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is (k 4+ 1)-critical.
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1. Introduction

A (proper) k-coloring of a hypergraph G is a mapping f : V(G) — {1,...,k} such that no edge of G becomes
monochromatic. If a hypergraph has a proper k-coloring, then it is called k-colorable. The chromatic number, x (G), of a
hypergraph G is the minimum k such that G is k-colorable.

A hypergraph is k-critical if it is not (k — 1)-colorable but after deleting any edge or vertex it becomes (k — 1)-colorable.
In a way, understanding why (hyper)graphs have chromatic number at least k is equivalent to understanding the structure
of all k-critical (hyper)graphs. Each 2-critical hypergraph has exactly one edge and no isolated vertices. The only 3-critical
graphs are the odd cycles, but 3-critical hypergraphs have not been described. There should be no good characterization of
3-critical hypergraphs, since it is an NP-complete problem to check whether a given hypergraph is 2-colorable (see e.g. [4]).

Since there is no hope of describing all k-critical graphs for k > 4, it makes sense to describe such graphs with additional
properties. The famous Brooks Theorem can be interpreted as the description of (k + 1)-critical graphs with maximum
degree k. There are a number of other results describing k-critical graphs with additional restrictions. This paper also gives

results of this type.
Recall that a hypergraph is d-degenerate if each of its subgraphs has a vertex of degree at most d. Every d-degenerate
hypergraph G is easily (d + 1)-colorable: by definition, the vertices of any d-degenerate G can be ordered as vq, va, ... in

such a way that for every i, the degree of v; in the subgraph induced by the first i vertices is at most d. So we can simply color
the vertices of G greedily in this order, and d + 1 colors will suffice. Say that a (hyper)graph is almost d-degenerate if it is not
d-degenerate but after deleting any edge it becomes d-degenerate. Being (k — 1)-degenerate, every proper subgraph of an
almost (k— 1)-degenerate hypergraph is k-colorable. Hence, if an almost (k— 1)-degenerate hypergraph G is not k-colorable,
thenitis (k + 1)-critical. For brevity, we will call almost (k — 1)-degenerate non-k-colorable hypergraphs k-special.

A natural problem is that of describing k-special (hyper)graphs. In particular, this problem (for graphs) is stated as Part 4
of Problem 4.1 in [5]. According to [5], the problem was posed by Borodin in 1974. By Brooks’ Theorem, the k-special graphs
with maximum degree k are only Kj.1 for k > 3, odd cycles for k = 2 and single edges for k = 1. A couple of other examples
of k-special graphs (for k = 4 and k = 3) are given in Fig. 1.
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Fig. 1. Letters x, y, and z mark the vertices of degree greater than k.

The author worked on this problem in his Doctor of Science Thesis [6]. Recently, Pedersen [8] described (a) k-special
graphs with at most two vertices of degree k+ 1 or greater, (b) k-special graphs with connectivity exactly 2 and (c¢) 3-special
graphs with at most three vertices of degree 4 or greater.

It turns out that instead of describing k-special graphs it is easier and more natural to describe k-special hypergraphs. In
this paper, based mainly on unpublished dissertation [6], the following is done:

(A) We give a description of the k-special hypergraphs with at most one vertex of degree k + 1 or greater and show a way
to construct all other k-special hypergraphs starting from these. This implies a polynomial algorithm for recognition of
k-special hypergraphs.

(B) We obtain some restrictive properties of k-special hypergraphs for k > 4. In particular, every vertex of such hypergraph
belongs to a K.

(C) We give an explicit description of 2-special hypergraphs.

The structure of the paper is as follows. In the next section we introduce relevant notation and cite some known results on
the structure of (k+ 1)-critical graphs, and especially that of their subgraphs containing vertices of degree k. In Section 3 we
use list coloring to describe so called Z,-graphs that will be important bricks in the constructions of k-special hypergraphs.
Then in Section 4 we deduce some properties of k-special hypergraphs that will allow us to prove the above statement in
(A), in Section 5 we deduce that in (B), and in Section 6 we prove that in (C).

2. Preliminaries

A t-edge is an edge of cardinality t. Sometimes, we will call 2-edges graph edges, since a graph is a hypergraph whose
every edge is a 2-edge. Similarly, we will say that e is a hypergraph edge if |e| > 3.

Let G be a hypergraph and A C V(G). Then G(A) is the hypergraph with vertex set A whose edges are the edges of G fully
contained in A. The hypergraph G[A] also has vertex set A, but the edge set is defined differently: E(G[A]) :=={eNA:e €
E(G) and |e N A| > 2}. Let

Ng(A) ={v e V(G) —A:3Je € E(G)suchthatv € eand e N A # #}.

An edge e in a connected hypergraph G is a cut edge if G — e has |e| components. A vertex v in a connected hypergraph
G is a cut vertex if G[V(G) — v] is not connected. By a block of a hypergraph G we mean an inclusion maximal connected
subhypergraph B of G such that no vertex of B is a cut vertex of B. Any two blocks of G have at most one vertex in common
and, by definition, a vertex of G is a cut vertex of G iff it is contained in more than one block of G. An end-block of G is a block
that contains at most one cut vertex of G. By a brick we mean a block consisting of either one (hyper)edge, or an odd cycle
with graph edges, or a complete graph. A connected hypergraph all of whose blocks are bricks is called a Gallai tree.

A (k 4+ 1)-critical (hyper)graph has no vertices of degree less than k. In view of this, vertices of degree k in a (k + 1)-
critical (hyper)graph G are called low vertices and other vertices of such G are high. The set of low vertices in a (k+ 1)-critical
(hyper)graph G is denoted by L(G) or simply by L, and the set of high vertices is denoted by H(G) or simply by H. Recall
that each k-special hypergraph is (k + 1)-critical. Furthermore, by the definition of k-special hypergraphs, for each such
hypergraph G, the hypergraph G(H(G)) does not contain any edge.

Gallai [3] proved that for every (k + 1)-critical graph G, every component of G(L(G)) is a Gallai tree. We will heavily use
an extension of this result to hypergraphs and list colorings from [7] stated in the next section (Theorem 2).

Sachs and Stiebitz [9,10] studied (k 4+ 1)-critical graphs G with special structures of G(H(G)) and G(L(G)). Stiebitz [11]
proved the following fact conjectured by Gallai.

Theorem 1 ([11]). For every (k + 1)-critical graph G, the number of components of G(H(G)) does not exceed the number of
components of G(L(G)).

In particular, this means that for each k-special graph G, |H(G)| is at most the number of components of G(L(G)). Note that
in the examples in Fig. 1, the equality is attained: G(L(G)) has two components in the left example and three components in
the right example.

Following Sachs and Stiebitz [9,10], we call a set M of blocks of a hypergraph G a matching if distinct blocks in M are
vertex disjoint.
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3. List coloring and Z;-graphs

The notion of list coloring was introduced by Vizing [12] and independently later by Erdds, Rubin and Taylor [2]. Vizing
introduced it to study total colorings, and Erdés, Rubin and Taylor were inspired by the Dinitz Conjecture on edge colorings
of bipartite graphs. A list £ for a hypergraph G is an assignment to each vertex v € V(G) of a set L£(v) of admissible colors
for v. For such a list &£, an £-coloring is a proper coloring f of vertices of G such that f (v) € L(v) for every v € V(G).

A list £ for a hypergraph G is called a degree list if |£(v)| > deg(v) for every v € V(G). We will use the following
characterization of connected hypergraphs not colorable from degree lists.

Theorem 2 ([7]). Let G be a connected hypergraph. Let £ be a degree list for G such that G is not L-colorable. Then:

(1) |L£(v)| = deg(v) for every v € V(G);
(2) every hyperedge (i.e. edge of size at least 3) in G is a cut edge, and therefore is a block of G;
(3) Gis aGallai tree.

The next fact is well known (see [1,2] for graph versions).

Lemma 3. Let G be a connected hypergraph. Let £ be a degree list for G such that G is not L£-colorable. If e € E(G),x,y € e,
and x is not a cut vertex in G, then L(x) C L(y).

Proof. Letn = |V(G)|. Suppose 8 € £L(x) — L(y).Since x is not a cut vertex in G, G[V (G) — x] is connected. So, we can order

the vertices of G, vy, ..., vy, in such a way that v; = x, v, = y and

foreach2 <i<n-—1, Ng(v)) N{vig1,..., v} # 2. (1)
Fori=2,...,n,let E; denote the set of edges e € E(G) such that v; is the last vertex in e in the above ordering. We define a
coloring f as follows: Letf (v{) = B,andfori = 2, ..., n,choosef (v;) € £(v;) so that no edge in E; becomes monochromatic.
We can do this fori = 2,...,n — 1 because of (1), and for i = n because 8 = f(v1) &€ L(v,). Since each edge belongs to
some E;, f is an «£-coloring, a contradiction. O

A list £ for a hypergraph G with maximum degree at most k is k-natural if £(v) C {1, 2, ..., k} for each v € V(G). For
o € {1,...,k},ak-natural list /£ for a hypergraph G is (k, «)-natural if for each v € V(G),
Lk, if deg.(v) = k;
Lralv) = {{1, ok —a, ifdeg(v) < k. @

A connected hypergraph G with A(G) < kis a Z,-graph if its vertices cannot be colored from the (k, 1)-natural list £y ;.
The following fact is a small extension of Brooks’ Theorem [3].

Lemma 4. Let k > 2 and G be a connected Z-graph distinct from Ky 1, a single edge, and an odd cycle. Then the blocks of G can
be partitioned into two matchings 8, and B, so that:

(a) the blocks in B1 cover V(G);

(b) the blocks in B, cover all vertices of degree k and only them;

(c) each block in B, is a cut edge of G;

(d) each block in 81 is an edge if k = 2, an odd cycle if k = 3, and a K if k > 4.

Proof. Let G be a vertex-minimal Z,-graph for which the lemma does not hold. Let B be a leaf-block in G. If By = G, then by
Theorem 2, G is a complete graph or an odd cycle, or a single edge, a contradiction. So, let By # G and v, be the cut vertex in
B;.

Case 1: k > 4. By Theorem 2, B; is (k — 1)-regular and hence B; = K. Since A(G) < k, there is only one block B, # B,

containing vq, and moreover, B, is a cut edge in G. Suppose V(By) = {vq, ..., v:}. Let G; .= G[V — V(By)] and
, _ {2, k), ift=2andx = vy
L) = {cﬁk,](x), otherwise.
If Gy can be colored from OC;(’], then we can extend this coloring to an £y ;-coloring of G by coloring v; with 1 and the
remaining vertices of B; with 2, ..., k. So, Gy is a Zy-graph with fewer vertices than G. Thus the lemma holds for Gy, and if
t > 3, then the edge {vy, ..., v} is a cut edge in G;. Hence the lemma holds for G, as well.

Case 2: k = 3. The argument is the same; the only difference is that B; is an odd cycle.

Case 3: k = 2. By Theorem 2, B is an edge. We essentially repeat the argument of Case 1. The only new obstacles are that
it may happen that either t > 3 and the block B;, = {v,, ..., v} isin 81(Gy), or t = 2 and v, belongs to a block in B, (Gy).
Note first that if t = 2, then deg, (v2) = 1, and so v, cannot belong to a block in 8, (G1). So suppose that t > 3 and the
block B), = {vy, ..., v} is in B1(Gy). Because of the structure of G, we can construct an .£;, ;-coloring f’ of G; with the only
monochromatic edge B, as follows: we let f’(v;) = 2 for all v; € B}, and for j = 1, 2 and each edge D € B;(G1) — {B,}, we
color the cut vertex wp closest to B, with j and every other vertex of D with 3 — j. We extend f” to G by coloring v, with 1
and all other vertices of By with2. O
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Lemma 5. Let k > 2 and G be a Zi-graph. Let £ be a k-natural degree list for G. If G is not L-colorable, then £ is (k, a)-natural
forsomea € {1, ..., k}.

Proof. Suppose that G is a vertex-minimal Z,-graph for which the lemma does not hold and £ is a k-natural degree list for
G such that G is not L£-colorable. Let By be a leaf-block in G. If By = G, then by Lemma 3, the lemma holds. So, let B; # G
and vq be the cut vertex in By. By Lemma 4, the minimum degree of G is k — 1, so for each v € V(G) of degree k — 1 there is
ay € {1,...,k}suchthat L(v) = {1, ..., k} — «,. Also by Lemma 4, v; belongs to exactly two blocks, and the block B, # B,

containing v, is a cut edge. Suppose that this edge ise = {vy, ..., v;}. Again by Lemma 4, each v; € e has degree k in G, and
soits listis {1, ..., k}.
By Lemma 3, for all v € V(B;) — vy, the lists are the same. Let «g denote the color missing in the lists of all v € V(B;) — v;.
Let G = G —eand Gy, ..., G; be the components of G'. Define the list £ as follows:
, Lk =, ifw=v;forsomel <i<t;
Lw) = L(f(w) otherwise. (3)

If at least one G; is .£’-colorable, then color this G; from «£” and every other G; from .£. We can color them by Theorem 2(1).
Note that v; must be colored with &g, and so e will not be monochromatic. Thus we would get an £-coloring of G, a
contradiction. Hence no G; is «£’-colorable. By the minimality of G, for each 1 < i < t, the restriction of £’ to G; is (k, «;)-
natural for some «;. By (3), @1 = - - - = o = g. So L is (k, @qy)-natural for G. O

4. Simple properties of k-special hypergraphs

Let G be a k-special hypergraph. In this section, we derive some properties of such a G. The first three of them are so
simple that they do not need proofs.

Property 1. §(G) = k.
Property 2. Gis (k 4+ 1)-critical.
Property 3. G(H(G)) is an independent set.

Property 4. Let e € E(G), |e| > 3 and |e N L(G)| > 2. Then'€ := e N L(G) is a cut edge in G[L].

Proof. Suppose that {v, w} C € and G[L] — ¢ contains a path (vs, ..., vs) connecting v; = v with v; = w. Let Gy be the
hypergraph obtained from G by replacing e with e—v. Then degg, (v) = k—1.Fori =1, ..., s,letG; := Go—{v1, va, ..., vi}.
By construction,

degGH(v,-) <k—1 fori=1,...,s. (4)

Since Go — {vq, V2, ..., Us} = G — {vq, V2, ..., vs}, we have x (G;) < k. It follows from (4) that each k-coloring of G can
be extended to a k-coloring of Gg. But x (Gg) > x(G) = k + 1, a contradiction. O

Property 5. Some component of G[L(G)] is a Z,-graph.
Proof. Color all vertices in H(G) with 1. By Property 3, this is a proper partial coloring of G. For every v € L(G), we let

2,...,k}, if there exists e € E such thate — H(G) = {v};
L) = {El,Z,...%Ic}, otherwise. @@=t ()

Since x (G) = k + 1, there exists a component R of G[L(G)] that is not colorable from £*. By definition, this component is a
Zi-graph. O

The components of G[L(G)] that are Z,-graphs will be called Z,-components. By Lemma 5 we have:

Property 6. If Z is a Zy-component in G[L(G)], then each coloring of Ng(Z) that uses at least two and at most k colors can be
extended to a proper k-coloring of G[Z U Ng(Z)].

If Z is a Zy,-component in G[L(G)] with |[Ng(Z)| > 2, then let F(G, Z) denote the hypergraph obtained from G — V(Z) by
adding edge e; := Ng(Z). Note that if |[H(G)| > 2, then |[Ng(Z)| > 2 for each Zy-component Z in G[L(G)], since (k+ 1)-critical
hypergraphs have no cut vertices.

Property 7. If |H(G)| > 2, then for each Zy-component Z in G[L(G)], the hypergraph F (G, Z) is k-special.
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Proof. Let G’ := F(G, Z). By Property 6 and the fact that G is k-special, x (G') > k + 1. Since G is almost (k — 1)-degenerate,
the proper subgraph G’ — e; of G is (k — 1)-degenerate. Furthermore, lete € E(G') — e,. Since G is almost (k — 1)-degenerate,
there is an ordering vy, ..., v, of the vertices of G — e witnessing that G — e is (k — 1)-degenerate. Deleting from this
sequence the vertices in Z we obtain a witness sequence for G’ — e. It follows that G’ is almost (k — 1)-degenerate and hence
is k-special. O

Property 8. Let k > 2. Let R be a connected hypergraph that has a vertex w such that every other vertex of R has degree at
most k and w is not a cut vertex. Let L(R) denote the set of vertices in R of degree at most k. If x (R) = k + 1, then the following
conditions hold:

(a) RIL(R)]is a Z-graph;
(b) for each e € E(R) with w € e, either e — w is a cut edge in R[L(R)], or |e| = 2;
() 8(R) = k.

Moreover, if k > 3 and conditions (a)-(c) hold for some connected hypergraph R and w € V (R) is such that every other vertex
of R has degree at most k, then x (R) = k + 1.

Proof. Suppose x (R) > k + 1.1f degg(w) < k, then by Lemma 4, either R = Kj.; or k = 2 and R is an odd cycle. In both
cases, the statements (a)—(c) hold. So suppose degp(w) > k + 1. Since w is not a cut vertex, R[V(R) — w] is connected. So,
for each edge e € E(R), the hypergraph R — e is (k — 1)-degenerate (and thus k-colorable). In this case, R is k-special and,
in particular, (k + 1)-critical. Thus by Property 5, in this case R[L] is a Z,-graph, i.e., (a) holds. Then by Property 4, (b) also
holds. And 6(R) > k holds for each (k 4 1)-critical hypergraph R.

Suppose now that k > 3 and R satisfies (a)-(c). If degg(w) < k, then by (a) and (c), R = Kj1. So in this case the lemma
holds. Otherwise, degz(w) > k + 1. By (b), for each vertex of degree k — 1in R[L(R)], the edge wv is in E(R). Let 81 and B,
be the block matchings in R[L(R)] described in Lemma 4. If k > 3, then each cut edge in R[L(R)] is a block in B,. And if we
extend any number of these edges to w, we obtain a (k 4+ 1)-chromatic hypergraph. 0O

Remark 1. Properties 7 and 8 imply the following polynomial-time procedure for checking a hypergraph G to see whether
it is k-special.

Let L(G) denote the set of vertices of degree at most k. First, check whether G is almost (k — 1)-degenerate. If not, then G is
not k-special. Suppose, G is almost (k — 1)-degenerate. If |[L(G)| > |V(G)| — 1, then we use Property 8. Suppose G has at least
two vertices of degree at least k 4+ 1. Then look at whether G[L(G)] has Z,-components. If it does not, then G is not k-special.
Otherwise, choose any Z,-component R and consider F (G, R). It is k-special if and only if G is, and it has fewer vertices, and
SO we can iterate.

Remark 2. Properties 7, 6 and 8 also give a procedure for generating all k-special hypergraphs: Start from either a brick
or a k-special hypergraph with only one high vertex (described in Property 8) and at each step first replace a (hyper)edge
with a Z,-component R (an operation opposite to taking F (G, R)) and then check whether the resulting hypergraph is almost
(k— 1)-degenerate. If it is, then it is k-special. And by Properties 7, 6 and 8, every k-special hypergraph can be produced this
way.

5. On k-special hypergraphs for k > 4

The main result of this section is Theorem 6. It shows that not only do Z,-components have a very special structure,
but also the structure of the other components is restricted. And complete k-vertex subgraphs cover all vertices but one.
In particular, the number of vertices of a k-special hypergraph is always 1 modulo k. The proof goes by induction. Roughly
speaking, we replace one Z,-component by a hyperedge and look at the structure of the smaller hypergraph obtained. We
use the properties of this hypergraph to prove that the original hypergraph also possesses these properties.

Theorem 6. Let k > 4. Let G be an n-vertex k-special hypergraph with n > k + 1. Then:

(i) thereis a vertex w € H(G) such that V(G) — w = Wy U --- U W1y where G(W;) = K forevery1 <j < (n—1)/k
and G(W; + w) = K1 — €;
(ii) each block of G[L(G)] is either a cut edge, or Ky, or Ki_1, and each vertex in L(G) belongs to at most two blocks of G[L(G)];
(iii) |H(G)| equals the number of components of G[L(G)].

Proof. Suppose that the theorem fails, and let G be a vertex-minimal counter-example to the theorem. Since G is (k + 1)-
critical, it has no cut vertices. By Property 8, |H(G)| > 2; so by Property 5, some component R; of G[L(G)] is a Z,-component.
Let Ng(R;) = {v1, ..., vs}. By definition, {v1, ..., vs} € H(G). Consider G’ := F(G, R;). By Property 7, G’ is k-special. By the
minimality of G, G’ satisfies (i) or G = Ky 1. Recall that by Lemma 4(d), V(R;) is the union of vertex disjoint copies of Kj:
Ui, ..., Un. So, if G’ satisfies (i), then we take w and the partition for it, and add Uy, . .., Up. If G’ = Ki1, then viv; = eg,,
and we can take w := vq (recall that v; € H(G)) and the partition V(G) = V(G') UU; U - - - U Uy,. So, in both cases, (i) holds
for G. We now need to prove (ii) and (iii).
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Since G’ is almost (k — 1)-degenerate,
€R; n L(Gl) 75 @,

where eg, = {v1, ..., vs}. We may assume thateg, NL(G') = {vy, ..., v;} and that R’ is the component of G'[L(G')] containing
Vi1y ..., Ut.

Case 1: s = 2 and G’ = Ky 1. Then G — Ry = K1 — v1v,. As was mentioned above, |H(G)| > 2. Hence H(G) = {v1, v3}.
This and Lemma 4 yield all the statements for G.

Case 2:s > 3.Then G’ # Ki11 and by the minimality of G, our theorem holds for G'. Let 1 < j < t. By (i), vj belongs to
a Ky-subgraph of G'. Since s > 3, none of the edges of this subgraph incident to v; are eg,. Since v; € H[G], each v € V(G')
joined by a 2-edge to v; must be in L[G']. It follows that for eachj € {1, ..., t}, the whole Ky-subgraph of G’ containing v; is in
L[G']. So, by (ii) this K,-subgraph of G’ is a block of G'[L(G’)]. Then (ii) will hold for G. By Property 4, the number of connected
components in G[L(G)] is greater by t than that of G'[L(G')]. But H(G) = H(G) U {v1, ..., v }. Hence (iii) also holds for G.

Case 3:s = 2 and G’ # Ky.1. Again, by the minimality of G, our theorem holds for G'. Suppose first that t = 2. Since H(G)
is independent, the Kj-subgraphs of G’ containing v; and v, are fully in L(G"). If these Kj-subgraphs are distinct, then v, v, is
a cut edge of G’ and the argument of Case 2 works. So, we may assume that if t = 2, then

v1v; belongs to a block By = K; of R, and v; and v, are cut vertices in R'. (6)

In other words, G contains a subgraph depicted in Fig. 2 (the numbers at the edges show how many edges connect the
corresponding components of G[L(G)] with v or vy).

Suppose now that t = 1, i.e,, v; € H(G'). If v; belongs to a block of R isomorphic to K}, then we argue as at the end of
Case 2. Suppose that v is in a K;_;-block B’ of R'. Since v; € H(G), every edge of G containing v; also contains a vertex in
L(G). Thus v, v, is the only edge incident with v, that does not have other vertices in L(G'). So by (i) and (ii),

vy isinablock B = Ki_; of R and is a cut vertex of R’; v,b € E(G) forallb € B'. (7)

In other words, G contains a subgraph depicted in Fig. 3.

Thus, by the above, for each Z,-component R; in G, [Ng(R;)| = 2, and for G’ := F(G, R,), either (6) or (7) holds.

Case 3.1: G[L(G)] has only one Z,-component R;. Then G’ has only one Z,-component, and it is R". But in the case of (7)
(see Fig. 3), R is not a Z,-component, since it has a K;_-block, and in the case of (6) (see Fig. 2), if R is a Z,-component, then
R; and R4 are Z,-components in G.

Case 3.2: G[L(G)] has distinct Z,-components R; and P;. Observe that in both cases, (6) and (7), G[L(G)] has a block
B = Kj_, all vertices of which are joined by 2-edges with v; and v,. By the minimality of G, neither L(F (G, R;)) nor L(F (G, Py))
contains a Kj_,-block. Hence this K;_,-block is the same for Ry and P;. Let Ng(R;) = {v1, v»} and Ng(P;) = {w1, w-}. Since
deg.(u) = kforallu € B, |{vq, v2, w1, wy}| < 3. So, we may assume that w, = v, (but we do not assume that v, € L(G)
and we may have w; instead of w,; the proof does not change). If also w; = vy, then for every k-coloring f of G — Ry, we
have f (vq) # f(v,), since otherwise we would not be able to extend the coloring to P;. So in this case, by Property 6 we can
extend f to a k-coloring of G, a contradiction. Thus w; # v; and block B = Kj_; is a component of G[L(G)] (see Fig. 4). Note
that in Fig. 4 the roles of w and w, could be swapped.

Let ay := |Eg(v1, V(G) — Ry — Ry)|, a; = |E¢(v1, Ry)|, a3 := |Eg(v2, V(G) — Ry — Ry — Py)|, as == |Eg(v2, Ry), a5 =
|E(v2, P1)|, as = |Ec(w1, P1)|, a7 == |Ec(wy, V(G) — Py — Ry)| (see Fig. 4).

Ifa, > 2 and ag > 2, then the minimum degree of G’ := G(R; U R, U P; U {v1, vy, wy}) is k, and since G is almost
(k — 1)-degenerate, G’ = G. In this case, we can let f (v{) = f(w;) = 1, f(vy) = 2, and by Property 6 extend this coloring
to a k-coloring of G, a contradiction. So, min{a,, ag} = 1. By symmetry, we assume

Clz=1.

Then to have v; € H(G), we need a; > 2. This means that Ry is of type (7) (see Fig. 3), and so a3 + as = 1, which yields
a; = 0and a5 = 1. Since a, = 1 and R, is a Z,-component, we have a; > k — 1. Hence P; also is of type (7) and a; = 1 (see
Fig. 5).

Similarly, since as = 1 and P, is a Z,-component, ag > k — 1. Now, ifa; > k — 1, then §(G — R,) > k, a contradiction. So,
2<a; <k-—2LetGy :=G— Ry — R, — P;.Since

degg, (v1) +degg, (w1) =a; +a; <k —1,

there exists a k-coloring f of G; such that f(v,) = f(w;) = 1. Then we let f(v,) = 2 and by Property 6 we can extend this
coloring to a k-coloring of G. O

Remark 3. A similar result would hold also for k = 3, where the role of K; above would be played by odd cycles. But the
statement is somewhat messier than that of Theorem 6 (in particular, we do not have such a nice fact as that of the number
of vertices always being 1 modulo k), and the proofs are significantly messier.
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Fig. 5. Adjusted Fig. 4.

6. The structure of 2-special hypergraphs

The only 3-critical graphs are odd cycles, but there are many 3-critical hypergraphs and moreover, many 2-special
hypergraphs. In particular by Property 8, from every Z,-graph one can construct a 2-special hypergraph by adding one
vertex w and some 2-edges and extending some cut edges to w. However, the structure of 2-special hypergraphs is more
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restricted than that for k-special hypergraphs when k > 4. First we derive some important properties in Lemma 7 and then
use them to give the characterization of 2-special hypergraphs in Theorem 9.

Lemma 7. Let G be a 2-special hypergraph with |H(G)| > 2. Then for each component R of G[L(G)]:

(i) ING(R)| = 2;

(i) if N¢(R) = {w1, w}, then min{degerun(r)) (W1), degerunry) (w2)} = 1 and min{deg;_g(w1), dege_gr(w2)} = 1;
(iii) |H(G)| is equal to the number of components of G[L(G)].
Proof. Suppose that G is a minimum counter-example to the lemma. Let Ry be a Z-component of G[L(G)]. Let N(Rg) — Rg =
{vi,...,v5},G1 = F(G, Ro) and eg, := {vy, ..., vs}. By Property 7, G, is 2-special. Suppose that vertices vy, ..., v; have
degree 2 in Gy, and vertices v, 1, . . . , Us have degree at least 3 in G;. Since G — Rg is 1-degenerate, t > 1. First we prove that

s>t+1. (8)

Indeed, each of the vertices vy, ..., v; belongs in G; to only one edge apart from eg,. It follows that

degeryuuy,...on (Vi) =2 Vi=1,... ¢ 9)

So, if s = t, then the minimum degree of F = G(Ry U {vq, ..., vs}) is 2. But every proper subgraph of G is 1-degenerate,
a contradiction.

Let R’ be the component of G1[L(G1)] containing vy, . .., v¢. Since {ve4q, . . ., vs} € Ng, (R'), by the minimality of G, s—t <
2andifs — t = 2, then min{degcl(k’u{le,us})(Ur+1), degcl(R’U[v[+1,v5})(v$)} = 1and min{degg, _p (vt+1), degg, _p (vs)} = 1.

By Property 4 and (8), if t > 2, then {vy, ..., v} is a cut edge in R'. This means that vy, ..., v; belong to different
components R}, ..., R, of the hypergraph R” obtained from R’ by deleting edge {v, ..., v;}. Since degng(v,-) = 1, the
hypergraph R; := G[R; — v;] is a component of G[L(G)] for everyi =1, ..., t.

Case 1: s — t = 2. By symmetry, we may assume that degg, y(e+1) = 1 and degg, _g(vs) = 1. Then for

Vg y1,Us}
i=1,...,t Ng (R) = {vi, v}. So, the minimum degree of G — Uf:] R; is 2, a contradiction.
Case 2: s — t = 1and H(G;) = {vs}. Since G, is 3-critical, it has no cut vertices, and hence R’ is the only component of
G1[L(Gy)]. Since G also has no cut vertices, fori = 1,...,t, Ng, (R)) = {v;, vs}. So, by (9) and the fact that vg belongs to an

edge intersecting Ry and to an edge intersecting Ry, if t > 2, then the minimum degree in G — R, is 2, a contradiction. So,
t = 1. Property 8 describes the structure of Gy, and G is obtained from G, by replacing edge v1v, (Where degg, (v1) = 2 and
degg, (v2) > 3) with a Z;-component attached to these vertices. Then |H(G)| = 2, G[L(G)] has two components, Ry and R,
and the remaining statements of the lemma also hold.

Case 3:s —t = 1and |[H(Gy)| > 2. By the minimality of G, there is some w € V(G;) such that Ng, (R)) = {vs, w}. And
some x € {vs, w} belongs to only one edge in G{[R" U {vs, w}].

Case 3.1: x = w. Then deg;_g, (w) > 2. Recall that R; is a component of G[L] such that V(Ry) + v induces a component
of R” = R’ — eg,. Since Ng, (R") = {vs, w}, N(R1) € {v1, vs, w}. Since only one edge containing v, intersects V(R;) and
v1 € H(G), degg_g, (v1) = 2. Furthermore, by (ii), degg, _p (vs) = 1 and v; also belongs to an edge in G(Ro U {vy, ..., vs}),
and we have deg;_g, (vs) > 2. So, since each vertex in Ng(R;) has degree at least 2 in G — Ry, the minimum degree of G — R;
is 2, a contradiction to the fact that G — Ry is 1-degenerate.

Case 3.2: x = vs;and t > 2. Then deg;, _p(w) = 1.Since {vy, ..., v} is a cut edge in G1[R'], each edge in G{[R' + w]
containing w intersects only one of Ry, . .., R;. So, we may assume that there is an edge e; containing w that is contained in
R U {vy, w}. Since v, belongs to an edge in G(Ry U {v1, ..., vs}),and Ng(Ry) C {w, v,}, the minimum degree of G — R, is 2,
a contradiction.

Case 3.3: x = vs and t = 1. In particular, s = 2. By the minimality of G, the lemma holds for G;. Recall that we obtain G
from G, by replacing the graph edge v;v, (where degg, (v) = 2 and degg, (v2) > 3) with the component Ry “hanging” on
v7 and v,. Since G is 2-special, |[R'| > 2, and hence G has one more vertex in H than G; and one more component in G[L(G)],
so (iii) holds for G. Since all components of G{[L(G;)] apart from R’ are also components of G[L(G)], and each of Ry and R; has
neighborhood of size 2, (i) also holds for G. Since Cases 3.1 and 3.2 do not hold, Statement (ii) holds for Ry and R;. Since the
degrees of v, and w in G are equal to their degrees in G, Statement (ii) holds also for all other components of G[L(G)]. O

Let G be a 2-special hypergraph with |H(G)| > 2. Construct the auxiliary digraph D = D(G) with V(D) = H(G) as
follows. Every edge e(R) of D corresponds to a component R of G[L(G)]. In view of Lemma 7, we may define e(R) as w,w>,
where Ng(R) = {w1, w2}, dege_g(w1) = 1 and deggrun(r))(w2) = 1.Since each w € H(G) has degree at least 3, and G is
almost 1-degenerate, D has the following properties:

(a) foreach w € V(D), d~(w) + 2d*(w) > 3;
(b) for every wiw, € E(D), d™ (wq) = 1.

The only digraph with properties (a) and (b) is a (directed) cycle. Thus D is a cycle. From the coloring point of view, if
|[H(G)| = 2, then a component R of G[L(G)] can be of two types: either there is no proper 2-coloring of G(R U N(R)) such
that the two vertices wq and w, in N(R) have the same color, or there is no proper 2-coloring of G(R U N(R)) such that w
and w, have distinct colors. In the first case, we will say that R is of edge type, in the second case—that R is of vertex type.
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Note that since G is critical, each component R of edge type has a proper 2-coloring of G(RUN(R)) such that w; and w, have
distinct colors, and each component R of vertex type has a proper 2-coloring of G(R U N(R)) such that w; and w, have the
same color. Thus, in order for G to be non-bipartite, the digraph D(G) must have an odd number of edges corresponding to
edge-type components.

Our last step is to understand what edge-type components and vertex-type components are. Edge-type components by
definition are Z,-components, and we know their structure from Lemma 4. Suppose that R is a vertex-type component and
N(R) = {w1, wy}, where deg¢run(r)) (w1) > 1and deggrun(r)) (w2) = 1.Then R' = R+ w, where w; has only one neighbor
outside of R’ that is of edge type. Thus we have the following lemma.

Lemma 8. Let G be a 2-special hypergraph with |H(G)| > 2. If R is an edge-type component of G[L(G)] with N(R) = {w, w-},
then R U {w1, w,} is obtained from a 2-special hypergraph P with |H(P)| = 1 by splitting the vertex w of degree at least 3 in P
into two vertices, wy and ws, so that the degree of w, is 1. The hyperedge that contains w, may also contain w;. Similarly, if Ris
a vertex-type component of G[L(G)] with N(R) = {w1, w,}, then R is obtained from a 2-special hypergraph P with H(P) = {w}
having a graph edge wqw- by deleting this edge.

Summarizing we have the following description of 2-special hypergraphs.

Theorem 9. Let G be a 2-special hypergraph. If H(G) = @, then G is an odd cycle. If H(G) = {w}, then G[L(G)] is a Z,-graph,
say G/, and G is obtained from G' by adding the edge wx for each vertex x of degree 1 and including w in some cut edges of G'.
Suppose that |H(G)| =t > 2. Then G is obtained from the graph cycle C; = (w, ..., w;) by replacing each edge w;w;,1 (Where
the count is modulo t) with a subgraph R; such that:

(i) the degree of wj; in R; is at least 2, and the degree of w1 inR;is 1;
(ii) each hypergraph G[R; — w; — wjy1] is a component of G[L(G)] either of edge type or of vertex type;
(iii) the number of edge-type components is odd.
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