has an outneighbor. Then any choice of neighbors for v4 gives a
hamiltonian path starting at vs. Hence every vertex of G’ is the end of a hamiltonian path in G’ which is a
contradiction. Thus, the shortest distance along C' between two neighbors of v1; is 2. We may assume that
vy € E(G).

Case 2.1.1: vgv1; € E(G'). By (4), v1 has its third neighbor in G’. Each of the edges vivs, v1v7, or vivg
then forces a hamiltonian cycle in G’. Hence this third neighbor is amongst vy, vs, and vg. If viv5 € E(G'),

then every vertex of G’ is the end of some hamiltonian path, a contradiction. Hence v is adjacent to one of
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vg4 or vg. Symmetry forces vg to be adjacent to the other of these vertices, and again every vertex in G’ is
the end of some hamiltonian path. Hence vgv11 ¢ E(G’) and vqv11 ¢ E(G’) by symmetry.

Case 2.1.2: vyv1; € E(G’). Then adding an edge from vy to vs,vg, vs, or vg gives the hamiltonian cycles
(V1v3V4 . .. V1102), (V1VEUs . . . V2U11V7VUSVV1Y), (VgVeU10V11V7V6 - .. V1), and (v1v10V11V2V3 . . . Ug) respectively.
Thus v, must be adjacent to one of v4 or vs. However, if vy is adjacent to either vy, or vs, the other is the
start of a hamiltonian path in G’, so G’ has an out-endpoint for some hamiltonian path which contradicts
the assumption of Case 2. Hence v1; is not adjacent to v7 or vs.

Case 2.1.3: vgv1; € E(G’). Then by the symmetry between v1; and vy, in order to avoid Cases 2.1.1 and
2.1.2, we need vgv, € E(G’). But vg cannot have 4 neighbors.

Case 2.2: r = 9. The maximality of r restricts the neighbors of v11 to vz, v4,vs, or vg. If v17 is adjacent to
either of v, or vg, then the set {v3, vg,v9} dominates G’. Hence vy; is adjacent to both of vg, and vs. This
then gives the lasso having the loop (v1 ...v4v1105 ... v9) which contradicts the maximality of r.

Case 2.3: r = 8. The maximality of r restricts the neighbors of v1; to v4 and vg. Then vy has a third
neighbor in G’, but any possible neighbor contradicts the maximality of r.

Case 2.4: r = 7. The only possible neighbors of v1; not contradicting the maximality of r are vg and vg. Then
the path (v1...v9v11010) is also hamiltonian in G’, and similarly we have vigvg € E(G). Then d(vg) > 3, a
contradiction.

Case 2.5: r = 6. Since G’ has maximum degree 3, the lowest indexed neighbor of vy is at least v7. So, by
Lemmas 6 and 7, a single vertex dominates {v11, v19, V9, vs}, and this vertex along with vz and vg gives a

dominating set of G’ with size 3. a

Case 2.6: r < 5. The highest indexed neighbor of v; is smaller than the lowest indexed neighbor of v1;.
So, by Lemmas 6 and 7, a vertex dominates {v1,v2,v3,v4}, a vertex dominates {v11,v10,v9,vs}, and a vg

dominates vy and vy. |

For convenience, we also restate Lemma 5.

Lemma 5 Let Py = (x1,...,xk) be a tip of an accepting 2-path P in an optimal vdp-cover. Let X (Py) be
the set of the hamiltonian paths in G[V (Py)] one of whose ends is xy. If none of the other ends of any path
in X(Py) is an out-endpoint of P or a (2,2)-endpoint, then either some (k — 1)/3 vertices dominate V(Py),
or k > 16.

Proof. For k < 7, it was proved in [10][Fact 11], for k = 10 it was proved in [6][Lemma 14]. Both cases will
also be clear from the proof for k = 13 below. So, suppose that a tip P; = (v1vs . ..v13) of an accepting 2-path
P has no out-endpoint and no (2, 2)-endpoint. Let v14 be the second (i.e. the other than v12) neighbor of v
in the path P. Let G’ be the subgraph of G induced by V(P;) + v14. Since our system of paths was chosen

to maximize the number of out-endpoints and (2, 2)-endpoints and taking into account (B4) of Lemma 1,
(5) no (G’,v14)-distant vertex in G’ has an outneighbor (with respect to V(G")).

We choose a (G’, v14)-distant vertex in G’ and an edge incident to this vertex so that to maximize the length
of the loop of a vi4-lasso in G’. We renumber the vertices in G’ so that this vertex is vy and this loop is

(v1v2...v,). Then let G” be the graph induced by the set {v1,va,...,v,}. By the maximality of r and (5),

(6) no (G”,v,)-distant vertex in G” has an outneighbor with respect to G”.



490 A.V. KOSTOCHKA, C.STOCKER

If » = 14, then we are done by Lemma 17.
Let 7 < 14. Then v; has two neighbors in G — v5. By Lemma 8,

(7) vivz; ¢ E(G) for j =1,2,3,4,
and hence r ¢ {3,6,9,12}.

Case 1: r = 13. By Lemma 16, either some 4 vertices dominate V' (Py) (in which case we are done), or some
(G”,v13)-distant vertex v; has an outneighbor with respect to G”, a contradiction to (6).

Case 2: r € {10,11}. By Lemma 15 (if » = 11) or Lemma 14 (if » = 10), either some 3 vertices dominate
V1,2, .., V10 (then this set along with v1o dominates G’ — v14), or some (G”,v,)-distant vertex v, has an
outneighbor, a contradiction to (6).

Case 3: r € {7,8}. By Lemma 13 (if r = 8) or Lemma 12 (if r = 7), either some 2 vertices dominate
V1,02, .., 07 (then this set along with vg and v12 dominates G’), or some (G”, v, )-distant vertex v; has an
outneighbor, a contradiction to (6).

Case 4: r < 5. By (7) r = 5 and the three neighbors of v; are vy, vy4, and vs. Since there is the path
(v3V2UIV4Vs5 . .. V13), by (6), vz has no neighbors outside of G”. So by (7), vsvs € E(G), but vs already has 3
other neighbors. a

6. PROOF OF LEMMA 3

Recall that Lemma 3 states that each 1-path P in an optimal vdp-cover S that does not have an out-
endpoint and does not contain a dominating set of size at most (|P| — 1)/3, has at least 28 vertices. Fact
9 in [10] states that such a path must have at least 16 vertices. Lemma 2 in [6] extends this by proving
that such a path has at least 22 vertices. Hence we need to prove that such path cannot have 25 vertices
and cannot have 22 vertices. We will prove this in two big lemmas. But first we introduce the notion of
(H,v)-distant vertices for v ¢ V(H). If H is a subgraph of G and z € V(G) — V(H), then a vertex y € V(H)

is (H, x)-distant, if H contains a hamiltonian path connecting y with a neighbor of z.

Lemma 18. If a 1-path P in an optimal vdp-cover S does not have an out-endpoint and does not contain a

dominating set of size at most (|[P| —1)/3, then P cannot have 22 vertices.

Proof. Let P = (vivs ... v32) be a counter-example to the lemma, and let G’ = G[V(P)]. Consider a vag-lasso
on V(P) with a largest loop C' = (v; ...v;). Let H = G'—C. If r = 22, then by the definition of P, no vertex
of P has an outneighbor. So in this case G’ is a cubic hamiltonian graph and by Theorem 5 is dominated
by 7 vertices. Thus r < 21. Also by Lemma 8, r is not divisible by 3. If < 14, then since each end of every
hamiltonian path in G’ has no outneighbors, Lemmas 6, 7 and 12-17 imply that for some 7, some set D of ¢
vertices dominates the set {v1,...,vs;41}. Then the set DU {vs(;41),V3(i42),- - -, v21} dominates G’ and has
7 vertices. Thus r € {16, 17,19, 20}.

Case 1: r = 16. By the maximality of r, for each (H,v1¢)-distant vertex of H, only v7,vs, and vg are possible
neighbors on C. By Lemma 8, vosvg ¢ F(G). So N(vas) — va1 C {v7,v9, 18,019}

Case 1.1: |N(va2) N{v7,v9}| = 1. By symmetry, we may assume that veqvy € E(G’).

Case 1.1.1: vaov1g € E(G'). Because of the path (vigv17v18v22021020019), vertex vig is (H,vig)-distant. By
Lemma 8 for P, v19 has only two neighbors in H. Since v; already has 3 neighbors, v1g is adjacent to vg.

If v17 has two neighbors in C|, then since it is (H,vr)-distant, the second (apart from v;g) neighbor in C
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should be v14. On the other hand, since vy7 is (H,vg)-distant, this neighbor should be vs, a contradiction.
So w17 has two neighbors in H. If vi7va9 € E(G), then the path (v16v17020019018V22021) shows that vg; is
(H,v16)-distant. Hence the third neighbor of vg; is in H U {vr,vg}. But all vertices in this set already have
degree 3. Thus vi7v9; € E(G). Then the path (vigv17v21v22018V19020) shows that vy is (H, v16)-distant, and
all possible neighbors of vy already have degree 3.

Case 1.1.2: vyov19 € E(G'). If v17v99 € E(G), then the set {vi7, vaa, va, V5, vs, V11, 014} dominates G’. If
v17021 € E(G), then we have Case 1.1.1 with v17 in place of vee. So v17v14 € E(G). The path
(v17v18V19V22V21V20) shows that veg is (H, v16)-distant and (H,v14)-distant. So if its third neighbor is in C,
then it should be vg because of v16 and vs because of v14, a contradiction. So vygvig € E(G’), a contradiction
to Lemma 8 for the path (vi7v1g ... V2U7Vs . .. V16T - . . Vg).

Case 1.2: vyov18 € E(G') and vaov19 € E(G'). Because of the path H' = (v16017018U22019V20021 ), vertex vag
can play the role of vgs. By Lemma 8, vojv17 ¢ E(G’). So we have Case 1.1 for C and H'.

Case 1.3: vyovg € FE(G') and vesvy € E(G’). Consider G’ as a lasso with the cycle C' = (v7vg . ..v92) and
handle H' = (v1gv1v2 ... vg). As above, only v; and vg can be the neighbors of vg on C’. Since vy already

has 3 neighbors, we are in Case 1.1 for C’ and H’, which is proved.

Case 2: r = 17. By the maximality of » and Lemma 8, only v7, and v19 can be the neighbors on C of any
(H,v17)-distant vertex. So as in Case 1, by Lemma 8, N(vag) — va1 C {v7, v10, V18, V19 }-

Case 2.1: Exactly one of v; and wvyg is a neighbor of vgy. Again, we may assume that voovy € E(G'). If
vaat1s € F(Q), then ve; is (H,vr)-distant and vig is (H,v17)-distant. They are not adjacent by Lemma 8
for P, and so va1v14 € E(G') and vigv1g € E(G’). Now the set {vig,va1, v2,v5,vs, V12, 16} dominates G'.
Thus vaov1g9 € E(G). Then vog is (H,v17)-distant. If vogv1s € E(G’), then the set {v1g, vag, v2, U5, vg, V12, V15 }
dominates G’. So, vygvip € E(G'). If v1gve1 € E(G'), then the set {v1s, v, vs, v7,v10, V12, v15} dominates G'.
Otherwise, since vyg is (H, vy)-distant it is adjacent to v14, but since it also is (H, v1p)-distant it is adjacent
to vs, a contradiction.

Case 2.2: vyov1g € E(G') and voov19 € E(G'). We just repeat the proof of Case 1.2.

Case 2.3: vyovr € E(G’) and vaov1g € E(G’). Then by symmetry v1g has its third neighbor, say v;. Since

Case 2.1 is proved, i < 17, and v; is at distance 7 along C from both vy, and v1g, an impossibility.

Case 3: r = 19. First note that if v9; has its third neighbor in G’, then vy; dominates all but a Pig, which
can be dominated by 6 vertices. Thus va1’s third neighbor is outside of G’. Also if vagvas € E(G’), then vqg
dominates all but a P;g. Thus we may assume that each of vog and v9 has two neighbors on C. Furthermore,
each vertex in G’ that is adjacent to a neighbor of vy or vos is an endpoint of a hamiltonian path in G’, and
hence has its third neighbor in G’.

Case 3.1: The neighbors of vyy and vey on C do not alternate. Let d be the maximum of the distance
between the neighbors of vog on C' and the distance between the neighbors of vos on C. We can assume that
v is adjacent to v1g and vy on C'. We can further assume that the neighbors of vy on C' are vgy, and
Vgtate Let b =19 —d — a — ¢ (See the left graph in Figure 4). By symmetry, we may assume that a < b.
Maximality of r forces the neighbors of vyy to be at least distance 4 apart on C from the neighbors of vas,
in particular, b > a > 4. It also forces ¢,d > 2. Lemma 8 for P and symmetry eliminate all cases where

neighbors of vog are distance 5,8,11, or 14 apart on C' from the neighbors of vy2. Summarizing, we have

(8) b>a>4, aba+c,b+ca+db+d¢ {58 11,14}, and 2 <c <d.
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Case 3.1.1: d>9. Thenc=19— (a+b+d) <19 — (4 +4 + 10) = 1, a contradiction to (8).

Case 3.1.2: d=9. Thena+b=19—¢c—9=10—¢c < 8. So by (8), a = b = 4. By Lemma 9, the third
neighbor of v14 is one of vy, vs, v4,v5, V7, Vg, V10, V11, V17, and v1g. The path (v14v15 - . . V22V13V12 . .. v1) along
with Lemma 8 restricts this set of possible neighbors to {v1,v4,v7,v10, V17, v18}. Then Lemma 8 with the
path (v14v13 . . . V9U20V21 V22V15V16 - - - U19V1 V2 . . . Ug) Testricts the set of possible neighbors of v14 to {v1g, v1s}.
Since either of these edges forms a 4-arc in G’ and since vy, and vy both have third neighbors in G’, by
Lemma 11, no good third neighbor exists for vy4.

Case 3.1.3: d = 8. If a = 6, then a + d = 14, a contradiction to (8). Similarly, b # 6. Hence a =
b = 4. By Lemma 9, the third neighbor of vy4 is one of vy, v, vy, vs5, v7,v10,v11, V17, and v1g. The path
(v13V14 . . . V22012011 . .. v1) along with Lemma 8 restricts this set of possible neighbors to {va, vs, v11, V17, V18 }-
The symmetry of the role of H with the role of the set {vis,v17,v16} eliminates vi7 as a possible neighbor
of vi4. If v14v1s € E(G’), then Lemma 11 with = v14, y = v1g and z = vy yields that vig has no third
neighbor in G’, a contradiction to the fact it is adjacent to a neighbor of ves. Thus visv1s ¢ E(G’). Now
Lemma 11 with x = v12, ¥y = v14 and z = v19 eliminates all remaining potential neighbors of v14.

Case 3.1.4: d = 7. If a = 4, then a + d = 11, a contradiction to (8). Similarly, b # 4. Then a,b > 6, and
a+b+c+d>64+64247=21, a contradiction.

Case 3.1.5: d=6. Thena+b<19—-2—-6 =11.

Case 3.1.5.1: a = b = 4. Let v; be the third neighbor of v14. By Lemma 9, i € {1,2,4,5,7,8,11,17,18}. The
path (v14013 . . . VgU20V21 V22015016 - - - V19V1V2 . . . U5) With Lemma 8 restricts this set to {2,5,7,8,11,18}. The
path (v11v12. .. V22v10Vg ... v1) With Lemma 8 shrinks this set to {7,11,18}. If ¢ = 18, then by Lemma 11
with = v14, y = vig and z = wvig, graph G” = G’ — {vg9, v21,v22} has a dominating set of size 6.
If ¢ = 7, then the path (vgvg... V140706 ... V1019018 - . . V15U22021V20) forces the third neighbor of vg to
be in G’, which contradicts the fact that the role of H can be switched with {v7,vg,v9}. Thus ¢ = 11.
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Then the path (v12v13v14011V10 - - - V1V19V18 - - - V15V22021V90) forces vis to have its third neighbor in G’. By
Lemma 8 for this path and Lemma 9 for C, this neighbor is in {vs,vs,vs, v18}. For j € {2,5,8}, Lemma 10
with R = {vj,v10,v12,v19} eliminates v; from the list. Thus viov1s € E(G’). Then the hamiltonian cycle
(V11010 - - . V1V19V20V21 V22V15V16V17V18V12013V14) contradicts the maximality of r.
Case 3.1.5.2: a = 4,b = 6. Let v; be the third neighbor of v1;. By Lemma 9,
i€ {1,2,4,5,7,8,14,15,17,18}. The path (v11v12... 2201009 ...v1) and Lemma 8 further reduces this set
to {1,4,7,14,15,17,18}. The path (vi2017 ... VgV20V21 V22013014 - . - V19V1 V2 . . . U5) and Lemma 8 eliminate 15
and 18 from this list. If 4 € {1,4, 14,17}, then Lemma 10 with R = {vg, v11, v13, v;} gives a dominating set
of size 7. Thus ¢ = 7. Then Lemma 11 with z = vy, y = v1; and z = vy gives a dominating set of size 7 in G’.
Case 3.1.5.3: a = 4,b = 7. Lemma 9 limits the third neighbor of v1; to one of vy, vo, vy, v5, V7, Vg, V14, V15, V17,
and v1g. The path (v11v10 . . . VgU20V21 V22012013 - . . V19V V2 . . . ¥15) and Lemma 8 limit this neighbor to one of
Vg, Us, U7, Ug, V15 and vig. The path (viiv1a ... 02201009 . .. v1) and Lemma 8 further limit this neighbor to one
of v7,v15 and vig. Now Lemma 11 with = vz, y = vg and z = vq1; (respectively, with = v11, y = v13 and
z = v15) yields a dominating set of size 7 if v11v7 € E(G) (respectively, if v11v15 € E(G)). So v11v18 € E(G).
Then the hamiltonian cycle (viav13. .. 018011010 - . - V1V19V20V21V22) contradicts the maximality of r.

Thus a,b > 6, and hence a + b+ ¢+ d > 20, a contradiction.
Case 3.1.6: d = 5. By (8), a,b # 11 —d = 6. If a,b > 7, then a + b+ ¢+ 5 > 19, a contradiction. So
one of a and b, say a, is 4. Then by the maximality of d, b > 5, and so b € {5,6,7,8}. Hence by (8),
b = 7. Then Lemma 9 limits the third neighbor of vy, to one of vy, va, vy, v7, Vg, V14, V15, V17, and vig. The
path (v11v10, . - . V1VU19U20V21 V22012013 - . . U1g) and Lemma 8 eliminate v14 and v17 from the list of possible
neighbors. The path (v1gv11 ... v22090s ... v1) and Lemma 8 limit this neighbor to one of vy, vg, v15, and v;sg.
By Lemma 11 with @ = vy, y = v15, and z = v13, vi5v11 € E(G). Lemma 10 with R = {vg, v11,v19,v2} and
R = {vg, v11, V19, vs} eliminates vo, and vs as neighbors of v11. Thus v11v18 € E(G’). Then the hamiltonian
cycle (V18017 - . . V12V22021 UagVU19V1 V2 . . . v11) contradicts the maximality of 7.
Case 3.1.7: d = 4. By (8), a,b ¢ {4,5,7,8}. Then if max{a,b} > 9, then a+b+c+d >6+9+ 2+
4 = 21, hence a,b = 6. By Lemma 9, the third neighbor of vy; is in {v1,vs,vs, v7, Vs, V14, V15, V17, V18 }-
The path (v11v12... V2201009 ... v1) and Lemma 9 shrink this set to {vi,v7,v14,v15,v17,v18}. The path
(V12011 .« . . V1V19U2V21 V22013014 - . . V15) and Lemma 9 yield that this neighbor is in {v1,v7,v14,v17}. By
Lemma 11 with z = vy1, y = vy, and z = vg, vyv11 € E(G). If v130; € E(G’), then the hamiltonian
cycle (v1vs ... v19V22091 - . . v11) contradicts the maximality of r. If v11v17 € E(G’), then the set
{va, v5,v8,v11, V15, V19, V22 } dominates G’. Finally, if vi1v14 € E(G'), then symmetry gives viovg € E(G’),
and hence the set {vy,vs, vg, Vg, V14, V17, v21)} dominates G'.
Case 3.1.8: d = 3. In this case, 2 < ¢ < 3. Ifa=4,thenbe {19-4—-3-3,19—-4—-2—3} ={9,10}. If
a = 6, then similarly, 7 < b < 8, but by (8), b # 8. Finally, if a > 7, then b <19 -7 —2 —4 =7, and hence
in this case a =b=17.
Case 3.1.8.1: ¢ = 4,b = 9. Lemma 9 limits the third neighbor of vg to one of vy, v, v4, v5, V11, V12, V14, V15, V17,
and v1g. The path (vgvg . .. 220706 . . . v1) and Lemma 8 limit this neighbor to one of vy, vy, v11, V12, V14, V15, V17,
and v1g. The path (vgug . . . V3V20V21V22010V11 - - - V19¥1V2) and Lemma 8 limit this neighbor to one of vy, v4,v11,
v14 Or v17. By Lemma 11 with = vy, y = vs, and z = vg, vgvy ¢ FE(G). For i € {1,11,14,17}, Lemma 11

with x = vg, y = v;, and z = v3 eliminates v; as a neighbor of vg.
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Case 3.1.8.2: a = 4,b = 10. By Lemma 10 with R D {v19, v2, v7}, the third neighbor of vs is in {v4, vs, vg}.
Lemma 8 for P yields vavy ¢ E(G). By Lemma 11 with & = vg, y = vg, and z = vy, vavg ¢ E(G). Thus
vovs € E(G’). Then the 21-cycle (v3v4U50201019018 - - - U7U22021V20) contradicts the maximality of r.

Case 3.1.8.3: a = 6,b = 7. Lemma 9 for C' limits the third neighbor of v1; to one of vy, vs,v4,v5,v7,
U8, V14, V15, V17, and v1g. The path (v11v10 ... V3020021 V22012013 - . . V19¥1v2) limits this neighbor to one of
V2, Vg, Vs, Uz, Ug, V15, and vig. The path (v19v17 ... v22v9vs ... v1) limits the neighbor to one of vs, vs, vs, v15,
and vyg. For ¢ € {2,5,8}, Lemma 11 with z = v;, y = v11, and z = vy9 eliminates v; as a neighbor of vs. By
Lemma 11 with = v11, y = v15, and z = v13, v11v15 € E(G). Thus v11v18 € E(G’). Then the Hamiltionian
cycle (v19V20V21V22V12013 « . . V18V11V10 - - - ¥1) contradicts the maximality of r.

Case 3.1.8.4: a = 7,b=7. Lemma 11 with z = vy9, y = vs, and z = v; yields that the third neighbor of vy
isin {v13, v14,...,v18}. Lemma 9 for C shortens the list to {v13, v14,v16,v17}. For i = 14,17, Lemma 10 with
R = {v1,vs,v19,v;} gives viv; ¢ E(G'). If viv13 € E(G), then the cycle (v1vs ... v12020021020V190V18 - - - V13)
contradicts the maximality of r. So viv1g € E(G). By symmetry, vavg € E(G). Again by symmetry and
by Lemma 9 for C', we may assume that the third neighbor of vy; is in {v7,vg}. Edge vyv11 contradicts
Lemma 11 with 2 = v11, y = vy, and z = vg. So vsv1; € E(G). Then the set {v1,vs3,vs,vs, V14, V18, V22) }
dominates G'.

Case 3.1.9: d = 2. By (8), a,b ¢ {5,6,8,9,11,12}. Since ¢ = 2, we have d+c = 4 and hence a,b ¢ {4,7,10}.

This proves the case.

Case 3.2: The neighbors of vy and wvay alternate on C. Let va304, V20Vdta, V22v19—5 € F(G'). Define ¢ =
19— a—b—d (see the graph on the right in Figure 4). By symmetry, we may assume that d = max{a, b, ¢, d}.
By Lemma 8, 5 ¢ {a, b, ¢, d}. By the maximality of r, min{a, b, ¢,d} > 4, and so d < 7. Furthermore, if d = 7,
then a, b, ¢ = 4, and the set {vs, v5, vg, V13, V17, V20, V22 } dominates G’. If d = 6, a+b+c¢ = 13, a contradiction
to 5 ¢ {a,b,c,d}. Finally, if d =4, then a + b+ c+d = 16 < 19.

Case 4: r = 20. Lemma 8 for the paths P and {v2v210200103 . .. v19} gives the possible neighbors of vy as
v, 1 € {1,4,7,10,13,16,19}. By the maximality of r, i € {4,7,10,13,16}. It follows that the distance on C
from a neighbor of va5 to both neighbors of vy, is the same modulo 3 (and vice versa). Thus the distance on C
between the two neighbors of v € {v21,v22} is 0 (mod 3). Since r = 2 (mod 3) and the neighbors of v9; and vag
are distance 1 (mod 3) apart on C, these neighbors cannot alternate. Let vo204, V220444, V21020—5 € E(G').
Define ¢ = 20 — a — b — d. We may assume that d < ¢ and a < b. Therefore,

(9) d<c¢,a<b,d+a<10, ¢,d=1 (mod 3),and a,b=0 (mod 3).

Case 4.1: d = 4. By (9), d + a € {7,10}. Then v5 has its third neighbor. By Lemma 8 for the paths
(U506 . . . V2oV V2U3V4 V22021 ) and (Vgta—1Vdta—2 - - - V1V20V19 - - - VdtqU22021 ), for either choice of d + a, the
possible neighbors of v are in {v1, vs, vg, V12, V15, v18}. If v5v1 € E(G’), then the hamiltonian cycle

(U5Ug - . . Vagv4V3V2v1 ) contradicts the maximality of . By Lemma 11 with = vsg, ¥ = V444, and z = vs,
the third neighbor of vs must be in the set {vy, va,...,v41q—1}. This contradicts the above statement when
d+ a =7 and leaves vg and and vg as possible neighbors of vs when d 4+ a = 10. In this case by (9), ¢ = 4.
Note that now vs is symmetric with vg, v15, and vig.

Case 4.1.1: vsv9 € E(G). The path (vgv7v6U509010 - . . V4U22021) yields that vg has its third neighbor in G'.

By Lemma 11 with @ = vy, y = v10, and z = vg, this neighbor is in {v1,v2,v3}. By Lemma 8 for paths
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(vousg . .. V1UV1g - . . V1gU22V21) and (VgU7UgUsVUL - - - Uag - . - V4U22021 ) eliminates vz and vy from this list. So
vgv1 € E(G). Then the cycle (vgv7060509010 . . . V2g21 V2204030201 ) contradicts the minimality of r.

Case 4.1.2: v5vg ¢ E(G). Then vsvs € E(G). Since vs is symmetric with vg, v15, and v19, we conclude that
Vg, V15V18, V1916 € E(G). The path (v;vgvgusvy . .. v1V9g . . . V19V22V21) yields that vz has its third neighbor,
say v;, in G'. If ¢ € {3,12,13,17}, then for j € {12,13} the set {vs, vs, v10,v}, V14, V17, V20} dominates G'.
Since vertices vy, vo and vy; with respect to vg are symmetric to v13,v12 and vs, respectively, no possible
neighbors for vg left.

Case 4.2: d = 7. By (9), d+a = 10 and so ¢ = 7. By Lemma 11 with = v17, y = v7, and z = v19, the third
neighbor of v1g is in {v1,va,...,v6}. Lemma 8 for P and the 16-vertex path (v19v18v17v21V22010%9 . . . V1V20)
reduces this list to {vs,vg}. If vigvg € E(G), then the cycle (vigu1g ... U7v22vV21 V2001 - .. Vg) contradicts the
maximality of 7. So vigvs € E(G). Symmetrically, vgvy € E(G). Now the hamiltonian cycle

(v19V1g - - . Vg4 V5 VgUTV22V21 UogU1 U2¥3) contradicts the maximality of r. O

Lemma 19. If a 1-path P in an optimal vdp-cover S does not have an out-endpoint and does not contain a
dominating set of size at most (|P| —1)/3, then |P| # 25.

Proof. Let P = (vjva...v25) be a counter-example to the lemma, and let G’ = G[V(P)]. Consider a vg5-
lasso on V(P) with the largest loop. Call the loop C, and the remaining handle H. We may assume that it
is a (vgs, 25, r)-lasso. If r = 25, then no vertex of G’ has an outneighbor, and hence G = G’. But a cubic
graph cannot have 25 vertices. Thus r < 24. Also r is not divisible by 3 by Lemma 8. If » < 17, then by the
maximality of r each neighbor of an (H,v,)-distant vertex must lie in H. Thus again by the maximality of
r, considering the largest lasso L in H with v,41 as the endpoint of the handle, we know that the loop in L
has at most 12 vertices. So, we may apply one of the Lemmas 6, 7, 12, 13, 14, and 15 to L. This then gives a
contradiction to the maximality of the loop in L or a dominating set extendable to a dominating set of size
8 of G’. Thus r € {19, 20,22, 23}.

Case 1: r = 19. By the maximality of r, and Lemma 8, each (H,v1g)-distant vertex of H has only vr, vg, v10,
and wv1o as possible neighbors in C'. Also by the maximality of 7, if a vertex z of C' is adjacent to the end of
a handle H, then a vertex adjacent to z along C' cannot have neighbors in H.

Case 1.1: Vertex vg5 has two neighbors on C. By symmetry and the maximality of , we have the following
three cases:

Case 1.1.1: vo5v7 € E(G’) and va5v9 € E(G’). By Lemma 8 for the paths (voguay - . . V25070 . . . V19U1 V2 . . . Vg)
and (vgov21 - . . UasV9U1g - . . V19V1V3 . . . Ug), the third neighbor of veg is in {vig, V23, Vo4 }-

Case 1.1.1.1: vogvig € E(G'). In this case, vg has its third neighbor in G’, and by Lemma 8 for the paths
(Vg . . . V19U Vg . . . V7U25V24 . . . V2g), (VgVg . .. V16U20V21 - . . V25706 . . . V1V19V18V17 ), and

(vgv7 . .. V1V1VYQ - . . Va5sUgU1Q - . . V18 ), bhis neighbor is in {vy, vg, V12, v15}. lfvgvy € E(G’) (which is symmetric
with the case vgvis € E(G')), then the cycle (vivg...v7095v24 ... vg) contradicts the maximality of r. If
vgvy € E(G") (which is symmetric with the case vgvi2 € E(G’)), then the cycle (vgvg ... va5v70605v4) gives
r > 22 contradicting the maximality of .

Case 1.1.1.2: vgguvg3 € FE(G’). The path (vgvg ... 0190103 . . . UrU25U24U23V20V21 U22) forces vgs to have its
third neighbor in G'. By Lemma 8 for this path, (vgv7...v1019018 . . . VgU25V24V23V20V21 22 ), and P, and by
the maximality of 7, vagv16 € E(G’). Then by Lemma 8 for the paths

(’Ug’l)g ... 0V19V1V2 ...V7U250V24 . . . 1}20), (7)8’09 ... V16022021 U20U23U24V25V7V6 . . . ’()1’[)19’0181]17), and
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(vgV7 . . . V1V19V2g - - - V25U9U1Q - - - V18 ), the third neighbor of vg is in {v1, vy, v12,v15}. Just as in Case 1.1.1.1,
each of these possibilities forces r > 19.

Case 1.1.1.3: vygvaq € E(G’). The path (vsv7... 01019018 - . - UgUa5U24U20V21 U22V23) forces ez to have its
third neighbor in G’. Since the path (vesv24v20v21v22v23) covers H, Lemma 8 forces vogvig € E(G’). Then
just as in Case 1.1.1.1, we eliminate all neighbors of vsg.

Case 1.1.2: vy507 € E(G') and vasv19 € E(G’). The maximality of » and Lemma 8 for the path

(U20V21 . . . VasUTVG . . . V1V19V1g - - - Ug) Torce the third neighbor of veg to be in {v17, va3, v24 }. Note that equivalent
paths restrict the third neighbor of each (H,wvqs5)-distant vertex to be in H or to be wvy7. If an (H, vq5)-
distant vertex v; is adjacent to vi7, then wvig has its third neighbor in G’, and by Lemma 8 for the paths
(U18V17 « . - V1gU25V24 - . . V19V1V3 . .. Ug) and (vigl19¥7...... U7U25 . .. VjU17V16 - - - Ug), this neighbor is either in H
or in {vs,vg,v11,v14}. In any case, as in Case 1.1.1, any such neighbor contradicts the maximality of r. If
voUe3 € E(G’), then vog is (H, vgs)-distant and hence its third neighbor is in H. In this case, veavag € E(G),
a contradiction to Lemma 8 for P. Thus, vagveg € E(G’). Similarly vas is an (H, vgs)-distant vertex; hence
its third neighbor is in H, but Lemma 8 for the path (v23v92091020U24025V1009 . . . V1019018 - - - V11) eliminates
all possible neighbors.

Case 1.1.3: vysv7 € E(G’), and vasv12 € E(G'). In this case, no (H,wvys)-distant vertex can have a
neighbor in C other than v;9. Hence the third neighbor of w9y lies in H. By Lemma 8 for the path
(U20V21 . . . VasUTVG . . . V1V19V1s - - - Ug ), this neighbor is one of voz and wvag. If veguez € E(G’), then the path
(V22V21 V20 U23V24 V257G . . . V1U19V1sg - - . Ug) forces vos to have its third neighbor in G’. But then Lemma 8 for
P forces this neighbor to be in C, a contradiction. If vogveg € E(G'), then the path

(Vg . . . V19U Vg . . . V7U25V24V20V21 V22U23) forces vaz to have its third neighbor in G’. But then Lemma 8 for
this path forces this neighbor to be in C, a contradiction.

Hence vg5 (and by symmetry vgp) has at most one neighbor in C.

Case 1.2: Each of v9g and ve5 has exactly one neighbor in C'. Lemma 8 for P restricts the second neighbor
of vg5 in H to one of vy and vay. Similarly, the second neighbor of v in H is in {va3, vag}. If vaguas € E(G')
and vesva; € F(G'), then the path (v1vs ... v9gU23U22091V25V24) forces vay to have its third neighbor in G'.
There is no room for this neighbor in H, so it is in C. Hence the set {vo1,v24} dominates all G’ but a Pis.
If voguaz € E(G'), and vasvee € E(G’), then the set {vgg,v25} dominates the set {v1g,v2g,...,v25} leaving
only a Pjg undominated. If voguey € E(G’) and vasv91 € E(G’), then the path (v1vy. .. v90U24025V21 V22v23)
forces vog to have its third neighbor in G’. By Lemma 8 for P, this neighbor is in C. Hence the set {va1, va3}
dominates all but a Pig. Finally, suppose that vegvog € E(G’) and vesvee € E(G’). In our case, vgs has a
neighbor v; in C. Then the path (v;41Vit2... V190102 . .. VjU25022U23V24V20021) forces vay to have its third
neighbor in G’. Lemma 8 for the path (v;11V;42...01901Vs ... V;V25V24 ... Uag) forces this neighbor to be in
C'. Then the set {va1,v24} dominates all but a Pjg.

Case 1.3: Vertex vgs has no neighbors in C. By Lemma 8, N(v25) = {va4, V22,21 }. Then both, vez and vay
are (H,vqg)-distant, and hence at least one of them has a neighbor in C. Thus we have Case 1.2.

Case 2: r = 20. Let dist¢(z, y) denote the distance on C between the vertices « and y. Suppose that 7, j > 21
and that v; is an (H,v;)-distant vertex. If v;s is a neighbor of v; in C, and v;: is a neighbor of v; in C, then

the maximality of » and Lemma 8 imply that

(10) diStc(’UZ‘/,Uj/) S {7, 10}
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Case 2.1: Some (H,vq;)-distant vertex, say vos, has two neighbors in C'. We claim that
(11) an (H,vqs)-distant vertex has a neighbor in C' distinct from vgg.

Indeed, otherwise va; has a neighbor in H distinct from vag. It could be only vey. Then vog is (H, vas)-distant
and cannot have 3 neighbors in H. This proves (11).

By (11) and (10), vg5 cannot be adjacent to both of vy, and v13. So we may assume that vosvy, vasv19 €
E(G"). By (10), a neighbor of H — vg95 in C' distinct from vy can be only vy7. Then the path
(U21V23 . . . VapUTVG . . . V1V20V1g - . . Ug) forces vg to have the third neighbor in G’. By Lemma 11 with 2 = vy,
Yy = v10, and z = vg, this third neighbor is in {v1,vs,...,vs}. By Lemma 8 for the paths
(vgUsg . .. V1UV1g - - . V1gU25V24 - - - V1) and (vgvg . .. v17 H 0706 . . . v1020v19v18), this third neighbor is either vy
or vy. If vgvy € E(G’), then the hamiltonian cycle (v1vs ... v7025v24 ... vg) contradicts the maximality of r.
If vgvy € E(G’), then the cycle (v4v5v6v7025v24 . . . vg) forces r > 22.
Case 2.2: No (H,vp;)-distant vertex has two neighbors in C. We claim that

(12) an (H,vq1)-distant vertex, say ves, has a neighbor in C.

Indeed, otherwise vq5 has 3 neighbors in H, which implies vo5v29, vo5v21 € E(G). Then voy is (H, va1)-distant
and has no room in H for the third neighbor. This proves (12). Suppose that v; is the neighbor of ves in
C. By Lemma 8 for P, the neighbor of vg5 in H — vay is either vy or ves. Similarly, the neighbor of ve; in
H — v99 i8 either vy or vo5.

Case 2.2.1: vy5v92 € E(G'). Then vosve; ¢ E(G’) and hence vojv24 € E(G’). The path (va5v99021024023)
shows that veg is (H, ve5)-distant. Also, ves is (H, ve1)-distant. Since veg cannot have the third neighbor in H,
it has a neighbor, v;, in C. Since r = 20, min{distc(v;, v20), distc (vj, voo), diste(vi, v5)} < 6, a contradiction
to (10).

Case 2.2.2: vg5vy1 € E(G'). In this case, vag is (H,vg1)-distant and by Lemma 8 has no third neighbor
in H. Therefore, vyy has a neighbor, vy, in C. Similarly, veg is (H,vo2)-distant and hence has a neighbor,
vg, in C' and vyq is (H,vgs)-distant and hence has a neighbor, vy, in C. By (10) for v;, and vy, and for
veo and vj, diste(vh,v20) = 1 (mod 3) and distc(veo,v;) = 1 (mod 3). Vertices vy, v90 and v; partition
C into three paths that we will call P;}, Pj20, and P, where P;, ;, connects v;, with v;, and does not
contain v;, for distinct 41,149,143 € {j, h,20}. Since 20 = 2 (mod 3), the number of edges in P} j is 0 (mod 3).
If v, ¢ V(Pj4), then distc(ve,vj) = 1 (mod 3) and hence v, cannot have distc(ve,vy) = 1 (mod 3) and
disto (v, vj) = 1 (mod 3) at the same time. So, v, € V(P; ). But then by the maximality of r, P;j has at
least 7 edges. Since each of Pj o9 and P»g j also has at least 7 edges, this is impossible for the 20-cycle C.
Case 3: r = 22. If v94 has its third neighbor in G’, then v94 dominates all G’ but a Ps; which can be dominated
by 7 vertices. Thus vo4’s third neighbor is outside of G’. Also if vazves € E(G'), then ves dominates all but
a P51. Thus we may assume that each of vao3 and vos has exactly two neighbors in C. These four neighbors
of va3 and wvey5 partition C' into four paths. Suppose that the lengths of these paths are a, b, ¢, and d.

Case 3.1: The two neighbors of ves in C' and the two neighbors of vy; in C alternate on C' for each
representation of G’ as a lasso with r = 22. We may assume that vasvg, V23Vd4q, Vasv22—p € E(G'), ¢ =
22 —a — b —d and that d = max{a,b,c,d}. By the maximality of r, min{a,b,¢,d} > 4 and hence d =
max{a,b,c,d} <22 —a—b—¢<10. So, by Lemma 8,

(13) each of a,b,¢,d is in {4,6,7,9,10}.
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Case 3.1.1: d > 8. If d = 10, then by (13), a = b = ¢ = 4 and the set {vq, vs, vs, V12, V16, V20, V23, V25 }
dominates G'. If d = 9, then a + b+ ¢ = 13, which contradicts (13). By (13), d # 8.

Case 3.1.2: d = 7. By (13), {a,b,c} = {4,4,7}. By symmetry, there are two subcases: either (d,a,c,b) =
(7,4,4,7) or (d,a,c,b) = (7,4,7,4). If (d,a,c,b) = (7,4,4,7), then the set {va,vs,vg, v13, V17, V20, V23, V25 }
dominates G'. If (d,a,c,b) = (7,4,7,4), then the set

{v2, v5, V9, V13, V16, V20, V23, V25 } dominates G’.

Case 3.1.3: d < 6. If d < 5 then by the maximality of d, we have a + b+ c+ d < 20 < 22. So, d = 6.
By (13), {a,b,c} = {4,6,6}. So by symmetry we may assume that (d,a,c,b) = (6,6,6,4). Then the cycle
(V103 . . . V18V25024U23V22) With the handle vyg, vag, v21 is a new lasso L with r = 22. By our assumption, the
neighbors of vy, and the neighbors of vy also alternate along the cycle in L. Since d = 6, each such adjacent
pair of such neighbors along the cycle in L must be at distance 4 or 6. Since only one such distance can be
4, v1g is adjacent to vg, but vg already has 3 neighbors.

Case 3.2: There exists a representation of G’ as a lasso with r = 22 such that the neighbors of vy3 along C,
and the neighbors of ve5 along C' do not alternate. We may assume that va3v4, Va5Vd1a, V25v22—5 € E(G),
and ¢ = 22 — a — b — d. We may assume further that d > ¢ and a < b. By the maximality of , a,b > 4
and ¢,d > 2. Similarly to (8) in the proof of Lemma 18, we have

(14) b>a>4, aba+cbt+ca+db+dd¢{5811,14,17}, and 2 < e < d.

By (14),d <22 —4—4-2=12.
Case 3.2.1: d = 12. By (14), a = b = 4, and ¢ = 2. By Lemma 9 for C and Lemma 8 for the paths
(V17018 . - . Va5V16V15 - - . ¥1) and (V17016 . . . V12U23V24 V2501819 - - - U2a¥1V2 . .. V11 ), the third neighbor of vy7 is
either v13 or vg;. Assume by symmetry that vi7v15 € E(G’). Since vy5 has its third neighbor in G’, by
Lemma 11 with z = v13, y = v17, and z = vy5, G’[C] has a dominating set of size 7 and hence G’ has a
dominating set of size 8.
Case 3.2.2: d = 11. By (14), a = b = 4, and ¢ = 3. Then Lemma 9 for C and Lemma 8 for the path
(v16V17 - . . V25U15V14 . .. v1) forces the third neighbor of vi7 to be amongst va,vs,vs, v14,v20, and vay. If
v17v21 € E(G), then since vjg has its third neighbor in G’, Lemma 11 with & = v17, y = v91, and z = vy
yields a dominating set in G'[C] of size 7. If vi7v; € E(G’) for ¢ € {2,5, 8,14}, then the set {v17, v19, V22, vV25}
dominates 13 vertices and leaves only a collection of paths whose lengths are divisible by 3. So, in this case
G’ can be dominated by 8 vertices. If v17v99 € E(G'), then vyy dominates all but a Py in G’, and hence G’
has a dominating set of size 8.
Case 3.2.3: d = 10. In this case, a + b + ¢ = 12, and no combination of values for a, b, and c satisfies (14):
if a = 4, then b+ ¢ = 8, a contradiction; otherwise 6 < a < b, and a + b+ ¢ > 14.
Case 3.2.4: d = 9. By (14), (a,b,c) € {(4,4,5), (4,6,3), (4,7,2)}.
Case 3.2.4.1: a = b = 4, and ¢ = 5. Let v; be the third neighbor of v17. By Lemma 9 for C and Lemma 8
for the paths (v14v15 ... Va5v13v12 ... v1) and (V17V16 . . . VgUa3U24V25V18V1g - - - UgaU1 Vg . . . Ug), © € {10,14,21}.
Since v1g has its third neighbor in G’, if v17v91 € E(G’), then Lemma 11 with x = vy7, y = va1, and z = vg
yields a dominating set of G'[C] of size 7. Suppose that v17v19 € E(G’). Since v12 has a common neighbor
with vo5, it has a third neighbor v;. By Lemma 11 with = v17, y = vi0, and z = vi9, j € {14,15,16}. By
Lemma 9 for C, j # 14. Then the cycle (v1v2 ... VgU23V24V25V130V14 - . . VjV12V11V10V17V18 - - - U22) contradicts
the maximality of r. So vi7v14 € E(G’). The path (ve3v24v25013012 . .. V1V220a1 - . . V17014V15V16) forces vig
to have its third neighbor in G’. By Lemma 8 for this path and Lemma 9 for C, this third neighbor
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is in {wvy,v4,v7,v10,v20}. If the neighbor is in {v1,v4,v7,v90}, then the set {v1,v4,v7,v9,v11, 014, V20, V25 }
dominates G’. Hence v1gv19 € E(G’). Symmetry then forces v15v21 € E(G’), and the set {vy1, vy, v7, v10, V13, V18, V21,
vo3} dominates G'.

Case 3.2.4.2: a = 4,b = 6, ¢ = 3. Then v14 has its third neighbor in G’, and by Lemma 9 for C' and Lemma 8
for the paths (v14v15 ... V25013012 ... v1) and (V15V14 . - . VgUa3U24Va5V16017 - - - V22V V2 - . . Vg ), this neighbor is
in {v1,v4, 07,010, V17,020 }. Since v1o has its third neighbor in G’, Lemma 11 with = v19, y = v14, and
z = vy eliminates vyg as the third neighbor. Now for each of the remaining vertices v;, Lemma 11 with
x = v, Yy = v14, and z = vg yields a dominating set of G’[C] of size 7.

Case 3.2.4.3: a = 4,b = 7,c = 2. Then vy4 has its third neighbor in G’. By Lemma 9 for C' and Lemma 8
for the paths (v14v13 ... VgU23V24V25V15V16 - - - V22U1 V2 . .. Vg) and (v14¥15 . . . V25v13V12 - . . V1), this neighbor is
in {v19,v18,v21}. Since both of v15, and vig have third neighbors in G’, Lemma 11 with = vig, y = v14,
and z = v12 and with © = v14, y = vis, and z = vy forces vi4v91 € E(G’). This then forces the hamiltonian
cycle (V14013 . . . V1V220V23V24V25V15V16 - - - U21) contradicting the maximality of 7.

Case 3.2.5: d = 8. By (14), (a,b,¢) € {(4,4,6),(4,7,3)}.

Case 3.2.5.1: a = b = 4,c = 6. Since va5v12 € E(G’), v13 has its third neighbor in G’. By Lemma 9 for C
and Lemma 8 for the paths (vi7v16 . . . UgU23024V250V18V19 - - - U221 V3 . . . v7) and

(Vg1 . . - V18V25U24V23V8 V7 - . . U1 V22021 U20V19), this neighbor is in {vg,v10,v16, v17}. Since v1; has its third
neighbor in C, by Lemma 11 with 2 = vg, y = v13, and z = v11, vev1z € E(G’). If v13v19 € E(G’), then the
set {vq, v5, Vs, V10, V15, V18, V21, V25 } dominates G'. If vizv16 € E(G’), then symmetry gives vi7v14 € E(G').
Thus Lemma 9 for C' and Lemma 8 for the paths

(V15V14V17016V13V12 - - . U1V22V21 - . . V1gV25V24023) and (Vi5016V13V14V17018 - - - U22V1V2 . . . V12V25U24V23)
eliminates all possible neighbors of wvy5. The last possibility is that vizviz € E(G’). The path P’ =
(U23V24V25V18V1g - - - UgaU1 Vg . . . V13017U16V15V14) forces v14 to have its third neighbor, say v;, in G’. By Lemma 8
for the path (vi3v14 ... 025012011 ... v1) and for P/, i € {2,5,11,20,21}. By Lemma 11 with = v14, y = v;,
and z = va9, 1 ¢ {2,5,11}. So, i € {20,21}. If ¢ = 20, then the set {vs, vg, vg, V12, V16, V20, V22, V25 } dominates
G'. If i = 21, then the cycle (v18v19U20V21V14V15V16V17V13 V12 - - - V1V22U23U24V95) contradicts the maximality
of r.

Case 3.2.5.2: ¢« = 4,b = 7,¢ = 3. Since vysv12 € E(G’), v13 has its third neighbor in G’. Lemma 9 for C
and Lemma 8 for the paths (v14v13 . .. Ug¥230U24V25V15V16 - - - V22 U1 Vg . . . U7),

and (v13v14 - . . UggU1 Vg . . . Uga3l24Va5V12011VU10Vg ) forces this neighbor to be in {vs,vg, vg}. Since v11 has its
third neighbor in G’, by Lemma 11 with = vg, y = v13, and z = v11, vov13 ¢ E(G’). Finally, for i = 3,6,
Lemma 11 with x = v13, ¥y = v;, and z = vg eliminates the remaining possible neighbors for v;3.

Case 3.2.6: d = 7. In this case, by (14), a = b = 6, and ¢ = 3. So, v14 has its third neighbor in G’. Lemma 9
for C' and Lemma 8 for the paths (v15v14 ... V10220V23V24V25V16017 - . . V21) and

(v14V15 . . . V25U13V12 . . . V1), forces this neighbor to be in {v1, vy, v10, V17, vV20}. Since v12 has its third neighbor
in C, by Lemma 11 with z = v1g, y = v14, and z = w19, v14v10 ¢ E(G’). Furthermore, for ¢ = 17,20,
Lemma 11 with © = v14, y = v;, and z = vgy yields that the possible neighbor of v14 is either vy or vy.
If vi4v1 € E(G'), then the hamiltonian cycle (vesvag . ..v14v102 ... v13) contradicts the maximality of r. If
v1404 € E(G'), then by symmetry visvs € E(G) and the 23-cycle (v1v2030150140405 . . . V13025016015 - - - U22)
contradicts the maximality of 7.

Case 3.2.7: d = 6. By (14), (a,b,c) € {(4,6,6),(4,7,5), (4,9,3), (4,10,2), (6,6,4), (6,7,3),(7,7,2)}.
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Case 3.2.7.1: a = 4,b = ¢ = 6. Since v1gva5 € E(G’), v11 has its third neighbor in G'. Lemma 9 for C' and
Lemma 8 for the paths (v11v12 ... U25010V9vs . .. v1) and (V15014 . . . U1 V22V23024V250V16017 - - - V21 ), this neighbor
is in {wy,v4, v7, V14, V15, V17, V2o ;- Since vg has its third neighbor in G’, by Lemma 11 with z = v11, y = vy,
and z = vg, v11v7 ¢ E(G’). Also for i € {4,1,20,17}, Lemma 11 with = v11, y = v;, and z = vg eliminates
v; as a neighbor of v11. Thus vy is adjacent to either vi4 or vys.

Case 3.2.7.1.1: vijv15 € E(G’). Then vy4 has its third neighbor in G’. By Lemma 9 for C' and Lemma 8
for and the paths (vi5v14 ... VgU23V24V25V16 - . - V22102 . . . V5) and

(v14V13V12011 V15016017 - - - V2501009 - . . V1 ), this neighbor is in {v1, vy, v7, V17, v20}. By Lemma 11 with x = vg,
y = V16, and z = v14, v14 is not adjacent to v; for ¢ € {1,4,17,20}. Thus v14v7 € E(G’), and the hamiltonian
cycle (v1v2 . . . UgUa30V24V25V10V9Vs V7 VU14V13V12U11 V15016 - - - U22) contradicts the maximality of r.

Case 3.2.7.1.2: vjjv14 € E(G') and by symmetry vsvy € E(G’). Then vi5 has a neighbor in G’, and
by Lemma 9 for C and Lemma 8 for the path (vi5v14...0V10V25V24V230220103 . .. Vg), this neighbor is in
{v3, vg, V12, V18, V19, V21 }. Since v17 has its third neighbor in G’, by Lemma 11 with = vy5, y = v19, and
z = v, v15v19 & E(G). If visvz € E(G’), then the 23-cycle (v1v203v15V14 - . . UgU23V24V25V16V17 - - - V22)
contradicts the maximality of 7. If vi5v9 € E(G’), then the 23-cycle (v1vs ... vgv15014 - . . V10U25V16V17 - - - V22)
contradicts the maximality of r. If vi5v12 € E(G'), then the path (ve3va4v25v10v9 . . . V1V22V01 - . . V15V12011V14013)
forces v13 to have the third neighbor in G’. Then Lemma 8 for this path, C, and the path

(V23V24V25V16V17 - - . V22V1 V3 . . . V11014V15V12013) eliminates all possible neighbors of vy3. If vi5ve; € E(G'),
then the cycle (v1vy ... V15021020 - . - U16V25024V23V22) contradicts the maximality of r. Thus, vi5v18 € E(G)
and, by symmetry, v1v29 € E(G’). Then the set {va, vs,v7, v10, V13, V16, V20, V23 } dominates G'.

Case 3.2.7.2: a = 4,b = 7,c = 5. Since vgva3 € E(G’), vs has its third neighbor in G'. By Lemma 8 for C
and Lemma 11 with & = vgs, y = v19, and z = vs, this neighbor is in {vy,vs,vs,v9}. Since vy has its third
neighbor in G’, by Lemma 11 with x = vs, y = vg, and z = vy, vsv9 ¢ E(G’). If vsvs € E(G’), then vg
dominates all but a Ps1, hence v5 is adjacent to either vy or vs.

Case 3.2.7.2.1: vs5v; € E(G’). Then v, has its third neighbor in G’, and by Lemma 9 for C' and Lemma 11
with = vgg, y = v10, and z = vg, this neighbor is either vg or vg. If vovg € E(G’), then vg dominates all
but a Py; and hence vyvg € E(G’). Then the hamiltonian cycle (v;v92v21 . . . ¥10V25V24 V230607V UgU2U3V4 Vs )
contradicts the maximality of 7.

Case 3.2.7.2.2: v5v5 € E(G’"). The path (va5v0240230607 . . . V2201 V205v403) forces vz to have its third neighbor
in G’. By Lemma 9 for C' and Lemma 8 for this path, this third neighbor is one of vg, v12,v1s, and vay. If
this neighbor is in {v12,v18,v21}, then the set {vq, vs, v7,v10,v23} dominates all but a Py or but a P3 and
a Pg. In both cases, G’ can be dominated by 8 vertices. Hence vsvg € E(G’). In this case, the hamiltonian
cycle (v1V2V5V4V3V9U8VTVEV23V24V25V10V11 - - - V22) contradicts the maximality of r.

Case 3.2.7.3: a = 4,b = 9,¢ = 3. Since vigves € E(G’), v11 has its third neighbor in G’. By Lemma 9 for
C and Lemma 8 for the paths (v12v11 . . . VgU23V24V25V13V14 - - . V2201 V2 . . . U5) and

(U7 . . . V13V25V24V23V6Us . . . U1V22V2] - . . U14), this neighbor is either v; or vg. Since vg has its third neighbor
in G’, by Lemma 11 with 2 = vy, y = v7, and z = vy, v11v7 ¢ E(G’). Hence v11vs € E(G'), and so vg
dominates all but a P»; in G'.

Case 3.2.7.4: a = 4,b = 10,c = 2. Since vs is a neighbor of vy, it has its third neighbor, say v;, in G'.
By Lemma 8 for P, ¢ € {1,2,8,9,11,14,15,17,18,20,21}. By Lemma 11 with & = v1g,y = va2,2z = v,
i€{1,2,8,9}. If vyvg € E(G"), the hamiltonian cycle (v1vs ... v5V9V8V7VaV23V24V25V10V11 - - - V22) contradicts

the maximality of r. If vg has its third neighbor in G’ then vs dominates all but a P; in G'. Hence i € {1, 2}.
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Case 3.2.7.4.1: vsv; € E(G"). The path (vo5v240230607 . . . V2201U504V302) forces vg to have its third neighbor,
say v;, in G'. By Lemma 8 for this path j € {8,9,11,14,15,17,18,20,21}. By Lemma 11 with = v,
Yy = vga, z = vy, j € {8,9}. Since vg does not have its third neighbor in G’, vavg € E(G’). Then the
hamiltonian cycle (v1v5v4V3V2V9VsV7VEV23V24V25V10V11 - - - U22) contradicts the maximality of r.

Case 3.2.7.4.2: vsv2 € E(G'). The path (vo5v240230607 . . . V22v1v205v4v3) forces vs to have its third neighbor,
say vj, in G'. By Lemma 8 for this path and P, j € {8,9,11,14,15,17,18,20,21}. By Lemma 11 with
T = V2, Yy = U,z = v;, j € {89,11,15,18,21}. Since vs does not have its third neighbor in G’,
j € {9,11,15,18,21}. If vzvg € E(G'), the hamiltonian cycle (vv2U504V3V9U8V7VaV23V24V25V10V11 - - - V22)
contradicts the maximality of r. If vsv;; € E(G’), the cycle (v1v2050403V11010 - - - VgU23V24V25V12V13 - - - U2)
contradicts the maximality of r. If vsve; € E(G’), the 23-cycle (v1v2050V4V3V21 V20 . . . VgU23v22) contradicts
the maximality of r. Hence j € {15,18}. Since v is a neighbor of vy, it has its third neighbor, say vy, in
G’. By Lemma 8 for P and the path (v7vs...v120250240230605 . . . VagU21 . .. v13), h € {11,13,16,19}. Since
vg has its third neighbor in G’, by Lemma 11 with © = vy1, ¥y = vy, and z = vg, vi1v7 ¢ E(G'). If
v13v7 € E(G’) the hamiltonian path (v12v11 ... 07013014 . . . V22V] . . . Ugla3024025) contradicts the maximality
of 7. So h € {16,19}. If h = j + 1, then the 23-cycle (v1V2U5V4V3V;V;_1 . . . V10V25V24V23V6VUTUR VR 41 - - - U22)
contradicts the maximality of r. If j = 15 and h = 19, the set {vq, v3, v7, V10, V13, V17, V21, V24 } dominates G’.
Hence j = 18, h = 16, and the set {vs, v7, v10, V14, V18, V20, V22, V25 } dominates G’.

Case 3.2.7.5: a = b= 6,c = 4. Since vy has its third neighbor in G’, by Lemma 9 for C and Lemma 8 for
the paths (v11v10 . . . VgU23V24V250V12V13 - . . V22102 . . . U5 ), and

(V15014 - - - VgU23V24V25V16V17 - - - U22V1V2 - . . U5 ) this neighbor is in {v7, vs, v15}. Since v13 has its third neighbor
in G', by Lemma 11 with & = v11, y = v15, and z = v13, v11v15 € E(G).

Case 3.2.7.5.1: v11v7 € E(G’). The path (v93v24095012013 . . . V220102 . . . U7011019VgVs ) forces vg to have its
third neighbor in G’. By Lemma 8 for this path and the paths

(U703 . . . V16V25V24U23V6 U5 - - - V1U220V21 - - . U17), (V15014 - - . VgU23V24V250V16V17 - - - U22V1 V3 . . . U5 ), and
(vsV9V10V11V7VEV23V24V25V12V13 - - - U22V1V2 . . . Us ), this neighbor is v15. Then the 23-cycle

(v1v2 . . . V7V11V1V9V8V15V14V13V12VU25V16V17T - - - U22) contradicts the maximality of 7.

Case 3.2.7.5.2: vijvg € E(G'). The path (vo3v24025012013 . . . V220102 . .. VgU11V10Vg) forces vg to have its
third neighbor in G’. By Lemma 8 for this path and Lemma 9 for C, this neighbor is in S = {va, v5, v15, V18, V21 }.
For each v; € S except vy5, the set {vq, vs, vg, V11, V14, V18, Va1, V25 } dominates G'. So, vgv1s € E(G’). Then
the 23-cycle (v1vs ... vsV11V10V9V15V14V13V12V25V16V17 - - - V22) contradicts the maximality of r.

Case 3.2.7.6: a = 6,b = 7,c = 3. Let v; be the third neighbor of v14. By Lemma 9 for C' and Lemma 8 for
the paths (va1va0 . . . V12V25U24V23V2201 V3 . .. V11), (V14013 . . . UgU230U24V25V15V16 - - - U22U1 V2 . . . U5 ), and

(v13V14 - . . VapUI2V11 ... V1), © € {18,21}. Since now v has its third neighbor in G’, by Lemma 11 with
T = v, Yy = vis, and z = vig, viat1is ¢ E(G’). Hence viqvyy € E(G’) and the hamiltonian cycle
(V102 . .. V14V21 Va0 - . . V15V25V24V23022) contradicts the maximality of r.

Case 3.2.7.7: a = b= 7,¢ = 2. Then vy4 has its third neighbor in G’. By Lemma 9 for C' and Lemma 8 for
the paths (v14v13 ... VeU23V24V250V15V16 - . - U22V1 V2 . .. U5 ), and (V14015 ... V25V13012 ... v1), this neighbor is in
{v7,v10, V18, V21 }. By symmetry, we may assume that it is in {v7,v10}. Since v12 has its third neighbor in G’,
Lemma 11 with = v1g, y = v14, and z = vy eliminates v1g as a possible neighbor of v14. Thus vi4v; € E(G'),
and the hamiltonian cycle (v1vg . .. VgU23V24V25V13V12 - - . V7014015 - . . Uag) contradicts the maximality of 7.
Case 3.2.8: d = 5. By (14), (a,b,c) € {(4,10,3),(7,7,3)}.
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Case 3.2.8.1: a = 4,b = 10,¢ = 3. Then vjo has its third neighbor in G’. If this neighbor lies on the
19-cycle (v5v4...01022021 ... V12V25V24V23), the set {v7,v10} dominates all but a Pjg, hence this neighbor
is in {vg,v7,vs}. By Lemma 9 for C, vg cannot be this neighbor. Since vg has its third neighbor in C, if
v10v6 € E(G'), Lemma 11 with = v19, y = vg, and z = vg gives a dominating set of G'[C] of size 7. Hence
v10v7 € E(G’). Then the set {ve, vs, v7,v12, V15, V18, V21, V25 } dominates G’.

Case 3.2.8.2: a = b = 7,c¢ = 3. Since vgsv12 € E(G’), v13 has its third neighbor in G’. By Lemma 9 for C
and Lemma 8 for the paths (v14v13 . .. UsU23024V25V15V16 - . - V220103 . . . U4) and

(V13V14 . . . V22U1 V2 . . . U5U23V24V25V12011 - - - Vg ), this neighbor is in {vs, vg, vg, V16, V19 }. Lemma 11 with x = vs,
y = v15, and z = vz shrinks the list to {vg,vg}. Since v1; has its third neighbor in G’, by Lemma 11
with = vg, y = v13, and z = vy; yields vgv13 ¢ E(G’). Hence v13vs € E(G'). Now hamiltonian cycle
(V1V2 . . . V5U23V24 V2501211 - . - UgV13V14 - - . V22) contradicts the maximality of r.

Case 3.2.9: d = 4. By (14), (a,b,¢) = (6,9,3). Let v; be the third neighbor of vs. By Lemma 11 with
T = Vg, Y = V10, and z = vs, 4 < 9. Then Lemma 8 for the path (v5vg . . . V19V25V24V23V4V3U201 V22V01 - . . V11),
and Lemma 9 for C further yield that ¢ € {1,8,9}. Since v3 has its third neighbor in G’, by Lemma 11 with
x=wv1,y=uvs and z = vs, vsv1 & E(G’). lf vyvg € E(G’), then by the same argument, vs is adjacent to one
of v1 and vs. So vgv; € E(G’). Then the 23-cycle (v1vov3v4v23022 . . . VgUsV6U7vs) contradicts the maximality
of r. Thus, vsvg € F(G"). The path (vo5v240230403V201 022021 . . . VgU5VV7) forces vy to have its third neighbor,
say v;, in G'. By Lemma 8 for this path and Lemma 9 for C, ¢ € {1,11,14,17,20}. If v;v; € E(G’), then
the 23-cycle (v1v2vV3V4V23V23 . . . VgUsVU7) contradicts the maximality of r. If ¢ € {11, 14,17,20}, then the set
{v2, U5, V10, V11, V14, V17, V20, V23 } dominates G.

Case 3.2.10: d = 3. Since a < band ¢ > 2,a < (22—-3—-2)/2 =8.5. So by (14), a € {4,6,7}.

Case 3.2.10.1: a € {4,7}. Since vy shares a neighbor with wvy3, it has its third neighbor, say v; in G’. By
Lemma 11 with © = wvog, ¥ = vg44, and z = v9, 4 < i < d+a—1 < 9. By Lemma 8 for P, i # 4,7.
Ifd+a—2<4i<d+a-—1, then the cycle (va3V24V25V41qVd+at1 - - - V22V1V20;0;—1 - . . v3) contradicts the
maximality of . This means that a = 7 and 5 < 7 < 6. The edge vovs contradicts Lemma 11 with x = v3,
Yy = v10, and z = vs. S0 vavg € E(G), a contradiction to Lemma 11 with = ve, y = vg, and z = vy.

Case 3.2.10.2: a = 6. Then by (14), ¢ = 3. Since v; shares a neighbor with wvy3, it has its third neighbor,
say v; in G'. By Lemma 11 with = v15, y = v3, and z = v;, 13 < ¢ < 21. By Lemma 8 for P, ¢ # 15,18,21.
If 13 < ¢ < 14, then the cycle (v12v11 ... V10041 .. . V25) contradicts the maximality of . Lemma 11 with
T = v12, Yy = U2, and z = v;, shows that i # 20,17. So i € {16,19}. The same lemma with = = v;, y = vy,
and z = vg;, shows that the third neighbor of vo; is some v; with i +1 < j < 19. It follows that + = 16 and
17 < j < 19. By Lemma 8 for P, j # 19. By the symmetry between v; and v11, v11v15 € E(G) and hence
7 = 17. But then symmetrically v;3 also is adjacent to vy7, a contradiction.

Case 3.2.11: d = 2. Since ¢ < d, ¢ = 2, and again no triple (a, b, ¢) satisfies (14).

Case 4: r = 23. Since vg5 is the endpoint of a hamiltonian path in P, it has two neighbors in C'. This forces
v24 to be the endpoint of another hamiltonian path, and so vo4 also has two neighbors in C. By the maximality
of r, the distance on C between any neighbor of v94 and any neighbor of ve5 is at least 3. Then Lemma 8
for P and the path (ve5v94v23v102 ... v92) forces the neighbors of vos in C' to be in {v4, vz, v10,v13, V16, V19 }-

By symmetry, we conclude that

(15) the distance on C' between any neighbor of ve4 and any neighbor of vos is in {4, 7,10}.
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In particular, since each of these values is 1 modulo 3, the neighbors of vo4, and vs5 cannot alternate around
C'. So, we may assume that va5v4, Vo504 4a, V24v23—p € F(G'), and ¢ = 23 —a — b — d. We may assume further
that d < ¢ and a < b. In particular, d + a < 11 and hence d € {4, 7}. Furthermore, since a is divisible by 3,
d+a < 10. As a neighbor of v4, v441 has its third neighbor, say v;, in C. By Lemma 11 with = v23, ¥ = vVgta,
and z = vg41, 4 < d+a— 1. If i = 1, then the hamiltonian cycle (vqvg—1 - ..V1V441V4+2 - - - V25) contradicts
the maximality of r. By Lemma 8 for the path (vg41v442 ... V230102 ... VqU25024), @ & {2,5,d + 3,d + 6}. By
Lemma 8 for the path (Vgta—1Vdta—2 - .- V1023022 . . . VgtaV25024), & # 3,d— 1. Summarizing and remembering
that d € {4,7} and d + a < 10, we have

(16) ifd=4,then8<i<d+a—1<9;ifd="7, then i = 4.

Case 4.1: d = 4. By above, d + a € {7,10}. So, by (16), i € {8,9}.

Case 4.1.1: i = 9. The path (ve4v25V403V2V1 V23023 . . . VgUsVeU7Vg) forces vg to have its third neighbor, say
vj, in G'. By Lemma 8 for this path, j # 2,6. By Lemma 11 with x = veg, ¥ = v19, and z = vs, j < 9. Thus,
j €4{1,3}. If j = 1, then the hamiltonian cycle (vgv7UgV5V9V10 - . . Ua5V4v3V2v1 ) contradicts the maximality of
r. Thus, vgvg € E(G’). Then the set {vs, vg, v10, V11, V14, V17, V20, V23 } dominates G’.

Case 4.1.2: i = 8. By (15), ¢ € {4, 7}. The path P’ = (v7vgv5v80g . . . V2504030201 ) forces vz to have its third
neighbor, say v;, in G'.

Case 4.1.2.1: ¢ = 4. By the symmetry between vs and vg, vgvg € E(G’). By Lemma 8 for P’ and the
symmetric path (v7VgV9UgUS . . . V1V23V22 . . . V14V24V250V10V11V12V13 ), We have j € {3,11,17,20}. By symmetry,
we may assume that either j = 11 or j = 17. Then the set {v1, v4, Vg, V11, V14, V17, V18, V21 } dominates G’.
Case 4.1.2.2: ¢ = 7. Recall that v; is the third neighbor of v7. By Lemma 8 for P, P’, and the path
(V7V6U5 Vg VYV V25 U241 718 - - - V23U V234 ), We have j € {1,11,14}. If j = 1, then the hamiltonian cycle
(v1V2V3V4Va5V4 . . . VsU5VEV7) contradicts the maximality of r. If j = 11, then the 24-cycle
(V1V2V3V4V25V10 VU U5 Vg U7 V11 V12 - - - U3) contradicts the maximality of r. Finally, if j = 14, then the set
{va, v7, V8, V12, V16, V19, V22, V25 } dominates G’.

Case 4.2: d = 7. By above, d + a = 10. By (16), i = 4. The path P’ = (v1v2v304v809 . . . Va5v706Vs5) forces
vs to have its third neighbor, say v;, in G'. By Lemma 11 with 2 = vs3, y = v7, and z = vs, j < 6.
Thus, j € {1,2,3}. Lemma 8 for P’ and for the path (vgvs ... V1023022 ... V19V25v24) yields j # 2 and j # 3,
respectively. So, vsv; € F(G’). Now the cycle (v1v203040809 . . . U250706U5) contradicts the maximality of r.
O
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