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A graph G is k-critical if it has chromatic number k, but every proper subgraph of G is
(k—1)—colorable. Let fi(n) denote the minimum number of edges in an n-vertex k-critical
graph. In a very recent paper, we gave a lower bound, fx(n)> F(k,n), that is sharp for
every n=1 (mod k—1). It is also sharp for k=4 and every n>6. In this note, we present
a simple proof of the bound for k=4. It implies the case k=4 of two conjectures: Gallai
in 1963 conjectured that if n=1 (mod k—1) then fr(n)= (kﬂ)(k;(il"l;k(k%), and Ore in
1967 conjectured that for every k>4 and n>k+2, fu(n+k—1)=f(n)+ 52 (k—27). We
also show that our result implies a simple short proof of Grétzsch’s Theorem that every
triangle-free planar graph is 3-colorable.

1. Introduction

A proper k-coloring, or simply k-coloring, of a graph G=(V, E) is a function
f:V—={1,2,...,k} such that for each uv € E, f(u) # f(v). A graph G is
k-colorable if there exists a k-coloring of G. The chromatic number, x(G),
of a graph G is the smallest k& such that G is k-colorable. A graph G is
k-critical if G is not (k — 1)-colorable, but every proper subgraph of G is
(k—1)-colorable. Then every k-critical graph has chromatic number k& and
every k-chromatic graph contains a k-critical subgraph.
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The only 1-critical graph is K, and the only 2-critical graph is K3. The
only 3-critical graphs are the odd cycles. Let fx(n) be the minimum number
of edges in a k-critical graph with n vertices. Since 0(G) >k —1 for every
k-critical n-vertex graph G, fr(n)> %n for all n >k, n# k+1. Equality
is achieved for n =k and for k=3 and n odd. In 1957, Dirac [2] asked to
determine fi(n) and proved that for k>4 and n>k+2, fi(n)> %n+k—;3
The bound is tight for n=2k—1. Gallai [5] found exact values of f(n) for
k+2<n<2k-—1:

Theorem 1 (Gallai [5]). If k>4 and k+2<n<2k—1, then

(k—1Dn+(n—Ek)(2k—n)) —1.

DN |

fr(n) =

He also proved that fi(n)>*3tn+ (k2 3)n for all k>4 and n>k+2. Based

on his description of k—crltlcal graphs with exactly one vertex of degree

at least k, Gallai [4] conjectured that if n =1 (mod k — 1) then fr(n) =
(k1) (k=2)n—k(k—3)
2(k—1 :

Ore observed that Hajos’ construction implies

EZDEED o)+ b= )2

which yields that ¢y :=1lim, .o fkfl ") exists and satisfies o<k 5 kil. Ore [10]
also conjectured that for every n>k+2, in (1) equality holds.

More detail on known results about fix(n) and Ore’s Conjecture the
reader can find in [7][Problem 5.3] and our recent paper [9]. In [9] we proved
the following bound.

(1) fe(n+k—1) < fr(n)+

Theorem 2. If k>4 and G is k-critical, then

B(G)| > {(m 1)(k —gsz_(cl;;| — k(k — 3)} |

In other words, if k>4 and n>k, n#k+1, then

(2) fr(n) > F(k,n) := {(k + 1)(k2—(k2)_n1; k(k — 3)1

This bound is exact for k=4 and every n>6. For every k> 5, the bound
is exact for every n =1 (mod k—1), n# 1 and settles the above Gallai’s
Conjecture. In particular, ¢, = %— ﬁ for every k > 4. The result also
confirms the above conjecture by Ore from 1967 for k=4 and every n>6
and also for k>5 and all n=1 (mod k—1), n#1. One of the corollaries of

Theorem 2 is a short proof of the following theorem due to Grétzsch [6]:
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Theorem 3 ([6]). Every triangle-free planar graph is 3-colorable.

The original proof of Theorem 3 is somewhat sophisticated. There were
subsequent simpler proofs (see, e.g. [11] and references therein), but The-
orem 2 yields a half-page proof. A disadvantage of this proof is that the
proof of Theorem 2 itself is not too simple. The goal of this note is to give
a simpler proof of the case kK =4 of Theorem 2 and to deduce Grétzsch’s
Theorem from this result. Note that even the case k =4 was a well-known
open problem (see, e.g. [8][Problem 12] and recent paper [3]). Some further
consequences for coloring planar graphs are discussed in [1].

In Section 2 we prove Case k=4 of Theorem 2 and in Section 3 deduce
Grotzsch’s Theorem from it. Our notation is standard. In particular, x(G)
denotes the chromatic number of graph G, G[W] is the subgraph of a graph
or digraph G induced by the vertex set W. For a vertex v in a graph G, dg(v)
denotes the degree of vertex v in graph G, Ng(v) is the set of neighbors of
v. If the graph G is clear from the context, we drop the subscript.

2. Proof of Case k=4 of Theorem 2

Definition 4. For RCV(G), define the potential of R to be pg(R)=5|R|—
3|E(G[R])|. When there is no chance for confusion, we will use p(R). Let

P(G)=mingpcv () p(R).

Fact 5. We have pg,(V(K1)) = 5, pr,(V(K2)) = 7, pr,(V(K3)) = 6,
pr.(V(K4))=2.

By definition, we have the following.

Fact 6. Let G be a graph and A,B,C C V(G) be such that A D B and
ANC=0. Then pg(A—B)=pa(A)—pa(B)+3|Ec(A— B, B)| (equivalently,
pc(AUC) =pc(A)+pc(C) —3|Ea(4,O))).

Note that |E(G)| < w is equivalent to p(V(G)) > 2. Let G be a
vertex-minimal 4-critical graph with p(V(G))>2. This implies that

(3) if |V(H)| < |V(G)| and P(H) > 2, then H is 3-colorable.

Definition 7. For a graph G, a set RC V(G) and a 3-coloring ¢ of G[R], the
graph Y (G, R, ¢) is constructed as follows. First, for i=1,2,3, let R, denote
the set of vertices in V(G) — R adjacent to at least one vertex v € R with
¢(v) =1i. Second, let X ={z1,22,23} be a set of new vertices disjoint from
V(G). Now, let Y=Y (G, R, ¢) be the graph with vertex set V(G)— R+ X,
such that Y[V(G)—R]=G—R and N(z;)=R,U(X —z;) for i=1,2,3.
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Claim 8. Suppose R C V(G), and ¢ is a 3-coloring of G[R]. Then
X(Y(G,R,¢)) >4.

Proof. Let G'=Y (G, R, ¢). Suppose G’ has a 3-coloring ¢': V(G') = C =
{1,2,3}. By construction of G’, the colors of all x; in ¢’ are distinct. So
we may assume that ¢'(z;) =i for 1 <i <3. By construction of G’, for all
vertices u € R;, ¢'(u) #i. Therefore, ¢|rU¢'|y/(g)—g is a proper coloring of
G, a contradiction. ]

Claim 9. There is no RCV(G) with |R|>2 and pg(R)<5.

Proof. Let 2<|R| <|V(G)| and p(R)=m=min{p(W): W CV(G),|W|>2}.
Suppose m < 5. Then by Fact 5, |R| > 4. Since G is 4-critical, G|R| has a
proper coloring ¢: R—C ={1,2,3}. Let G'=Y (G, R,¢). By Claim 8, G’ is
not 3-colorable. Then it contains a 4-critical subgraph G”. Let W=V (G").
Since |R|>4>|X|, |V(G")| < |V(G)]. So, by the minimality of G, pg/ (W) <2.
Let X’=WNX. Since G is 4-critical by itself, every proper subgraph of G
is 3-colorable and so X'#(). Since 0< |X'| <3, by Fact 5, pg/(X') >5. Since
B (W= X', X)| < | Eer (W = X', X)|=[Eg(W = X', R)|, by Fact 6,

4)  pe(W—=X")+R) = pc(W — X') + p(R) — 3| Ec(W — X', R)|
= per(W = X') + m = 3|Eq:(W — X', X)|
< per(W) = per(X') + 3| Eg/(W — X', X")| +m = 3|Eq/(W — X, X)|
<pa(W)—per(X)+m<2-5+m.

Since W —-X+RDR, |[W—-X+R|>2. Since pg(W —X+R) < pa(R), by
the choice of R, W — X + R = V(G). But then pg(V(G)) <m—-3<2 a
contradiction. 1

Claim 10. If RCV(G), |R|>2 and pi(R) <6, then R is a K3.

Proof. Let R have the smallest p(R) among R C V(G), |R| > 2. Suppose
m=p(R) <6 and G[R]# K3. Then |R|>4. By Claim 9, m=6.

Let R, = {uq,...,us} be the set of vertices in R that have neighbors
outside of R. Because G is 2-connected, s > 2. Let H = G[R] + ujus. Since
R#£V(G), |V(H)| < |V(G)|. By the minimality of p(R), for every U C R
with |U|>2, pg(U)>pa(U)—3>pa(R)—3>3. Thus P(H) >3, and by (3),
H has a proper 3-coloring ¢ with colors in C'={1,2,3}. Let G'=Y (G, R, ¢).
Since |R| >4, |[V(G')| < |[V(G)|. By Claim 8, G’ is not 3-colorable. Thus
G’ contains a 4-critical subgraph G”. Let W =V (G"). By the minimality of
[V(G)|, par (W) <2. Since G is 4-critical by itself, WNX #£0(. Let X'=WnNX.
By Fact 5, if | X/| > 2 then similarly to (4), pg.c(W—X"4+R) < per (W)—6+6 < 2,
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a contradiction again. So, we may assume that X’ = {x;}. Then again as
in (4),

(5) pc(W —{z1} + R) < (per(W) = 5) + p(R) < pa(R) = 3.

By the minimality of pg(R), W —{x1}+ R=V(G). This implies that W =
V(G/) —X 4.

Let Ry ={u € Ry: ¢(u) = ¢(x1)}. If |Ri| =1, then pg(W —x1UR;) =
pr(W) < 2, a contradiction. Thus, |Ri| > 2. Since R; is an indepen-
dent set in H and wjuy € E(H), we may assume that us ¢ R;. Then
Eq/ (W —21,X —x1) #0. So, in this case repeating the argument of (4), in-
stead of (5) we have

pc(W —{z1} + R) < par(W) =5+ pa(R) — 3|Eq(W — 21, X — 1)
< pc(R) -6 <0. |

Claim 11. G does not contain K4 —e.

Proof. If G[R]| = K4 —e, then pg(R)=5(4) —3(5) =5, a contradiction to
Claim 10. |

Claim 12. Each triangle in G contains at most one vertex of degree 3.

Proof. By contradiction, assume that G[{z1,z2,23}] = K3 and d(z1) =
d(x2)=3. Let N(x1)=X—x1+a and N(x2)=X —x2+b. By Claim 11, a#b.
Define G' = G — {z1,22} + ab. Because pg(W) >6 for all W C G —{x;,x2}
with |[W/| > 2, and adding an edge decreases the potential of a set by 3,
P(G’) > min{5,6 — 3} = 3. So, by (3), G’ has a proper 3-coloring ¢ with
@' (a)#¢'(b). This easily extends to a proper 3-coloring of G. |

Claim 13. Let xy € E(G) and d(z) =d(y) =3. Then both, x and y are in
triangles.

Proof. Assume that z is not in a K3. Suppose N(z)={y,u,v}. Then uv ¢
E(G). Let G' be obtained from G—y—x by gluing u and v into a new vertex
uxv. Since |[V(G')| < |[V(G)|, G’ is smaller than G. If G’ has a 3-coloring
¢': V(G')—C={1,2,3}, then we extend it to a proper 3-coloring ¢ of G as
follows: define ¢|V(G)—m—y—u—v :QZ),‘V(G’)—U*M then let ¢(u) =¢(v) :¢/(U*U)a
choose p(y) €C — (¢ (N(5)—)), and ¢(z) € C—{6(y),6(u)}.

So, x(G') >4 and G’ contains a 4-critical subgraph G”. Let W=V (G").
Since G” is smaller than G, pg(W) < 2. Since G” is not a subgraph of G,
uxv € W. Let W/ =W —usxv+u+v+z. Then pg(W’') <2+5(2)—3(2) =6, since
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G[W'] has two extra vertices and at least two extra edges in comparison
with G”. Because y ¢ W', we have W’ #V (G), and therefore by Claim 10,
W induces a K3 in G. This contradicts our assumption that x is not in
a Kj. [ |

By Claims 12 and 13, we have
(6)  Each vertex with degree 3 has at most 1 neighbor with degree 3.

We will now use discharging to show that |E(G)| > 2|V (G)|, which will
finish the proof to Case k=4 of Theorem 2. Each vertex begins with charge
equal to its degree. If d(v) >4, then v gives charge % to each neighbor with
degree 3. Note that v will be left with charge at least %d(v) > %. By (6),

each vertex of degree 3 will end with charge at least 3+ % = %. |

3. Proof of Theorem 3

Let G be a plane graph with fewest elements (vertices and edges) for
which the theorem does not hold. Then G is 4-critical and in particular
2-connected. Suppose G has n vertices, e edges and f faces.

Case 1. G has no 4-faces. Then 5f <2e and so f <2e/5. By this and Euler’s
Formula n—e+ f =2, we have n—3e/5>2, i.e., e< 5"510, a contradiction to
Theorem 2.

Case 2. G has a 4-face (z,y,z,u). Since G has no triangles, zz,yu¢ E(G).
If the graph G, obtained from G by gluing x with z has no triangles, then
by the minimality of G, it is 3-colorable, and so G also is 3-colorable. Thus
G has an x,z-path (z,v,w,z) of length 3. Since G itself has no triangles,
{y,u} N{v,w} =0 and there are no edges between {y,u} and {v,w}. But
then G has no y,u-path of length 3, since such a path must cross the path
(x,v,w,z). Thus the graph G, obtained from G by gluing y with u has
no triangles, and so, by the minimality of G, is 3-colorable. Then G also is
3-colorable, a contradiction. ]
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References

[1] O. V. BORODIN, A. V. KOSTOCHKA, B. LIDICKY and M. YANCEY: Short proofs of
coloring theorems on planar graphs, Furopean J. of Combinatorics 36 (2014), 314—
321.



2]
8]
[4]
[5]

[6]

[7]
8]
[9]

(10]
(11]

ORE’S CONJECTURE FOR k=4 AND GROTZSCH’S THEOREM 329

G. A. DIRAC: A theorem of R. L. Brooks and a conjecture of H. Hadwiger, Proc.
London Math. Soc. 7 (1957), 161-195.

B. FARzZAD and M. MOLLOY: On the edge-density of 4-critical graphs, Combinatorica
29 (2009), 665-689.

T. GALLAL: Kritische Graphen 1, Publ. Math. Inst. Hungar. Acad. Sci. 8 (1963),
165-192.

T. GALLAL: Kritische Graphen 11, Publ. Math. Inst. Hungar. Acad. Sci. 8 (1963),
373-395.

H. GROTZSCH: Zur Theorie der diskreten Gebilde. VII. Ein Dreifarbensatz fiir
dreikreisfreie Netze auf der Kugel. Wiss. Z. Martin-Luther-Univ. Halle- Wittenberg.
Math.-Nat. Rethe 8 (1958/1959), 109-120 (in German).

T. R. JENSEN and B. TOrT: Graph Coloring Problems, Wiley-Interscience Series in
Discrete Mathematics and Optimization, John Wiley & Sons, New York, 1995.

T. R. JENSEN and B. TOFT: 25 pretty graph colouring problems, Discrete Math.
229 (2001), 167-169.

A. V. KosTocHKA and M. YANCEY: Ore’s Conjecture is almost true, submitted.
O. ORE: The Four Color Problem, Academic Press, New York, 1967.

C. THOMASSEN: A short list color proof of Grotzsch’s theorem, J. Combin. Theory
Ser. B 88 (2003), 189-192.

Alexandr Kostochka Matthew Yancey

University of Illinois Department of Mathematics,

at Urbana—Champaign, University of Illinois, Urbana,
Urbana, IL 61801, USA and IL 61801, USA.

Sobolev Institute of Mathematics, yanceyl@illinois.edu.
Nowvosibirsk 630090, Russia.

kostochk@math.uiuc.edu.


mailto:kostochk@math.uiuc.edu
mailto:yancey1@illinois.edu

	Ore's Conjecture for k=4 and Grötzsch's Theorem
	1 Introduction
	2 Proof of Case k=4 of Theorem 2
	3 Proof of Theorem 3




