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1. Introduction

A proper k-coloring of a graph G is a partition of V(G) into k independent sets Vi, ..., Vi. A
(dq, ..., dg)-coloring of a graph G is a partition of V(G) into sets Vi, ..., V, such that for every
1 <i < k, the subgraph G[V;] of Ginduced by V; has maximum degree at most d;. Ifd;y = - - - = dy = 0,
then a (dq, ..., d)-coloring is simply a proper k-coloring. If at least one of d; is positive, then a
(dy, ..., dy)-coloring is called improper or defective. Several papers on improper colorings of planar
graphs with restrictions on girth and of sparse graphs have appeared.

In this paper and [6] we consider the simplest versions of improper colorings, the (j, k)-colorings.
Even such colorings are not simple if (j, k) # (0, 0). In particular, Esperet, Montassier, Ochem and
Pinlou [4] proved that the problem of verifying whether a given planar graph of girth 9 has a (0, 1)-
coloring is NP-complete. Since the problem is hard, it is natural to consider related extremal problems.

The maximum average degree, mad(G), of a graph G is the maximum of lef((g))“ over all subgraphs
H of G. It measures sparseness of G. Kurek and Rucin’ski [7] called graphs with low maximum average
degree globally sparse. In particular, it is an easy consequence of Euler’s formula that

2
if G is a planar graph of girth g, then mad (G) < —gz (1)
g p—

We will use the following slight refinement of the notion of mad(G). Fora, b € R, a graph G is (a, b)-
sparse if |[E(H)| < a|V(H)| + b for all H C G. For example, every forest is (1, 0)-sparse, and every
graph G with mad(G) < ais (a/2, 0)-sparse.

Glebov and Zambalaeva [5] proved that every planar graph G with girth at least 16 is (0, 1)-
colorable. Then Borodin and Ivanova [1] proved that every graph G with mad(G) < % is (0, 1)-
colorable. By (1), this implies that every planar graph G with girth at least 14 is (0, 1)-colorable.
Borodin and Kostochka [2] proved that every graph G with mad(G) < % is (0, 1)-colorable, and this
is sharp. This implies that every planar graph G with girth at least 12 is (0, 1)-colorable. As mentioned
above, Esperet et al. [4] proved that the problem of verifying whether a given planar graph of girth
9 has a (0, 1)-coloring is NP-complete. Dorbec, Kaiser, Montassier, and Raspaud [3] mention that
because of these results, the remaining open question is whether all planar graphs with girth 10 or 11
are (0, 1)-colorable.

In this paper and [6], instead of considering planar graphs with given girth, we consider graphs G
with given girth that are (a, b)-sparse for small a. Let F; x(g) denote the supremum of positive a such
that there is some (possibly negative) b with the property that every (a, b)-sparse graph G with girth
g is (j, k)-colorable. The above mentioned result in [2] implies Fp 1(3) = % = 1.2. It turns out that
Fo.1(g) does not differ much from Fy ;(3) even for large g. In the companion paper [6] we prove that
forevery g, Fo 1(g) < 1.25. We also find there the exact values of Fj (g) for allg in the cases k > 2j+2
for all j.

In this paper we concentrate on (0, 1)-colorings. We prove the exact result: Fy 1(4) = F,1(5) = 1—91.
In fact, we also find the best possible value of b.

Theorem 1.1. Ifagraph G is triangle-free and 11|A| —9|E(G[A])| > —4forallA C V(G), then Gis (0, 1)-
colorable. On the other hand, there are infinitely many non-(0, 1)-colorable graphs G with girth 5 such that
11|V(G)| — 9]E(G)| = —5 and 11]A| — 9|E(G[A])| > —4 forallA C V(G)

Theorem 1.1 together with (1) yields the following.
Corollary 1.2. Every planar graph with girth at least 11 is (0, 1)-colorable.

This answers half of the question above by Dorbec et al. [3].

The structure of the paper is as follows. In the next section we introduce potentials of vertex subsets
of graphs, restate the theorem in a more general way using the language of potentials, and construct
infinitely many graphs for which the statement of Theorem 1.1 is sharp. In Section 3 we set up the
proof, consider a smallest counterexample G and derive simple properties of G. In Sections 4 and 5
we describe the structure of subsets of V (G) with small potential. In Sections 6 and 7 we analyze the
structure of some special subgraphs of G, so-called shovels and (1, 1, 1)-trees. Then in Section 8 we
describe the discharging method and in the last two sections we use it to obtain a contradiction.
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2. Restatement and a construction

In (0, 1)-coloring, we always will use colors 0 and 1, where the vertices of color O form an inde-
pendent set and the set of vertices of color 1 induces a subgraph of maximum degree at most 1.

For technical reasons, we will consider pairs R = (G, Z) where G is a graph and Z is a nonempty
subset of V(G) such that the vertices in Z have stronger restrictions on coloring. In (0, 1)-coloring of
such pairs, every z € Z must be colored with 1 and its neighbors must be colored with 0. Vertices in
Z will be called special and vertices in V(G) — Z typical. Since the vertices in Z could be isolated, this
setting includes the original (0, 1)-coloring problem on graphs. We also will use potentials: Given a
pairR = (G, Z), we let pr(z) = Oforeveryz € Z, pr(v) = 11 foreveryv € V(G) —Z, and pg(e) = —9
forevery e € E(G). Forall A € V(G), let pr(A) = D, 4 Pr(V) + X ocp(giay) Pr(€). We abuse the notion
by writing pg(A) instead of pr(A) for a graph G without special vertices, A C V(G), and R = (G, Z)
with V(G') = V(G) U Z, E(G') = E(G). When the pair R is clear from the content, we will omit the
subscript.

This definition is used because forallA C V(G) — Z,

2[EGIAD] _ 22

A) > 0 ifand onlyif .
pA) = y Al =3

(2)

Also, by this definition,
p(A) + p(B) = p(AUB) + p(ANB) + 9|Ec(A — B, B— A)| forallA, B C V(G). (3)

So, instead of Theorem 1.1, we will prove the following slightly stronger theorem in the language
of potentials.

Theorem 2.1. Ifa pair R = (G, Z) is such that G is triangle-free and p(A) > —4 forall A C V(G), then G
is (0, 1)-colorable. On the other hand, there are infinitely many non-(0, 1)-colorable pairsR = (G, Z) such
that G has girth 5, all vertices of Z are isolated, p(V(G) —Z) = —5and p(A) > —4 forallA C V(G) —Z.

In this section, we prove the second part of the statement of Theorem 2.1, and the rest of the paper
is devoted to the proof of the first part.

Let D be the graph obtained from a 10-cycle (xq, ..., X10) by adding edge x4xs (see Fig. 1). Let x;
be the root, r (D), of D and xg be the top, t(D), of D. A useful property of (0, 1)-colorings ¢ of D is the
following.

(P1) If ¢(x2) = ¢p(x10) = 0, then ¢ (xg) = 1 and xg has a neighbor in D of color 1.

Proof. Since ¢(x3) = ¢(x10) = 0, we have ¢(x3) = ¢(x9) = 1. Since x4xg € E(G) and each of x4 and
xg has a neighbor of color 1, they cannot be colored with the same color. By symmetry, assume that
¢(x4) = 1and ¢(xg) = 0. Then ¢(x5) = 0 and ¢(x;) = 1. Thisyields (P1). O

t(D3)
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Define the sequence D1, D,, ..., of graphs as follows (see Figs. 2 and 3): Let Dy = D. If D; is
constructed, then D;  is obtained from D; by taking a copy D’ of D disjoint from D;, merging the root
of D’ with the top of D; and choosing as the top, t(D;y 1), of D;;1 the top of D’ and as the root, r(D;1 1),
of D; ., the root of D;.

Similarly to (P1), for every i and every (0, 1)-coloring ¢ of D; the following holds.

(P2) If the neighbors of r(D;) are colored with 0, then ¢(t(D;)) = 1 and t(D;) has a neighbor in D; of
color 1.

Proof. Fori = 1thisisexactly (P1).Suppose (P2)holds foralli < k.Let ¢ be any (0, 1)-coloring of Dy {
such that the neighbors of r (Dy.1) are colored with 0. By definition, Dy is obtained by merging t (Dy)
with the root, r(D"), of a copy D’ of D into a new vertex x. By the induction assumption, ¢(t(Dy)) = 1
and t(Dy) has a neighbor of color 1 in Dy. Then both neighbors of x in D’ must be colored with 0. So by
(P1), ¢(t(D")) = 1and t(d’) = t(Dy,1) has a neighbor of color 1inD’. O

(P3) Foreveryi > 1,

(@) pp,(V(Dy) = 11;
(b) pp,(A) > 10 for every nonempty A € V(D;),
(¢) if r(Dy), t(D;) € Aand A # V(D;), then pp,(A) > 12.

Proof. Since D; has 1 + 9i vertices and 11i edges, pp,(V(D;)) = 11(1 + 9i) — 9 - 11i = 11. This
proves (a).

To prove (b) and (c), consider first D,. Every proper subset A of V(D;) induces a subgraph with at
most one cycle. If D[A] is acyclic, then |E(G[A])| < |A| — 1 and so pp, (A) > 11|A] — 9(JA| — 1) =
2|A| + 9.1f |A] > 2, this is at least 13. If D1[A] has exactly one cycle C, then |E(G[A])| < |A| and so
pp,(A) > 11|A| — 9|A| = 2|A|. Since |[C| > 5, 2|A| > 10. Moreover, if |A| = 5 and G[A] has a cycle,
then A = {x4, X5, X, X7, Xg} and so x; = r(D;) & A. Otherwise, |A| > 6 and so pp, (A) > 12.

Suppose now that the claim holds for D;_; and consider D; for i > 2 as a copy of D;_; to the top
of which we merged the root of a copy D’ of D. Let x = t(D;_1) = r(D’). Let A be any nonempty
proper subset of V(D;). Let A" = AN V(D) and A” = AN V(D;_). By induction, the claim holds for
A’ and A”. Thus if A” C {x} or A C {x}, then (b) holds and (c) does not apply. So let A" — x # @
and A" —x # @.1fx & A, then pp,(A) = pp(A") + pp,_,(A”) = 10 + 10 = 20. Suppose x € A.
Then pp,(A) = pp'(A') + pp;_,(A") — 11 by (3). Asr(D’) € A’ and |A’| > 2, by the argument in the
previous paragraph for D, we know that either pp/(A’) > 12 or A’ = D’ and pp (A’) = 11. Therefore,
pp,(A) = pp, ,(A”) and hence (b) follows. Assume r(D;) = r(Di_1) € A t(D;) = t(D') € Aand
A # Di. If A” # Dj_4, then pp,(A) > pp, ,(A”) > 12 (as t(D') € A”).IfA” = Dj_4, then A’ # D', and
pp(A') = 12and pp,(A) > pp,_,(A")+1>12. O

Y1 ¢

r(D2)

Fig. 4. D,. Fig. 5. G,.
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Let 51- be obtained from D; by adding path (t(D;), y1, ¥2, r(D;)), where y; and y, are new vertices
(see Fig. 4). N N

(P4) For every i > 1, and every nonempty A C V(D;), pp,(A) = 6. Moreover, if 1 <Al < |[V(Dy)|,
then P5, A) =17.

Proof. LetA C V(Bi). If {y1,y2,7(D;), t(D;)} € A, then p(A) > p(A—y; —y,).SinceA —y; —y, C
V(D:), we get p(A) > p(A —y1 — y2) > 10. Suppose {y1,y2, r(Di), t(D;)} < A. Then by (P3), if
A = V(Dy), then p(A — y1 — y2) = 11 and otherwise p(A — y1 — y¥2) > 12. Hence p(A) =
pA—y;1—y2)+11-2—-9-3 > 114 22 — 27 = 6, with equality only if A = V(D;). O

We construct graph G; from 3 copies, Fy, F; and Fs, of 5,- and two vertices, u; and u,, by adding 5
edges: r(Fy)uq, u;r(Fy), r(F2)uy, upyr(Fs) and r(F3)r(F;) (see G, in Fig. 5).
(P5) For every i > 1, pg,(V(G;)) = —5, and for every A C V(Gy), pg, (A) > —4.

Proof. LetA C V(G;), |A| > 2.Forj € {1, 2, 3}, let A; = AN V(F)). If A; = ¥ for two indices ji, j», then
o (A) > PF, (Aj;) = 6.1f A; = ¢ for exactly one index j;, then p¢, (A) > P, (Aj;) + PF, (Aj) —9 = 3.
If A; # ¢ for all j, then

3 3
PG(A) = ) op(A) +11-2-9-5=3  p(A) — 23,
j=1 j=1

with equality only in the case when {uq, uy, r(Fy), r(F,), r(F3)} € A. By (P4), forj € {1,2,3},
PF; (Aj) = 6 with equality only in the case when A; = V(F)). Thus p¢, (A) > 6 +6 + 6 — 23 = —5 with
equality only if A = V(G;). O

(P6) For everyi > 1, G; is not (0, 1)-colorable.

Proof. Suppose f is a (0, 1)-coloring of G;. Then some two consecutive vertices of the cycle C =
(r(F1), u1, r(Fy), up, r(F3)) are colored with 1. Thus there exists j € {1, 2, 3} such that f(r(Fj)) = 1
and r (F;) has a neighbor in C of color 1. Then all neighbors of r(F;) in F; are colored with 0. So by (P2),
f(t(F;)) = 1and t(F;) has a neighbor of color 1 in the copy of D; contained in F;. But then both internal
vertices y; and y, of the path (r(F), y1, ¥, t(Fj)) in the corresponding copy of 5,- must be colored 0, a
contradiction. O

By (P5) and (P6), the family {G;}°, proves the second part of the statement of Theorem 2.1.

3. Simple properties of counterexamples

Assume that R = (G, Z) is a counterexample to the first part of Theorem 2.1 with the fewest
vertices, and among such pairs with the largest sum of degrees of the verticesinZ. Letn = |V(G)|. In
the rest of the paper we will show that such R does not exist. In the current section we derive some
basic properties of R.

Recall that R = (G, Z) where G is a triangle-free graph with p(A) > —4forallA C V(G).

Claim 3.1. |Z| = 1, i.e. R has exactly one special vertex.

Proof. By assumption, R contains at least one special vertex. Suppose there are more than one special
vertices zi, ...,z in R. If R contains an edge 7z, pr({z;, z)}) < —4, a contradiction. So Z forms
an independent set. We merge these vertices to get a new special vertex z’ whose neighborhood is
U{.‘zl Ng(z;). This gives us a smaller graph G’ and the pair R’ = (G, {Z'}).

If G has a triangle (u, v, w), then by construction, z’ € {u, v, w},sayz’ = u,and therearez;, z; € Z
such that the path (z;, v, w, zj) is in G. But then pr({z;, v, w, zj}) < 3(=9)+2-0+2-11 = -5 < —4,
a contradiction. Thus G is a triangle-free graph smaller than G. If A C V(G') and z/ ¢ A, then
pr'(A) = pr(A) > —4.1fZ € A, then pg/(A) = pr(AU{z4, ..., z¢} —2’) > —4. By the minimality of G,
G’ has a (0, 1)-coloring ¢'. Let ¢(v) = ¢’(v) for each typical vertex v € V(G), and ¢(u) = 1 for each
u € Z. By construction, ¢ is a (0, 1)-coloring of G, a contradiction. O
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From now on, we assume that Z = {z}.

Claim 3.2. If v € V(G) — z, then d(v) > 2.

Proof. Suppose N(v) C {w}.Let ¢’ = G — vand R’ = (G, Z). By the minimality of G, G’ has a (0, 1)-
coloring ¢. Then letting ¢ (v) .= 1 — ¢(w) we obtain a (0, 1)-coloring of G, a contradiction. O

Claim 3.3. Suppose A C V(G). If one of the following holds,
(1) v € V(G) — A has more than one neighbor in A;
(2) G — A has edge uw such that both u and w have neighbors in A;
(3) z € A and the distance from z to A is at most two;
then thereis a set C withA C C, p(C) < p(A) — 5,and |C| < |A| + 2.

Proof. In cases (1), (2) and (3), we take C = AU {v}, AU {v, w}, and A U V(P) for a shortest path P
from z to A, respectively. Then p(C) < p(A) — 5, |C| < |A|+2. O

Lemma 3.4. Forevery ) # A C V(G), p(A) > 0. Moreover, A = {z} is the only nonempty proper subset
of V(G) with p(A) = 0.

Proof. Suppose that the lemma fails and choose the smallest A C V(G) such that |[A] > 2 and

=

p(A) < 0.If A is independent, then p(A) > 11(JA|] — 1) > 0. So, by minimality we may assume
that G[A] is connected. If |A| = 2, then p(A) > 11 — 9 = 2, thus |A] > 3.

Since A € V(G), there is a (0, 1)-coloring ¢’ of G[A]. Let Ap = {v € A: ¢'(v) =0}, A ={v € A:
¢'(v) =1}

Let the new graph G’ = G'(¢’) have V(G') = (V(G) — A) U {Z/, wo} and

E(G)) = E(G[V(G) — (A —2)]) U {awp : 3b € Ay, ab € E(G)}
Ufaz’ : 3b € Ay, ab € E(G)} U {woZ'}.
LetR = (G, Z") where Z' = (Z — A) + Z'. Since |A| > 3, G’ is smaller than G.

If G’ contains a triangle, then by Claim 3.3, G’ has a set of potential p(A) —5 < —5 in G by Claim 3.3,
a contradiction. Thus G’ is triangle-free.

Suppose G has a (0, 1)-coloring ¢”. Then by the definition of z/, " (z’) = 1 and ¢” (wy) = 0. Let
¢(v) = ¢”(v) forv € V(G) —A,and ¢p(v) = ¢’ (v) if v € A. Then ¢ is a (0, 1)-coloring of G since every
neighbor of v € A; in G — A is a neighbor of z’ in G, and so is colored with 0, and every neighbor of
w € Ag in G — Ais a neighbor of wg in G/, and so is colored with 1. This contradicts the choice of G. So,
G’ has no (0, 1)-coloring. By the minimality of G, there is B C V(G) such that

pr(B) = 5. (4)

Choose a largest B C V(G') satisfying (4). Since adding z’ to a set does not increase its potential, z’ € B.
If wy € B, then

Pr((B—wo —2') UA) = pr(B — wo — Z) + pr(A) — 9|Eg[B — wo — Z', A]|
PrR(B—wo —2') + 0 — 9|Eg'(B — wo — 2/, {wo, Z'})|
Pr(B—wo —2') + pr ({wo, 2'}) — 9|E¢'[B — wo — 2, {wo, Z'}]]|
Pr (B).
By (4), this is at most —5, a contradiction. If wy & B, then
or((B—2')UA) = pr(B—2') — 9|E[A, B —Z']| + p(A) < pr(B—Z')
—9|E¢'[Z', B —Z']| = pr (B),

ACIA

again, a contradiction to (4). O

Claim 3.5. Let A be a subset of V(G) with4 < |A| < n —4,and p(A) < 4. Novertexv € V(G) — A
has more than one neighbor in A, and G — A has no edge uw such that both u and w have neighbors in A.
Furthermore, if z & A, then the distance from z to A is at least 3.



32 J. Kim et al. / European Journal of Combinatorics 42 (2014) 26-48

Proof. If not, we get a set C with p(C) < 4—5 < 0Oand |C| < |A] + 2 < nbyClaim 3.3. It is a
contradiction to Lemma 3.4. O

For a subset A of V(G), we define A* = {v € A : v has neighbors in V(G) — A}.

Claim 3.6. Assume we have a set A C V(G) with p(A) < 4 and ¢ is a (0, 1)-coloring of A. Then the
following statements hold.

() If p(A) < 2, then ¢p(u) = 1 foreach u € A*.

(2) Color class 0 has at most one neighbor in G — A.

(3) Each typical vertex of color 1in A* has a neighbor in A of color 1.

Proof. WeletA; ={veA:¢() =i}fori=0,1.

Case 1. (1) does not hold. Let R’ be the pair (G, Z’) with V(G') = V(G) — AU {Z/, we} and E(G') =
E(G[V(G) —A]) U {awq : 3b € Ag,ab € E(G)}U{az’ : 3b € Ay, ab € E(G)} U{wpz'}andZ’ =Z U {Z'}.
Case 2. (2) does not hold. Then Ay has at least two neighbors in V(G) — A, let x be a vertex in
N(Ap)N(V(G)—A).Let R be the pair (G, Z’) with V(G') = V(G) —AU{wy, wy, 2}, E(G') = E(G[V(G)—
AD U {uz’ : Jv € Aywithuv € E(G)} U {xwo, Z'wg, 2wy} U {uwy : u # x, Jv € Agwithuv € E(G)}
andZ' =Z U {z'}.

Case 3. (3) does not hold. Then A; N N(V(G) — A) has a vertex x such that x has no neighbor
y € Awith ¢(y) = 1. Let R’ be the pair (G, Z’) with V(G') = V(G) — AU {wp, w1,2'}, E(G) =
E(G[V(G) — A U {uz’ : Jv € Aywithuv € E(G), u # x} U {wqwp, Z’wo} U {uwy : v € Agwithuv €
E(G)}U{yw; :yx € E(G)}andZ' = Z U {Z'}.

In Cases 1, 2, and 3, let P be the path with vertices {z’, wo}.{wg, 2, wo}, and {z’, wo, w1},
respectively. Note that pg/ (V(P)) > pr(A) for each case.

The set A is not independent, since otherwise |[A|] = 1 and p(A) > 11. In each case, both end
vertices of P have a neighbor outside P in G'. By Claim 3.5, G’ is triangle-free. Also, R’ is smaller than
R, since |A| > 4 and |P| < 3.If we have a (0, 1)-coloring ¢’ of R/, then ¢” (v) = ¢(v) for v € A and
¢"(v) = ¢'(v) forv € V(G) — Avyields a (0, 1)-coloring ¢” of G, a contradiction. Thus R’ has no such
coloring. Then by the minimality of G, there is B C V(G') with pg(B) < —5. Here, B # V(G') since
pr (V(G)) = pr(V(G)) — pr(A) + pr (V(P)) > pr(V(G)) > —4. Choose such set B with the smallest
potential and among those with the largest size. Then z’ € B since adding z’ does not increase the
potential.

If pr(A) < prg (BN V(P)), then

PrR(B—V(P)UA) = pr(B—V(P)) + pr(A) — 9|Ec[B — V(P), A]|
< pr(B—=V(P)) + pr (BN V(P)) — 9IEg’[B— V(P), BN V(P)]|
= pr(B) < =5,
a contradiction.
If pr(A) > pr/(B N V(P)), then B N V(P) must not contain an end vertex y of V(P). (If BN V(P)
misses only the middle point, o (BN V(P)) > 11 > 4 > pr(A).) Then
PrR(B—=V(P)) UA) = pr(B—V(P)) + pr(A) — 9IEc[B — V(P), Al
PrR(B—V(P)) +4 —9|E¢[B—V(P),All < pr(B) +4 < —1.
Since A # ¢, (B—V (P))UAmustbe V(G). Then pi(BUV (P)) < pg/(B)+max{11—-2-9,11-2—3.9} <

pr'(B) since y has a neighbor in V(G) — A. It is a contradiction to the minimality of B. Therefore (1),
(2),and (3)hold. O

We say that a path P is a k-path if P has k + 2 vertices, and all internal vertices are typical and have
degree 2 in G, and each of the end vertices of P either has degree at least 3 or is special. A vertex v is
a k-vertex if d(v) = k. For k > 2, a k-vertex x is (ay, ..., ay)-vertex if x is typical and x is an end of
distinct g;-paths fori =1, 2, ..., k.

IA

Claim 3.7. G has no alternating cycle C = (X1, Y1, X2, Y2, - - . » Xk, Yi) such that all x; are (1, 1, 1)-vertices
(and thus all y; are 2-vertices).
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Proof. Suppose G has such a cycle C = (xq, V1, X2,¥2, ..., Xk, Yk). Fori = 1,...,k, let u; be the
neighbor of x; outside of C and w; be the neighbor of u; distinct from x; (it could be some x; for j # i).
Recall that by the definition of (1, 1, 1)-vertices, all x;, y;, u; are typical. Consider G’ = G — {x1, y1,
Ui, ..., Xe, Yi, U} and R = (G, {z}). Then G is a proper subgraph of G, so it has a (0, 1)-coloring ¢’.
Let p(v) = ¢'(v) ifv € V(G),andfori=1,...,kletp(x;)) = 1,¢(y;)) = 0and ¢(u;) = 1 — p(wy).
Then ¢ is a (0, 1)-coloring for G, a contradiction. O

Let V, be the set of all (1, 1, 1)-vertices and their neighbors. By Claim 3.7, G[V,] is a forest. Let
Ty, ..., Ty be the components of G[Vy]. Each component T of G[V;] will be called a (1, 1, 1)-tree, and
the size, |T||, of a (1, 1, 1)-tree T is the number of (1, 1, 1)-vertices in T.

Lemma 3.8. Let T bea (1, 1, 1)-tree in G and ¢ be a (0, 1)-coloring of G — T. Then exactly one vertex of
T is adjacent to a vertex v of color 1in ¢, and either v = z or v has a neighborin G — T of color 1.

Proof. We use induction on the size of T. If the size of T is 1, suppose that x is the 3-vertex in T,
N(&x) = {y1,¥2,y3},and u; € N(y;) —xfori = 1,2,3.Fori = 1,2,3,let ¢(y;) = 1 — ¢(u;). This
coloring cannot be extended to x only if exactly one vertex in N (x), say y is colored with 0. Moreover,
if in this case u; # z and 14 has no neighbor of color 1in V(G) — V(T), then we can recolor y; with 1
and color x with 0. But if u; = z or u; has a neighbor of color 1in V(G) — V(T), then ¢ does not extend
toT.

Suppose now that the lemma holds for (1, 1, 1)-trees of size at mosti — 1andlet T bea (1, 1, 1)-
tree of sizeiand ¢ be a (0, 1)-coloring of G—T. A quasi-leaf of T is a 3-vertex adjacent to two leaves of
T.Suppose T has a quasi-leaf x; such that the two leaves of T, y; and y,, adjacent to x; are both adjacent
tovertices in G—T of color 0. Then in any extension of ¢ to {y1, y», x} we must have ¢(y1) = ¢(y2) = 1
and so ¢(x;) = 0. By the choice of i, the new ¢ extends to the tree T’ = T — x; — y; — ¥, if and only if
exactly one vertex T’ is adjacent to a vertex v of color 1in ¢, and either v = z or v has a neighbor in
G — T’ of color 1. But then by construction, this also holds for T.

Thus we may assume that for every quasi-leaf x of T, some leaf y of T adjacent to x has a neighbor
in T of color 1. Since every (1, 1, 1)-tree of size at least two has at least two quasi-leaves, we may
assume that x and x’ are quasi-leaves and y; and y, are the leaves of T adjacent to x and u; and u, are
their other neighbors. Let ¢(x) = 1and fori = 1,2 let ¢(y;) = 1 — ¢(1;). Since at least one of u;
and u; has color 1, at least one of y; and y, gets color 0, and so the new partial coloring ¢ is a partial
(0, 1)-coloring. Then at least two leaves of the tree T = T — x — y; — ¥, have neighbors of color 1,
and so by the choice of i, the new ¢ extends to T'. Thus the original ¢ extendsto T. O

In the next two sections we describe all sets of low potential.

4. Sets of potential at most 2
The goal of the section is to prove the following.

Lemma4.1. f AC V(G),2 < |A] < n—4and p(A) < 2, then A consists of one typical and one special
vertex with an edge connecting them.

It is straightforward to check the lemma in the case |A| € {2, 3}. Suppose now that p(A) < 2 and
4 < |A| < n — 4. Recall that A* is the set of vertices in A that have neighbors in V(G) — A.

Claim 4.2. If u € A*, thenu = z.

Proof. Assume u € A* is typical. Consider the graph G’ with V(G) = A U {wy, wy, w3} and
E(G/) = E(G[A]) U {uwl, wiWoy, wZ'LU3}. LetR = (G’, ZNA+ U)3).

Since |A| < n —4,|V(G)| < n.By Lemma 3.4, since u # z, p(A) > 1. Then pg (B) > —4 for every
B C V(G). By construction, G’ is triangle-free. So by the minimality of G, G’ has a (0, 1)-coloring ¢'.
Since wj is special, ¢’ (w3) = 1and ¢’(w,) = 0.So ¢'(w;) = 1. Now if ¢'(u) = 0, this contradicts to
Claim 3.6 and if ¢’ (u) = 1 then because of w1, u has no neighbors of color 1 in A, a contradiction to
Claim3.6. O
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Proof of Lemma 4.1. By Claim 4.2, A* C {z}. Since 4 < |A| < n — 4, we can (0, 1)-color G[A] and
G[(V(G) — A) U A*] by induction hypothesis, and combine the colorings to get a (0, 1)-coloring for G
since either A* = ¥ or A* = {z}, and z is always colored with 1. This is a contradiction. O

5. Sets of potential at most 4
The goal of this section is to show the following lemma.

Lemma5.1. If A C V(G) and 4 < |A| < n—4, then p(A) > 5. Moreover, if |A| < 3 and p(A) < 4, then
z € Aand G[A] is connected.

Suppose that the lemma fails and choose a smallest A € V(G) with 4 < |A| < n — 4 for which
it fails. If B C V(G),1 < |B|] < 3and z ¢ B, then p(B) > 11 since G has no triangle. Thus if G[A] is
not connected, then by this and the minimality of A, the vertex set C of some component of G[A] has
potential at least 5. Thus in this case, p(A — C) < 4 — 5 = —1, a contradiction to Lemma 3.4. So,

G[A] is connected. (5)

Claim 5.2. If u € A* is typical, then (a) there exists a coloring ¢, of G[A] such that ¢,(u) = 0 and
¢u(v) = 1forallv € A* — u, and (b) u has exactly one neighbor in G — A.

Proof. Assume u € A* is typical. Consider the graph G’ with V(G) = A U {wy, wy, w3} and
E(G") = E(G[A]D U {uwq, wiwy, wows}. Let R = (G, Z N A + ws).

Since |A] < n — 4, |V(G)| < n.By Lemma 3.4, since u # z, p(A) > 1. Then pg/(B) > —4 for every
B C V(G'). By construction, G’ is triangle-free. So by the minimality of G, G’ has a (0, 1)-coloring ¢'.
Since wj is special, ¢'(w3) = 1and ¢’(w;) = 0.So ¢'(w;) = 1.1f ¢’(u) = 1 then because of wy, u
has no neighbors of color 1 in A, a contradiction to Claim 3.6. Thus ¢'(u) = 0. Now Claim 3.6 yields
(b), and together with Claim 3.5, also yields (a). O

Claim 5.3. Set A* contains a typical vertex.

Proof. If not, then A* = @ or A* = {z}. Since 4 < |A| < n — 3, both G[V(G) — (A — A*)] and G[A]
are smaller than G, and so by the minimality of G have (0, 1)-colorings, say ¢ and ¢’. Then ¢ U ¢’ is a
(0, 1)-coloring of G, since if A* # @, then A* = {z}and ¢(z) = ¢'(z) = 1. O

Claim 5.4. If z € A*, then z has no neighbor in A*.

Proof. Suppose z has a neighbor v in A*. Then vz € E(G[A*]). If A* = {v,z}, then we can color
G[A] and G[V(G) — A U A*] and combine the colorings, since v, z have the consistent colors in both
colorings. So, there isu € A* — z — v. Then by Claim 5.2(a), there is a (0, 1)-coloring ¢, of G[A] such
that ¢, (v) = ¢,(z) = 1, a contradiction to the factthatz € Z. O

Proof of Lemma 5.1. Assume 4 < |A| < n — 4 and p(A) < 4. Suppose A* — {z} = {uy,..., uq}
and fori = 1,...,d, x; is the unique neighbor of u; in G — A. Let X = {xq,...,x4}. If ; = z for
some i, then p(A + x;) = p(A) — 9 < —5, a contradiction. Furthermore, if x; is adjacent to z, then
pA+x+2) <pA)—2-9+11 < —3and A+ x; + z # V(G), a contradiction to Lemma 3.4. Hence

z € X UN(X) — A% (6)

Case 1: A* = {u,}. Let G’ be the graph with V(G') = V(G) — AU {wg, z’} and E(G) = E(G[V(G) —
A]) U {uqwg, wez'}. Let R = (G, (Z — A) + Z/). If G’ has a (0, 1)-coloring ¢, then ¢(z') = 1,
¢(wo) = 0, and hence ¢(u;) = 1. So, together with the coloring ¢,, (see Claim 5.2(a)) of G[A], ¢
will form a (0, 1)-coloring of G, a contradiction. Thus G’ has no (0, 1)-coloring and is smaller than
G, since |A|] > 4. Hence there is B C V(G') with pp(B) < —5. Choose such B with the smallest
potential and among those—with the largest size. Then z’ € B.If wg ¢ B, then zZ’ is isolated in G'[B]
and pr(B — z') = pr(B — Z') = pg(B) < —5, a contradiction. So wy € B and hence u; € B. Since
B—2z — wg C V(G), we have pg(B — 2’ — wg) = pp(B— 2’ — wp) = pgr(B) — 1142 -9 < 2. Since
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|A| > 4,|B—2z — wo| <n—4.SobyLemmas 3.4and 4.1,|B—2z' — wg| <2andz € B— 2z — wy is
adjacent to x; € B — z' — wy, a contradiction to (6).

Case 2: A* = {uq, z}. Consider G’ with V(G') = A + wy, and E(G') = E(G[A]) U {zwy, wou}
E(G') = E(G[A]) U {zwg, wou1}. Let R = (G, {z}). If G’ has a (0, 1)-coloring ¢, then ¢(wy) = 0 and
thus ¢ (u;) = 1.Recall that by Claim 5.2(a), there is a (0, 1)-coloring ¢, of G[A] such that ¢,,, (u;) = 0.
By the minimality of G, G — (A — z) has a (0, 1)-coloring f.If f (x;) = 0, then f U ¢ is a (0, 1)-coloring
of G; otherwise, f U ¢, is a (0, 1)-coloring of G, a contradiction.

Thus G’ has no (0, 1)-coloring. Then there is B C V(G') with pg (B)
A C V(G), wyp € B.Hence z, u; € Band pg(B — wp) < pg(B) — 11+ 2
Claim 5.4, this contradicts Lemma 4.1.

Case 3: d > 2. By Claim 3.5, all x; are distinct and not adjacent to each other. Let G’ be the graph
with V(G") = V(G) — (A — 2) U {wg, wy, 2’} and

E(G/) = E(G[V(G) — (A — Z)]) @] {ZXj :3< i < d} U {X]XZ, Z,wo, WoW1, wlxl}.

Since V(G') — wy C

< —5.
-9 < 2.Since u1z ¢ E(G) by

Observe that G’ is triangle free. Otherwise x1, X, have acommon neighbor w. Then pr(AU{w, X1, X3}) <
or(A) — 3 < 1, contrary to Lemma 4.1. Let R’ = (G, {z, Z'}).

Suppose G’ hasa (0, 1)-coloring ¢.Then ¢(z) = ¢(z') = 1,¢p(x3) = - - - = P (xg) = ¢(wg) = 0and
hence ¢(wq) = 1.If p(xy) = ¢(x1), then since x1x, € E(G), their common color is 1. But x; already
has neighbor w; with ¢(w;) = 1.Thus ¢(x,) # ¢(x1). Then by Claim 5.2(a), either ¢ U¢,, or pU¢,, is
a (0, 1)-coloring of G, a contradiction. So G" has no (0, 1)-coloring and is smaller than G, since |A| > 4.
Hence there is B C V(G') with pg(B) < —5. Choose such B with the smallest potential and among
those—with the largest size. Then z € B. Since G’ — x; — z — wp — w; C G and G'[B] has no isolated
or pendant vertices, apart from z, z/, we have x; € B. Then {wg, w1} C B.Let X' = {xq,..., %4} N B.
Then |Eg[A — z,B — wg — wq — z]| = |X’|. So

PRAU (B —wo — w1 —2)) < pr(A) + pr(B — wo — w1 — 2)
= 9(IX'| + |Ecl{z} N A", B — wo — wy —Z]|). (7)
Because x; € X',ifx, & X', then |E¢'[z, B— wo — w1 —z]| = |Ec[{z} NA*, B—wo —wq —z]|+ 1X'| — 1,
and so the last expression in (7) is at most
4+ pg(B—2z—wo—w1) —9(Eg[z,B—wo —w; —2z]| +1) =4+ ppg(B—wo —wy) — 9
<44 (pr(B)—2-114+3-9) —9 = pp(B) < -5,

a contradiction.
If x, € B, then on the one hand, G’ has an extra edge x;x,, and on the other hand,

|Eg'[z, B— wo — w1 — z]| = |Eg[{z} NA, B — wo —wq —z]| + |X'| — 2,

since x; € X'. These edges cancel in the calculations, and we again get pg (AU (B— wo — w1 —2)) < —5,
a contradiction.

To prove the “Moreover” part of the lemma, observe first that if z ¢ Aand 1 < |A| < 3, then
p(A) > 6. Also, if G[A] is disconnected and 1 < |A| < 3, then |E(G[A])] < |A| — 2, and thus
p(A) = 11(A| = 1) = 9(|A| = 2) =2/A|+7 = 9. O

6. Shovels in G

Claim 6.1. If G has a subgraph Py = x1x,x3X4 With d(x;) = d(x3) = 2, thenz € {x1, X2, X3, X4}.

Proof. Assume z & {xq, X3, X3, X4}. By Claim 3.2, d(x4) > 2.1fd(x4) = 2 and x5 is the neighbor of x4
distinct from x3, let Gy = G — X, — x3 — X4. By the choice of G, G has a (0, 1)-coloring ¢. We can extend
itto G by letting ¢(x3) = 1 — ¢(x1), ¢(x4) = 1 — ¢d(xs5), and letting p(x3) = 0if p(x2) = Pp(x4) = 1
and ¢(x3) = 1 otherwise. Since this contradicts the definition of G, d(x4) > 3.

Let G = G — x3X4 + x3z and R* = (G, Z). Then by our definition, R is smaller than R, since
[V(G)| = |V(G)]| and dg(z) > dg(2).If G has a triangle T, then x5z € E(T). Since Ng (x3) = {3, 2},
we need V(T) = {x,, x3, z}, but x; # z by assumption. So G’ is triangle-free.
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Suppose G’ has a (0, 1)-coloring ¢'. If ¢'(x4) = 1, then ¢’ is a (0, 1)-coloring of G, a contradiction.
If ¢’ (x4) = 0, then recolor x, with 1 — ¢’(x;) and x3 with 1. Again, we get a (0, 1)-coloring of G. So, G’
has no (0, 1)-coloring. Then by the minimality of G there is B C V(G') with pg' (B) < —5. Choose such
B with the smallest potential and among those—with the largest size. By the choice,z € B.Ifx; ¢ B
or x4 € B, then |[E(G'[B])| < |E(G[B])| and pgr(B) < —5.Let x3 € Band x4 ¢ B. Then by the minimality
of pr(B), X, € B and hence x; € B. So by definition, pr(B) = pr'(B) + 9 < 4. Since {x1, X2, X3,z} C B,
by Lemma 5.1, |B| > n — 3. By the minimality of pg (B), X4 has at most one neighbor in B — x3. So
since d(x4) > 3, x4 has a neighbor y in V(G) — Band |B| < n — 2.If |B| = n — 2 then by Claim 3.2,
each of y and x4 has a neighbor in B, and so pg(B+y + x4) < pg(B) +2-11 —3-9 < pp(B), a
contradiction. So, we may assume that V(G') — B = {x4, y, x}. Since G’ has no triangles, by Claim 3.2,
pr(V(G)) < pr(B) +3-11 —4-9 < pp/(B), a contradiction to the choice of B. O

Claim 6.2. Suppose G contains a path P = (X1, X2, X3, z) such that d(x,) = d(x3) = 2. Then either
d(x1) = 4 or d(x1) = 3 and x; belongs to a 5-cycle not containing x,.

Proof. By Claim 3.2, d(x;) > 2. Suppose d(x;) = 2 and xo # X3 is a neighbor of x;. If Xy = z, then
p({x1,X2,%3,2}) = 3-11 — 4 -9 = —3, a contradiction to Lemma 3.4. So xo # z. This contradicts
Claim 6.1 for the path (xq, X1, X2, X3). So d(x;) > 3.1fd(x;) = 3, let X', X" be the two neighbors of x;
distinct from x;.

Consider the graph G’ with V(G') = V(G) — x; — x, —x3 — X' — X" + xand

E(G) =E(G[V(G) —x1 —xy —x3 — X —x"]) U {xy : yis adjacent to X’ or x” in G}.

Let R = (G, Z). If x; does not belong to a 5-cycle not containing x,, then G’ is triangle-free. If G’
has a (0, 1)-coloring ¢, then we extend it to G by letting ¢ (X') = ¢(X") = ¢(x), d(x1) = 1 — ¢ (%),
¢(x2) = 1,and ¢(x3) = 0.So, G' has no (0, 1)-coloring. Then by the minimality of G thereis B C V(G)
with pgp(B) < —5. Choose such B with the smallest potential and among those—with the largest size.

Ifx & B, then pgr(B) = prr(B) < —5.1fx € B, then pg(B—x+X +x"+x1) = pg(B)+2-11—-2-9 <
—5+ 4 = —1, contradicting Lemma 3.4, sincex, € B—x+x +x" +x;. O

We need several new definitions. If G contains vertices x1, X, X3, z and a 5-cycle Cs containing x;
with d(x;) = 3 asin Claim 6.1, we call the subgraph induced by V (Gs) U {x1, X2, X3, z} an intact shovel.
The path xq, x,, X3, z is the handle, the cycle Cs is the head and x is the joint of this shovel. By definition,
vertices X1, X3, X3 in the shovel are not adjacent to any vertex outside the shovel.

Apathxq, X2, X3, zin G such that x; has degree t > 4 will be called a broken shovel of degree t. Below
when we speak of shovels, we have in mind both, broken and intact shovels (see Figs. 6 and 7).

Ya Y1

Y3

Fig. 6. An intact shovel. Fig. 7. A broken shovel of degree 4.

Claim 6.3. For every shovel S, G[V(S)] = S.

Proof. Suppose G has an edge e not in S that connects two vertices in V(S). If S is broken, then
p(V(©S)) <3-11—4-9 = —3,and if S is intact, then p(V(S)) < 7-11 —9-9 = —4.In both
cases, we contradict Lemma 3.4, unless V(S) = V(G) and E(G) = E(S) + e. Suppose the latter holds
and the handle of S is xq, X3, x3, z. If S is broken, then d(v,) = 2 since V(S) = V(G), a contradiction.
If S is intact and its head is Cs = (x1, y1, Y2, ¥3, Y4), then since G has no triangles, at least one end of
e is outside of Cs and so should be z. Let the other end be v. By degree restrictions on S, v & {x,, x1}.
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If v € {y1,y4}, then it belongs to a 5-cycle C containing z and p(V(C)) = 4-11—-5-9 = —1,a
contradiction to Lemma 3.4. Otherwise, we may assume v = y,. In this case, we color X3, X; and y,
with 0, and therest with 1. O

Claim 6.4. For any distinct shovels S and S, V(S) NV (§) = {z}.

Proof. Let ' # S. Let the handle of S be x;, X, X3, z and the handle of §’ be X/, x5, X}, z. Suppose
V)NV (S) =Sy # {z}.

Case 1: x3 € Sp. Since z € §', by Claim 6.3, x3 = x5. This yields that x, = x}, and x; = x}. Then since
S # §’, we may assume that S is intact, and hence d(x;) = 3. So S’ also is intact. Let the head of S be
(X1, ¥1, ..., ya) and the head of S’ be (x1,y], ..., y,). Since d(x;) = 3, we havey; = y; andy, = y,.If
{y2, ya}N{y5, 3} = @, then p(V(S)UV(S')) <9-11—-11-9 = 0.So by Lemma 3.4, V(G) = V(S)UV(S")
and E(G) = E(S) U E(S’). This contradicts Claim 6.1 for the path y1, y, 3, ya. Finally, if y;, = y»,
then p(V(S) UV(S)) < 8-11 —10-9 = —2. Again, by Lemma 3.4, V(G) = V(S) U V(§') and
E(G) = E(S) UE(S’). Then we color z, X,, y1, ¥2, ¥4 with 1 and the rest with 0.

Case 2: X3 & So. By symmetry, we may assume x5 & So. Then also x;, x, & So.

Case 2.1: x; € So.1fS' is broken, this means that x; = xj and p(V(S') +x,+x3) =5-11-6-9=1.
LetU = V(G) — S’ — x; — x3. By Lemma 4.1, |U| < 3.If there is a vertex u € Y which has at least
2 neighbors in S” + x, + x3, then p(S’ + x, + x3 + u) < —6, a contradiction. As d(x;) > 4, x; has at
least two neighbors in U. As G has no vertex of degree 1, we conclude that U + x induces a 4-cycle
(x, uy, Uy, uz). Also d(u;) = 2, otherwise we get a contradiction by p(V(G)) <8-11—-11-9 < —4.
Thus G is bipartite, and hence has a proper (0, 1)-coloring.

So, §’ is intact. Let the head of S be (x},y), ..., ¥y). Then p(V(S') + x; + x3) < p(V(S")) +2-
11—3-9 =0, and by Lemma 3.4, V(G) = V(S) + x, + x3 and E(G) = E(S") U {zx3, X3X2, XoX1}. Since
d(x}) = 3, by symmetry, we may assume that x; € {y/, ¥,}. In both cases, we color x3, X, X7, y, with
0 and the rest with 1.

Case 2.2: x; ¢ So. By symmetry, we may assume x; ¢ So. In particular, both S and S’ are
intact. Since by Claim 6.3, G[S — x1] is acyclic, G[Sp] is acyclic. Also, z is isolated in G[Sy] and thus
p(So0) = 111So — z| = 9(|So — 2| — 1) =9+ 2|Se — z|. So,

Pp(V(S)UV(S)) < p(S) +p(S) —p(So) <5+5—-9—2[Sg —z| =1-2[S —z|. (8)

Hence |Sp — z| < 2 and by Lemma 3.4, V(G) = V(S) UV(S") and E(G) = E(S) U E(S’). By Claim 6.1,
each of the sets {y), y5} and {y%, y,} has a vertex common with S. Thus |Sy — z| = 2. Also, if G[Sy — 2]
has no edge, then we would have an extra —9 in (8), a contradiction. So So — z = {5, 3} = {¥2, y3}.
Then we can color X3, X3, Y1, Ya, ¥}, ¥4 with color 0 and the rest with 1. O

Claim 6.5. Let S be an intact shovel with the handle (z, x3, X2, X1) and the head C = (x1, Y1, Y2, Y3, Y4)-
Then at least 3 edges connect C with V(G — S).

Proof. Let E’ be the set of edges connecting V (C) with V(G —S). Suppose to the contrary that |E'| < 2.
Then since z € V(C), by Claim 6.1, |E’| = 2 and the ends in C of the edges in E’ are distinct. So we can
suppose E' = {y;u, yjv}, where u, v € V(G — S).

By Claim 6.1 and symmetry, we may assume thatj = 3 and eitheri = 1ori = 2. Let G’ be obtained
from G — (V(S) — 2) by adding a vertex z’ and edge uz’. Let R" = (G, {z, z’}). Since edge uz’ is a cut
edge, G is a triangle-free graph smaller than G. If G’ has no (0, 1)-coloring, then by the minimality of
G, there is B C V(G') with pgr (B) < —5. By the choice of G, u, z’ € B. Then the set B — z’ contains u, is
disjoint from S — z and pr(B — z’) < —5 + 9 = 4. So denoting B = (B — z’) U V(S) and taking into
account edge y;u, we have

Pr(B) < pr(B—2') + pr(S) =9 = 0. (9)

By Lemma 3.4 and (9), B = V(G). But then v € B — 7/, and edge y;jv was not count in (9). So instead
of (9), we have pr(B") < pr(B — 2Z) + pr(S) — 18 = —9, a contradiction.

Thus G’ has a (0, 1)-coloring ¢. In particular, ¢(u) = 0. We extend ¢ from G’ — z’ to the whole G
as follows. First, we let ¢(x3) = 0,9 (x2) = 1Tand ¢(y3) = 1 — ¢p(v).
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Case 1: u = v. Since G has no triangles, i = 1. So we extend ¢ to G by letting ¢ (y4) = ¢(y1) = 1
and ¢(x1) = ¢(y2) = 0.

Case2:u#vandi= 1.Let¢p(x1) = 0,¢(ys) = ¢(y1) = 1and ¢(y2) = ¢(v).

Case3:u # vandi = 2. If ¢(y3) = 1, thenlet p(x1) = ¢(¥2) = 1,and ¢p(y1) = ¢(y4) = O,
otherwise let ¢(x1) = 0,and ¢(y1) = ¢(y4) = P (y2) =1. 0O

7. 0n (1,1, 1)-trees in G

The goal of this section is to prove that all (1, 1, 1)-trees in G are small: each of them has at most
two (1, 1, 1)-vertices.

Claim 7.1. For each (1, 1, 1)-tree T, if a vertex x € V(G) — V(T) is adjacent to more than one vertex in
T, then zx € E(G).

Proof. Supposesomex € V(G)—V (T)isadjacent todistincty,y’ € V(T).Bythe definitionof (1, 1, 1)-
trees, |V(T)| > 4andz ¢ V(T).Ifx = z, thenlet Go = G — V(T) and Ry = (Go, Z). Since Gy C G, it
has a (0, 1)-coloring ¢g, and ¢y(z) = 1. Then by Lemma 3.8, we can extend ¢, to G, a contradiction.

Assume x # z. Let G’ be obtained from G — V(T) by adding vertices w and z’ and edges xw and
wz'.LetR' = (G, {z, Z'}). Since new edges xw and wz’ are cut edges, G is a triangle-free graph. Since
[V(T)| = 4, |V(G)| < n.If G’ has a (0, 1)-coloring ¢, then ¢(w) = 0 and hence ¢(x) = 1. So by
Lemma 3.8, we can extend ¢ to G, a contradiction. Then by the minimality of G, there is B C V(G)
with pg(B) < —5. Choose such B with the smallest potential and among those—with the largest size.
Thenz' € B.Ifx ¢ B,then w ¢ Band p(B — z') = pg(B) < —5, a contradiction. So, x € B and thus
w € B.Then p(B—2z' — w) < pg(B) — 11+ 18 < 2.Since |[B| < n— |V(T)| < n—4andx # z, by
Lemma4.1,B—z — w = {x,z} and xz € E(G), as claimed. O

Lemma 7.2. If a graph G’ is obtained from G by replacing a (1, 1, 1)— tree T with another (1, 1, 1)-tree
T’ with the same set of vertices and the same set of leaves, then the pair R = (G, Z) is still a minimum
counterexample to the theorem.

Proof. Assume w is a common neighbor of two (1, 1, 1)-vertices v; and v, ina (1, 1, 1)—tree T. For
i = 1,2, let w; and w] be the neighbors of v; distinct from w and u; be the neighbor of w; distinct
from v;. By the definition of (1, 1, 1)-vertices, d(w) = d(w;) = d(w;) = d(w)) = d(w)) = 2.
By Claim 3.7, w, # wi. Ifuy = uy, thenu; ¢ T and by Claim 7.1, zu; € E(G). Then for
W = {z, uy, wy, wy, v1, v, w}, we have p(W) < 6-11 —7 -9 = 3.So by Lemma 5.1, n < 10. If w]
has a neighbor in W — vy, then p(W + w)) < p(W) + 11 — 18 < —4, contradicting Lemma 3.4,
since w), ¢ W + w)j. Similarly, w), has no neighbor in W — v,. Thus, since n < 10, there is a
unique y € V(G) — W — w] — wj, and yw], yw), € E(G). By Claim 6.1, y has a neighbor in W. So,
p(V(G) < p(W)+3-11 —5-9 < —9, a contradiction. Thus u; # u,. Also, since v; and v, are
adjacent only to 2-vertices in T, and T has no cycles, u;v,, u; v1 € E(G).

Let G’ be obtained from G by deleting edges w1, wou, and adding edges wiuy, wyu,. Let R =
(G, Z). By construction, |V(G)| = n and the degrees of all vertices in G’ are the same as in G.
Since uqv,, vy € E(G), G’ has no triangles. If pp(B) < —4 for all B € V(G), then the lemma
holds for the (1, 1, 1)-tree T’ obtained from T by deleting edges wiu;, wyu, and adding edges
willy, wylly. So consider B C V(G') with the smallest potential in R’ and assume pp (B) < —5. Let
U = {uy,up, wy, wa}. If BN U| < 1or|BNU| > 3, then pr(B) = pr(B) < —5, a contradiction.
Furthermore, if pg' (B) < pr(B), then either BN U = {wq, uy} or BN U = {wy, uy}. By symmetry, let
BNU = {wq, uy}. Then pr(B) = pr/(B) +9 < 4 and by Lemma 5.1, either |B| < 3 or |B| > n— 3. Since
Ng(wq) = {vy, u}, by the minimality of pg (B), v1 € B. For the same reason at least one of w, w/ is
inB. So |B| > 4 and thus |B| > n — 3.If v, & B, then w ¢ B, a contradiction to |B| > n — 3, since the
case is that uq, w, ¢ B. Thus v, € B.Then p(B+ w,) < p(B) + 11 — 18 < —3, a contradiction to
Lemma 3.4, since u; & B + w;. This proves the lemma for our special T'.

By a sequence of switching pairs of edges as above, we can change T into any (1, 1, 1)-tree with
the same set of vertices and the same set of leaves. O
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Claim 7.3. Forevery (1, 1, 1)-tree T, each vertex x € V(G) — V(T) is adjacent to at most one vertex in T.

Proof. Suppose that T is a (1, 1, 1)-tree in G and x € V(G) — V(T) is adjacent to y; and y, in T.
By Claim 7.1, zx € E(G). By Lemma 7.2, if we replace T with a (1, 1, 1)-tree T” with the same set of
vertices and the same set of leaves such that y; and y, have a common neighbor v in T’, then the pair
R = (G, Z) also is a minimum counterexample to the theorem. But pg ({z, X, y1,y2,v}) = —1,a
contradiction to Lemma 3.4. O

Recallthatfora (1, 1, 1)-tree T, |V(T)|| isits size, i.e., the number of (1, 1, 1)-verticesin T.Let L(T)
denote the set of leaves of T. Then

V(D =3]v(DIl +1 and

IL(T)| = |N(T) — V(T)| = |V(T)|| + 2 foreach (1, 1, 1)-tree T. (10)

Claim 7.4. If x is adjacent to T and xz € E(G), then |[V(T)| = 1.

Proof. Suppose |V(T)|| > 2andx € V(G) —V(T) is adjacenttoz and toy € V(T).Thend(y) = 2 and
the neighbor of y in T is some (1, 1, 1)-vertex v. By Lemma 7.2, we can assume that N(v) = {y, v, y"},
the other neighbor x" of y’ is in V(G) — V(T) and the other neighbor x” of y” isin T. Let G’ be obtained
from G — {y, v, y’} by adding edge y"x’ and T’ be the tree induced in G’ by V(T) — {y, v, y'}. Let
R = (G, Z).1f R has a (0, 1)-coloring ¢, then ¢(x) = 0 and the number of vertices of color 1 in
Ng(T) — V(T) — x is not 1. But then by Lemma 3.8, we can extend the coloring of G’ — V(T’) to a
(0, 1)-coloring of G.

So, by the minimality of R, there exists B C V(G") with pg/(B) < —5. Since pr(B) > —4,y”, X’ € B.
Then pr(B4+v+Yy') = pg(B)+9+2(11) —3(9) < —5+4 = —1.Sincey € B+ v+, this contradicts
Lemma34. 0O

Claim 7.5. Suppose Tisa (1, 1, 1)-tree, V' = {xq, ..., X} = N(T) — V(T) and t > 5. Then
(a) Each x € V' is at distance at least 3 from z;
(b) V' is an independent set;
(c) Each w € V(G) is adjacent to at most 2 vertices in V';
(d) Each x € V' is at distance 2 in G — V(T) from at most one x' € V'.

Proof. Since t > 5, by (10), ||[V(T)|| = 3 and so |V(T)| > 10.

(a) Since |V(T)|| > 3, by Claim 7.4,z & N(V’). So, if (a) does not hold, then there is x € V' such
that either x = z or dist (x, z) = 2.In both cases there is x' € V' — x at distance at least two from z. Let
G’ be obtained from G — V(T) by adding a new vertex w adjacent to x’ and z. Let R = (G, Z). If R has
a (0, 1)-coloring ¢, then ¢(x) = ¢(x') = 1. Thus by Lemma 3.8, we can extend ¢ to V(T) to obtain a
(0, 1)-coloring of R. So R" has no (0, 1)-coloring, and is smaller than R, since |V (T)| > 10. Then by the
minimality of G there is a set B C V(G') with pz(B) < —5. In order to have p¢(B) < —5, we need
w € B and both its neighbors, z and X/, be in B. Then pg(B — w) < —5+2-9 — 11 < 2. Hence by
Lemma 4.1, either B— w = {z, x'} or |B — w| > n — 3. The former is impossible, since zx' ¢ E(G) and
the latter does not hold, since |V (T)| > 10. This proves (a).

(b) Assume x, x', X" € V' and xx”" € E(G). As in the proof of (a), let G’ be obtained from G — V(T) by
adding a new vertex w adjacenttox’' and z. LetR" = (G, Z).If R has a (0, 1)-coloring ¢, then ¢ (x') = 1
and either ¢(x) = 1 or ¢(x”) = 1.So by Lemma 3.8, we can extend ¢ to V(T). Then we repeat the rest
of the argument of the proof of (a) word by word and come to a contradiction.

(c) Assume that some X1, X», x3 € V' are adjacent to the same vertex w. By Lemma 7.2, we may
assume that x1, x,, X3 and some 6 vertices in T form a tree T’ with 9 vertices and 8 edges. If there is a
path (w, w’, z) from w to z, then pr({z, w’, W} UV (T)) = 11-11 — 9 - 13 = 4. However, this set has
more than 3 and fewer than |V(G)| — 3 vertices. Thus we get a contradiction to Lemma 5.1. Together
with (a) this yields that

the distance from w to z is at least 3. (11)

Consider G’ obtained from G — V(T) by adding an edge wz. LetR' = (G', Z).By (11), G is triangle-free.
If R" has a (0, 1)-coloring ¢, then ¢(w) = 0 and hence ¢(x;) = ¢(x) = 1. Thus by Lemma 3.8, ¢
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can be extended to a (0, 1)-coloring for G, a contradiction. Since G’ is smaller than G, there is a set
B C V(G) with pg'(B) < —5.Then w, z € B, so pg(B) = —5 + 9 = 4. By Lemma 5.1, either |B| < 3
or |B| > n — 3. However, B misses at least 7 vertices in T. So, |B| < 3 and w, z € B. By (11), G[B] is
disconnected. This contradicts the last statement of Lemma 5.1.

(d) Assume that x, X5, x3 € V' are such that x; is at distance two from x; and from x,. Then by (c)
there are distinct uq, u, such that fori = 1, 2, u; is the common neighbor of x3 and x;. Consider the
graph G’ obtained from G — V(T) by adding a new vertex w and edges zw and wxs. Let R = (G, Z).
Again, if R" has a (0, 1)-coloring ¢, then ¢(x3) = 1 and hence one of uy, uy, say u; has color 0. But
then ¢(x;) = 1, and by Lemma 3.8, ¢» extends to a (0, 1)-coloring for G. So again, there is B C V(G')
with pg(B) < —5.Then w € B and thus z, x3 € B. Therefore, pr(B — w) < =5+ 2(9) — 11 < 2. By
Lemma 4.1, either B = {z, x3} or |B| > n — 3. But by Claim 7.4, x3z ¢ E(G), and at least 7 vertices of T
are not in B. This contradiction proves (d). O

We need a bit more notation. For a pairR’ = (G’, Z") and aset S C V(G'), let mg (S) be the minimal
potential that may have subsets of V (G’) containing S. If we have two sets B; and B, containing S with
pr'(B1) = prr(By) = mg(S), then by the submodularity of pg/, also pr(B1 N By) = pr(B1 UBy) =
mg (S). Thus the family

My (S) ={BCS V(G) :B2S, pr(B) = mp/(S)}

contains a unique inclusion minimal member My (S) contained in every other member of Mg (S).

Claim 7.6. Let T be a (1, 1, 1)-tree with |V(T)|| > 3.Let V' = N(T) — V(T) = {X1, ..., X}. Let G =
G—V(T)and R' = (G, Z). Then for any distinct x1, x,, x3 € V', () mp ({x1}) = 5, mg ({x1, x2}) = 8,
my ({X1, X2, x3}) = 11, and (b) Mg ({X1, x2}) C My ({x1, X2, X3}).

Proof. Order the vertices of V' as needed: x1, ..., x,. Fori =1, ..., t, let y; be the neighbor of x; in T
and v; be the neighbor of y; in T. By Claim 7.5(b,d) and the symmetry between x,, X3, we may assume
that the distance between x; and x, in G’ is at least 3. By Lemma 7.2, we may assume that v, = vy,
vi—1 = vrand thatforj = 2, ..., t — 2, vertices vj and vj;; have a common neighbor u; in T. First, we
prove a half of (a):

forany 1 <j <3, mp({x1,...,%}) > 3j+2. (12)

Indeed, suppose that mg ({x1}) < 4and B = Mg ({x1}). By Lemma 5.1, either |B| > n — 3 or |B| < 3.
The former cannot hold, since |V(T)| > 10, so |B|] < 3. Then again by Lemma 5.1, z € B and
G[B] is connected. This contradicts Claim 7.5(a). So Case j = 1 of (12) is proved. Suppose now that
mg ({X1, X2, X3}) < 10and By = My ({X1, X2, X3}). Let B = By U {y1, ¥2, ¥3, V2, Uz, v3}. Then

or(B)) < pr(By) + 11(6) — 9(8) = 10 + 66 — 72 = 4. (13)

As above, by Lemma 5.1, since |B’| > 4, we have [B'| > n — 3.Since t > 5, ug, U3, V4, Y4,ys & B,
implying |B'| < n — 3, a contradiction. This proves Case j = 3 of (12). Case j = 2 is very similar but
simpler, so we leave it for the reader.

Let G” be obtained from G’ by adding a vertex w and edges x1x,, x3w, and wz.Let R” = (G”, Z). By
Claim 7.5 and the choice of x; and x;, G” has no triangles. If R” has a (0, 1)-coloring ¢, then ¢(x3) = 1
and at least one of X1, X, also has color 1. So by Lemma 3.8, ¢ can be extended to a (0, 1)-coloring of R.
Thus by the minimality of G, there is a set B C V(G”) with pgr(B) < —5. By the choice of G, B contains
{x1, x} or {w, x3}, or both. If B does not contain w, then it contains {x1, x,} and pg(B) < pg'(B)+9 < 4.
In this case, by Lemma 5.1 either |B| < 3 or |B| > n — 3. The latter cannot hold, since |V (T)| > 10,
so |B| < 3.Then by the last part of Lemma 5.1, z € B and G[{x1, X2, z}] is connected. This contradicts
Claim 7.5(a). Thus w € B and hence {w, x3,z} C B.LetB; = B — w.

If B does not contain {xi, x,}, then pr(B1) < prr(B) + 7 < 2.In this case, by Lemma 4.1 either
By = {x3,z} and zx3 € E(G) or |By| > n — 3. The former contradicts Claim 7.5(a) and the latter cannot
hold, since |V (T)| > 10. Thus

B D {x1,%,x3, w,z} and pr(B;) < —-5+9+7=11. (14)
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Together with (12), this yields

Pr(B1) = mp ({X1, X2, x3}) = 11. (15)
Let M1 = Mg ({x1, X2, X3}). By the comment above the claim, M; C B;. We now want to prove

M NV = {x1, X2, X3}. (16)

Indeed, suppose that |[V'NM;| > 4,say {1, ..., x4} C My.LetB' = M {U{y1, ..., Y4, U2, Uy, V3, U3, Vg}.
Then

or(B)) < pr(My) + 11(9) — 9(12) = 11 + 99 — 108 = 2. (17)

By Lemma 4.1, since |B'| > 4, we have |B'| > n — 3.Ift > 6, thenys, us, vs, y¢ & B/, a contradiction.
So,t =5andys ¢ B'.1fxs € B/, then pr(B' + y5) < p(B) + 11 — 9(2) < —5, a contradiction. Now,
lett = 5and x5 ¢ B'. Recall that d(xs) > 3.1f V(G) — B’ = {xs, ys}, then by (17),

Pr(V(G)) < pr(B) +11(2) — 9(4) <2 +22 - 36 = —12,

a contradiction to the choice of G. Similarly, if V(G) — B’ = {xs, ys, u'} for some 1/, then since G has no
triangles, at least 5 edges are incident with xs, ys or u’. In this case, pg(V(G)) < pr(B)+11(3)—9(5) <
2 + 33 — 45 = —10, a contradiction again. This proves (16).

Similarly to My, let My = My ({X1, X2, X4}). Next, we prove

Pr(My U M) > 14. (18)

Indeed, if pr(M; U M) < 13 then similarly to the preceding paragraph, we let B = M; U
My U {y1, ..., ¥4, V2, Uy, U3, U3, 4} and observe that pr(B”) < pr(M; U M) + 11(9) — 9(12) =
13 4+ 99 — 108 = 4. By Lemma 5.1, since |B”| > 4, we have |[B”| > n — 3. Now we proceed as in the
end of the preceding paragraph, excluding the case xs € B, since x; ¢ M; UM, by (16). Thus (18) holds.

By (3)and (18), pp(M; N My) < pp(My) + pr(Ms) — pr(M; UMs) < 11 + 11 — 14 = 8. Together
with (12), this proves mg ({x1, x;}) = 8 and part (b) of the claim. Moreover, since M; N M, NV’ =
{x1, X2}, we conclude

My ({x1, X)) N V' = {x1, X2} (19)
Now, let D1 = My ({X1, X2}) and D, = Mg ({x1, x3}). Again by (3) and (18),

Pr(D1 N D2) < pr(D1) + pr(D2) — pr(D1 U Dy) < 8 4+ 8 — mp ({x1, X2, X3}) = 16 — 11 = 5.
Together with (12), this completes the proof of (a) and thus of all claims. O

Now we are ready to prove the main result of the section.

Lemma 7.7. Each (1, 1, 1)-tree T in G has ||V(T)|| < 2.

Proof. Assume ||V(T)|| > 3.Let V' = N(T) — V(T) = {x1,...,x:}. Since |V(T)|| > 3,t > 5. Let
G = G—V(T)andR = (G, Z). For brevity, we will use M; for Mg ({x;}), M; j for Mg ({x;, x;}), and M; j
for Mg ({xi, X;, X}). First, we prove

for any distinct i, j, k, M;;j UM, = M;j k. (20)
Indeed, by Claim 7.6(b), M; jUM; . € M; j . If the containment is strict, then by the minimality of M; j x,
pr (M j U Mj ) = 12. Then by Claim 7.6(a) and the submodularity of pg',

8 +8 = pr(Mij) + pr (Mj k) = pr(Mij UM, k) + prr(Mij N M; 1) > 12 + mp ({x;}) = 17.

This contradiction proves (20).

For brevity, denote F;(j, k) = M;; N M;, and A(i,j, k) = M;; N M;x N M;. By (20) and (3),
or (Fi(G, k) < pr(Mij) + pr (Mix) — pr (Mijx) = 8 + 8 — 11 = 5. Together with Claim 7.6(a),
this gives pg (Fi(j, k)) = 5. Similarly, pg' (Fj(i, k)) = pg (Fk(j, i)) = 5. By definition and (20),

Fi(, k) UF(i, k) = Mj; N (M; UM ) = M;j N\ M;jx = M;j.
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Since A(i, j, k) = Fi(, k) N F;(i, k), by (3),

pr (AG J, K) = pr (Fi(, K)) + pr (Fi(Q, k) — pr (Mi )
—9IE¢ (Fi(G, k) — Fj(i, K)), F (i, k) = Fi(j, k)|
= (5+5—18) — 9Ec (Fi(j, k) — F;(i, k), Fi(i, k) — Fi(j, k)|.

Since pr (A(i, j, k)) > —4, we conclude that
|Ec (Fi(G, k) — Fi(i, k), Fi(i, k) — Fi(j, k)| = 0 (21)

and pg (A(i, j, k)) = 2. Then by Lemma 4.1, there is w = w;jx € V(G) such that A(i, j, k) = {w, z}
and wz € E(G). We now claim that

all w; j x coincide. (22)

Indeed, if (22) fails, then there are distinct i, j, k, m such that w’ = w;j,m # w = wjji. By (21),
A(i, j, k) and A(i, j, m) are separating sets in G[M;;]. It follows that w and w’ are cut vertices in
G[M;;] — z, and each of them separates x; from x;. By the symmetry between F;(j, k) and F;(i, k), we
may assume that w’ € Fj(i, k). Then w € Fi(j, m) and F;(i, k) U F;(j, m) = M; ;. So, by (3),

pr (Fi(i, k) N E(, m)) < pr (F(i, k) + pr (Fi(, m)) — pr(Mij) =5+5—-8=2.

Since w, w" € Fi(i, k) N Fi(j, m), this contradicts Lemma 4.1. Thus (22) holds. So we denote by wy the
vertex that is w; j  for all i, j, k.

Let F; = F1(2,3),F, = F,(1,3),andforj = 3,...,t,let Fjf = F(1,2). Let Fy = U;:] Fj. By (22),
FFNF ={wy,z}foralll <i < j<t.By(21),Ec(F;—F,F —F) =@forall1 <i < j <t Thenby
induction on j we have ,oR(UJi:l F;) = 3j + 2 and thus pg(Fy) = 3t + 2. Now we claim

Fo = V(G) — V(T). (23)
Indeed, by (10)

Pr(Fo UV(T)) = pr(Fo) +11(3(t — 2) + 1) — 9(3(t — 2) + 1)
= (3t +2)+ (33t — 55) — (36t —54) = 1.

Let W = V(G) — V(T) — Fy. Since pr(Fy U V(T)) = 1, by Lemma 4.1, |W| < 3.Recall that z € F,.
If W = {v}, then by Claim 3.2, dg(v) > 2, and so pr(V(G)) < pr(Fo U V(T)) + 11 — 9(2) = —6,
a contradiction. If W = {vq, v,} and at least four edges are incident with v; or vy, then pr(V(G)) <
Pr(FoUV(T)) 4+ 11(2) —9(4) = —13.If W = {vq, v} and at most 3 edges are incident with vy or v,,
then dg(v{) = dg(v2) = 2 and vv, € E(G). Then by Claim 6.1, we may assume that zv; € E(G). Lety
be the neighbor of v, distinct from v;. Since v, & V',y € Fy, and thus thereisj > 1suchthaty € F. But
then pg (F; U W) = pg/(Fj) + 11(2) — 9(3) = 0, a contradiction. Suppose now that W = {vy, vy, vs}.
If at least 5 edges are incident with W, then pr(V(G)) < pr(Fp U V(T)) + 11(3) — 9(5) = —11.
Since G has no triangles, to have only 4 edges incident with 3 vertices of degree at least two, we need
|[E(GIW])| = 2 and each of them have degree exactly 2. This contradicts Claim 6.2. Thus, W = @, as
claimed.

Forj=1,...,t,let H; be obtained from G[F;] by adding a new vertex u; and edges u;z and x;u;. Let
R; = (H;, Z). Since mp ({x;}) = pr (Fj) = 5, the potential of every subset of V (H;) containing both, x;
and u;, is at least 5 + 11 — 9(2) = —2. The potential of any set not containing u; is at least —4 by the
choice of G. If a set U C V(H;) contains u; but does not contain x;, then pr,(U) > pp(U — 1)) > —4
again. So by the minimality of G. Each of R; has a (0, 1)-coloring ¢;. By construction, ¢;(x;) = ¢;(z) = 1
and ¢;(uj) = 0. Since F; — {w, z} has no neighbors in F; — {w, z} for distinct i and j, ¢ = U;:1 ¢jisa
(0, 1)-coloring of G — V (T). Furthermore, ¢ (x;) = 1 for every j. Then by Lemma 3.8, ¢ can be extended
to a (0, 1)-coloring of G, a contradiction. O
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8. Discharging

Consider the following vertex subsets of G:

Vo = U v(T),
Tisa(1,1,1)-treein G

= |J v -z

S is a shovel
Vo ={veV(G) —Vo—Vi:de(v) =2},
V3 =V(G) — Vo —V; — Vs.

By definition, V(G) = Vo UV, UV, U V3. Fori =0, 1, 2, 3,let G; = G[V;].

We use discharging as follows. An item is a vertex in V, U V3 or a shovel S or a component T of Gy.
Initially, every vertex or edge x has the charge ch(x) equal to its p-value. At the end of discharging,
every item U will have a charge ch*(U) so that

the sum of ch*(U) over all items is equal to Z o(x). (24)
xeV(G)UE(G)

We use the following rules.

Rule 1: If an edge e not in a shovel is incident to exactly one 2-vertex distinct from z, then e receives
5.75 from this 2-vertex and 3.25 from the other vertex. (Recall that by Claims 6.1 and 6.2, two adjacent
2-vertices can be only in a shovel.)

Rule 2: If an edge e not in a shovel is incident neither to z nor to any 2-vertex, then e receives 4.5
from each of the ends.

Rule 3: If an edge e not in a shovel is incident to z, then it gets 3.25 from z and 5.75 from the other
end.

Rule 4: Every edge in a shovel gets 9 from the shovel.

Rule 5: For every (1, 1, 1)-tree T, let ch*(T) be the sum of the resulting charges of its vertices.

Rule 6: For every shovel S, let ch*(S) be the sum of the resulting charges of its vertices.

Claim 8.1. After the discharging by Rules 1-6 above, we have

(a) ch*(e) = 0 forevery e € E(G);

(b) ch*(v) < 0 forevery v € V, U V3; moreover, if v € V3 and dg(v) > 4 or dg,(v) > 2, then
ch*(v) < —1.25;

(c) ch*(v) < —0.5 for dg(v) = 2, v not in a shovel.

(d) ch*(T) < O0forevery (1, 1, 1)-tree T; moreover, if T contains only one (1, 1, 1)-vertex, then ch*(T) <
—1/4;

(e) ch*(S) < —3.75 for every broken shovel S;

(f) ch*(S) < —4.75 for every intact shovel S

Proof. Part (a) immediately follows from Rules 1-4.

Let v € V5. If v = z and is adjacent to exactly x vertices not in shovels, then by Rule 3 it gives out
charge 3.25x. Thus (b) holds for v = z. Suppose v € V3 — z. Then d(v) > 3. Moreover, if d(v) = 3
the v has a neighbor w that either is z or has degree at least 3. If d(v) > 4, then it gives away by
Rule 1 at least 3.25d(v), so ch*(v) < 11 — 3.25d(v) < —1.25.If d(v) = 3, then by Rules 1-3,
ch*(v) < max{11 — 4.5 — 2(3.25), 11 — 2(4.5) — (3.25)} = 0. Moreover, if dg,(v) > 2, then
ch*(v) < 11 — 2(4.5) — 3.25 = —1.25. This proves (b).

If do(v) = 2, and v is not in a shovel, then by Rule 1, it gives 5.75 to two incident edges. Thus
ch*(v) = 11 — 2(5.75) = —0.5. This proves (c).

Suppose a (1, 1, 1)-tree T contains k (1, 1, 1)-vertices for k = 1 or 2. Then T has exactly
2k 4 1 vertices of degree two. Each 2-vertex in T has charge —0.5 and each (1, 1, 1)-vertex has
charge 11 — 3(3.25) = 1.25. So, ch*(T) = 1.25k — 0.5(2k + 1) < 0. Moreover, if k = 1, then
ch*(T) < 0.5 — 3(0.25) < —0.25. This proves (d).
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A broken shovel S contains three typical vertices and three edges. By Rules 1 and 2, the joint w
sends out at least (d(w) — 1)(3.25). So, by Rule 6, ch*(S) < 3(11) — 3(9) — (d(w) — 1)3.25 <
6 — 3.25(3) = —3.75. This proves (e).

An intact shovel S contains 7 typical vertices and 8 edges. Also by Claim 6.5, S has at least three
neighbors outside of it. So its total charge is at most 7(11) — 8(9) — 3(3.25) = —4.75. 0O

Since the discharging preserves the total charge, it must be at least —4. Thus by Claim 8.1, if some
set of items will have the total new charge less than —4, then we get a contradiction.
We will use the following immediate corollary of Lemma 3.8.

Claim 8.2. If G— Vj has a (0, 1)-coloring ¢ such that at most one vertex in V3 N Ng(Vy) is colored with 0,
then ¢ can be extended to V. Moreover, if every component of Go has at least two (1, 1, 1)-vertex, and at
most two vertices in V3 N Ng(Vy) have color 0, then ¢ also can be extended to V.

Claim 8.3. G has no shovels.

Proof. Suppose S is a shovel in G.

Case 1: S is a broken shovel with the handle (vg, vq, v2, z) and d(vg) > 4.1f d(vg) > 5, then
ch*(S) < 3(11) — 3(9) — 4(3.25) < —4, a contradiction. If d(vg) = 4 and v, has a neighbor of degree
at last 3, then by Rules 6, 1 and 2, ch*(S) < 3(11) —3(9) —4.5—2(3.25) = —5 < —4, a contradiction.
Assume d(vg) = 4 and all neighbors of vy are 2-vertices. Then ch*(S) < 6 — 3(3.25) = —3.75.

If G5 contains a P, then by Claim 8.1(b), the middle vertex w of this P; satisfies ch*(w) < —1.25.
So, ch*(S) + ch*(w) < —4, a contradiction. Thus G; does not contain Ps. Also by Claim 8.1(d), G has
no shovels apart from S. We color all vertices in V3 with color 1, and all vertices in V, with color 0, and
color S so that vy is colored by 1. Then by Claim 8.2 we can extend the coloring to Vy, a contradiction.

Case 2: S is intact. Immediately follows from Claim 8.1(f). O

Claim 8.4. The special vertex z is isolated in G.

Proof. By Claim 8.3, V; = (. Thus by Rules 3 and 5, if d(z) > 2, then ch*(z) < —3.25-2 = —6.5,a
contradiction.

Let d(z) = 1 and u be the unique neighbor of z. If d(u) > 3, then by Rules 3, ch*(z) = —3.25
and ch*(u) < 11 — 5.75 — 2 - 3.25 = —1.25, a contradiction. So, let d(u) = 2. Then by Rule 3,
ch*(z) < —3.25.Hence A(G3) < 1, since each w € V3 of degree at least 2 in G3 has ch*(w) < —1.25.
Also, z forms a component in G3. Then we color V3 with 1 and V, with 0. By Claim 8.2 the obtained
coloring extends to Vp. O

Since z is isolated, from now on we consider coloring of G — z.

9. Structure of G3

For W C V, U V3, a coloring ¢’ is standard on W if ¢'(v) = 1forv € V3 N W, and ¢'(v) = O for
veV,NW.

Claim 9.1. G3 has no cycles, and no P, with k > 5.

Proof. Suppose G; contains C. Since G is triangle-free, k > 4.By (b) of Claim 8.1, ch*(C) < —1.25k <
—4, a contradiction. So Gs is acyclic.

Suppose now that G; contains Py with k > 5. Then by Claim 8.1(b), k < 5.

In order to have ch*(Ps) > —4, every vertex in the Ps has degree three and is adjacent to a vertex
of degree two.

Also, A(G3 — Ps) < 1. Otherwise, ch*(Ps) + ch*(P3) < —1.25-3 — 1.25 < —4, a contradiction.
Let Ps = (v1, ..., vs) and x; be the neighbor of v; outside of Ps.

Ifx; € Vy, then ch*(x}) = —0.5 and ch*(P5) + ch*(x;) < —1.25% 3 — 0.5 < —4, a contradiction.
So x; & V4, then we color all vertices in G3 — Ps with color 1, all vertices in V; with 0 and the vertices
in Ps as follows: 1, 1, 0, 1, 1. By Claim 8.2 this coloring extends to Vy. O
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Claim 9.2. G3 does not contain K 3.

Proof. Assume V3 contains a subset X with G[X] = K;j 3 with center x.

If d(x) > 4, thench*(x) < 11 — 3 -4.5 — 3.25 = —5.75, a contradiction. So, d(x) = 3 and
ch*(x) = —2.5.1f A(G3 — X) < 1, then we use the standard coloring on V, U V3 — x and color x with
0. By Claim 8.2 this coloring extends to Vp. So we may assume that for somey € V3 — X, dg, (y) > 2.
Then ch*(y) < —1.25. Thus in order the total charge to be at least —4, we need that every vertex in
V3 —X —y has degree at most 1in G3,and V, = . Then we use the standard coloringon V,UV3 —x—y
and color x and y with 0. Since x has no neighbors in Vj, by Lemma 3.8, the coloring extendsto V,. O

So each component of Gs is a Ky, K3, P3, or P4. Note that if a vertex x is a component in Gs, then it
isnota (1, 1, 1)-vertex. So in this case d(x) > 4, and ch*(x) < —2.

Claim 9.3. G does not contain Py.

Proof. Suppose Gz contains Py = (vq, v2, U3, Ug). Let W = {vq, vy, v3, v4}. Then ch*(vy) 4+ ch*(v3) <
—1.25 + (—1.25) = —2.5. Moreover, if d(v;) > 4 or d(vs) > 4, then ch*(vy) + ch*(v3) <
—1.25 + (—4.5) < —4, a contradiction. So, d(v;) = d(v3) = 3.

If G5 contains another 4-path P, = (y1, ¥2, ¥3, ¥4) disjoint from W, we get the potential less than
2 % (—2.5) < —4, a contradiction. Thus this Py is the only P in G3.

If G; — W contains two disjoint 3-paths P; = (y1,y2,¥3) and P = (us, uy, us), then ch*(Ps) +
ch*(y,) +ch*(uy) < —2.5—1.25—1.25 < —4, a contradiction. Thus G3 — W contains at most one Ps.

Case 1: G3 — W contains exactly one 3-path P; = (y1, y2, y3).

If V; is not empty, it contains v’. Then ch* ({v,, v3, ¥2, v'}) < —1.25—1.25—1.25—-0.5 = —4.25 < —4,
a contradiction. So V;, is empty.

Then we use the standard coloring on V, U V3 — v, — ¥, and color v, and y, with 0. By the choice
of v, and the case for y», this coloring is a (0, 1)-coloring for G[V, U Vs].

If it extends to Vp, then we are done. Suppose not. Then some (1, 1, 1)-tree T of size 1 is adjacent
to vy and y,. Then ch*({v,, vs, y2}) + ch*(T) < —3.75 — 0.25 = —4. If there is another (1, 1, 1)-tree
T’ of size 1, then ch*({vy, vs, ¥2}) + ch*(T) 4+ ch*(T") < —3.75 — 0.25 — 0.25 < —4, a contradiction.
Thus T is the only (1, 1, 1)-tree of size 1. Since T is adjacent to exactly 3 vertices, we may assume that
y3 is not adjacent to T. We recolor y, with 1 and y3 with 0, and can extend the new coloring to Vj.

Case2: A(G3 — W) < 1.

If some v € {v,, v3} has no neighbors in V5, then we use the standard coloring on V, UV3;—v and color v
with 0. By Claim 8.2 this coloring extends to Vp. So we may assume that forj € {2, 3}, v; has a neighbor
vj € V,.Since Gis triangle-free, v; # vj. Therefore, ch*({va, v3, v}, v3}) < —1.25—-1.25-0.5-0.5 =
—3.5. So, all vertices in V3 — v, — vs are (1, 1, 0)-vertices and |V;| < 3.

Case 2.1: |V»| = 3,i.e thereisw € V; — vj — v}.

Then ch*(w) = —0.5 and there are no (1, 1, 1)-trees of size 1. Forj = 2, 3, let N(vjf) = {v;, v]f/}.

Suppose first that vj = v3. Then we color V5 + v/ + v} — v} — v, — v4 with 1 and v,, v5, v4 and
w with 0. Since v, has no neighbors in Vy, if this coloring is a (0, 1)-coloring of G[V, U V3], then it
extends to V. So, this is not the case. The only possibility for it is that wv4 € E(G). By the symmetric
argument, wv, € E(G). Then we use the standard coloring on V, U V3 — v; — v4 — w and color vy and
vq with 0 and w with 1. The obtained coloring is a (0, 1)-coloring of G[V, U V3] and extends to Vj.

Suppose now that vy # v;. We use the standard coloring on V, U V3 — v, — v) — v4 and color
v, and vj with 0 and v/ with 1. The only possibility that this is not a (0, 1)-coloring of G[V, U V3] is
that wv} € E(G). By the symmetric argument, wvj € E(G). If vJ # vy and v} # vy, then we use the
standard coloring on V, U V3 — v; — v4 and color vy and vg with 0. Let v = v4. If v§ # vy, then we use
the standard coloring on V, U V3 — v3 — v — v§ — w and color v3 and v5 with 0 and v} and w with 1.
In both cases, the coloring extends to Vj. Finally, if also v§ = vy, then V(G) = W U {v}, v}, w}. In this
case, we color vy, v3 and v, with 0 and the rest with 1.

Case 2.2: V, = {v), v5}.

If vJ = vy, then we use the standard coloring on V, U V3 — v, — v}, — v4 and color v, and v} with 0
and v, with 1. Since G is triangle-free, v4 # v and so this is a (0, 1)-coloring of G[V, U V5]. Since v,
has no neighbors in Vp, the coloring extends to Vo. Thus v} # vs.
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If v§ = v}, then we use the standard coloring on V, U V3 — v, — v) — v and color v, and w?
with 0 and v} with 1. If v§ # v7, then let w be the neighbor of v} in Gs, use the standard coloring on
V, UV3 — v; — vy, — w and color v, and w with 0 and v} with 1. In both cases, this is a (0, 1)-coloring
of G[V, U V3]. Since v, has no neighbors in Vg, the coloring extends to V. O

10. Proof of Theorem 2.1

By the claims in the previous section, each component of G5 is isomorphic to Ki, K> or Ps3. If
A(G3) < 1, then the standard coloring of V, U V3 is a (0, 1)-coloring and extends to Vjy. So, let
(x1, X2, x3) be a path in G and X = {x1, X, X3}.

Case 1: A(Gs —X) < 1.

We use the standard coloring on V, U V3 — x, and color x, with 0. If this is a (0, 1)-coloring of
G[V, U V3], then by Claim 8.2 it extends to Vj. So, it is not. Then x, has a neighbor w; € V. Let
y1 be the other neighbor of wy. Since ch*(x;) + ch*(w;) = —1.75, every vertex u € V3 — x; is
either a (1, 1, 0)-vertex as d¢,(u) < 1ora (1,1, 1, 1)-vertex (otherwise ch*(u) < —3.25 and so
ch*({x2, wy,u}) < —1.25—-0.5—3.25 < —4).

We recolor wy with 1. If y; isa (1, 1, 1, 1)-vertex, this yields a (0, 1)-coloring of G[V, U V3] which
extends to V;. So, let y; be a (1, 1, 0)-vertex with neighbors wq, w, € V, U Vg and y| € V5. We now
recolory; with 0.If w, € Vj, then thisyields a (0, 1)-coloring of G[V,UV3]. So suppose w, € V, and the
other neighbor of w,, is y,. Recolor w, with 1. If y, € {x1, x3} orisa (1, 1, 1, 1)-vertex, then this again
yields a (0, 1)-coloring of G[V, U V3]. So let y, be a (1, 1, 0)-vertex with neighbors w,, w3 € V, U Vg
and y, € V3. We now recolor y, with 0. Again, if w3 & V,, then we are done; otherwise we again
consider the other neighbor y3; of w3 and so on. Since ch*(w;) = —0.5 fori > 2, in order to have
ch*(V, U V3) > 4, the recoloring will stop after at most 4 steps.

Case 2: There are exactly two 3-paths in Gs, (X1, X2, x3) and (y1, ¥2, ¥3).

Let X = {x1, X2, x3} and Y = {y1, ¥2, y3}. Similarly to Case 1, every vertex in V3 — x, — y- is either a
(1,1, 0)-vertex ora (1, 1, 1, 1)-vertex. Also d(x,) = d(y,) = 3, since otherwise ch*(x,) + ch*(y,) <
—1.25 — 4.5 < —4. We use the standard coloring on V, U V3 — x, — y, and color x, and y, with 0.

If this is a (0, 1)-coloring of G[V, U V3] and extends to Vj, then we are done. Thus one of the two
subcases below holds.

Case 2.1: Our coloring is not a (0, 1)-coloring of G[V, U V3].

Case 2.1.1: Both x, and y, have neighbors in V5.

Let x, w1, youy € E(G), N(wy) = {x2, q1} and N(u;) = {y,, v1}. Recolor w; and u; with 1.If q; € Y
and v; € X (in particular, if wy = uy), then this gives a (0, 1)-coloring of G[V, U V3]. Since x; has no
neighbors in Vj, it extends to Vj, a contradiction. So by symmetry we may assume that q; ¢ Y. Then
ch*({x2, y2, wy, u1}) < —1.25—1.25—0.5—-0.5 = —3.5. It follows that G has no (1, 1, 1, 1)-vertices
and |V;| < 3.S0,q7isa (1, 1, 0)-vertex. Let N(q1) = {ws, q}, w,} where g} € V5.

Suppose first that uy; € {xy, x3, g1, q7}. Choose q € {q1, q}} so that ¢ = u; if wy € {g1, q}}, and
otherwise q is not adjacent to V, — wj, if possible. Recolor g with 0. If the new coloring is a (0, 1)-
coloring of G[V, U V3], then it extends to Vj, since x, and y, have no neighbors in V. So it is not. If
q # w, then by the choice of g, each of q;, ¢ has a neighbor (say, r; and r7) in V, —w; —u4. Since G has
no triangles, r; # rq, and so ch*({xz, ¥, wy, uy, rq,17}) < —1.25—-1.25-0.5-0.5-0.5-0.5 < —4.
Thus g = w;. Since the coloring is not a (0, 1)-coloring of G[V, U V3], ¢ = ¢} and ¢ has another
neighbor w, € V5. Again, wy, q; & E(G), because G is triangle-free. Since |V;| < 3, we know that
V, = {wq, uy, wy} and each (1, 1, 1)-tree has size at least 2. So, after recoloring q; back with 1 and
coloring q; with 0 we obtain a (0, 1)-coloring of G[V, U V3], which extends to V.

We may assume now that u; & {x1, X3, q1, q}}. Let v be the neighbor of u; in V3. Since |V;| < 3,
we may assume that either V, = {wy, uy} or V, = {wy, uy, r}. Then we can choose some u € {uy, u}}
and q € {q1, ¢} so that (a) either both or neither of u and q are adjacent to r (if exists), and (b) there
isno (1, 1, 1)-tree of size 1 adjacent to both, g and u. Recoloring q and u with 0 and r, if it is adjacent
to both g and u, with 1 yields a (0, 1)-coloring of G[V, U V3] that extends to V;, a contradiction.

By the symmetry between x, and y,, the remaining subcases are the following.

Case 2.1.2: Only x; has a neighbor w; € V,, and y, is adjacent to a (1, 1, 1)-tree T of size 1.
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Let N(wq) = {3, q1}. Since ch*({x2, ¥2, w1}) + ch*(T) < —1.25 —1.25 - 0.5 — 0.25 = —3.25,asin
Case 1, every vertex u € V3 — x, — yy is a (1, 1, 0)-vertex. Moreover, |V,| < 2, and we may assume
that V, = {w;} or V; = {wq, w;}. Recolor wy with 1. If g; belongs to Y this gives a (0, 1)-coloring of
G[V, U Vs]. Since x, has no neighbors in V;, it extends to V,. So we may assume that q; ¢ Y. Let ¢}
be the neighbor of g, in V3. If there is g € {q;, ¢}} such that g has neighbors neither in V, — w; nor
in T, then recoloring q with 0 yields a (0, 1)-coloring of G[V, U V3] that extends to V;. So, each of q;
and ¢} has a neighbor in V, — wy or in T. Similarly, if there is y € {y;, y3} not adjacent to V, and not
adjacent to T, then we recolor y, with 1 and g; and y with 0. Since we know the neighbors of x, and
q1, if the obtained coloring is a (0, 1)-coloring of G[V, U V3], then it extends to Vj. So, each of y; and
y3 has a neighbor V, or in T. If some x € {x, x3} is adjacent neither to T nor to V5, then we can use
the standard coloring on V, U V3 — x — y, and color x and y, with 0. This will be a (0, 1)-coloring of
G[V, U V3] that extends to Vo. Thus every vertex in Q = {xy, X3, 1, 3, 41, ¢;} has a neighbor in T or
in V, — wy. It is impossible, since |V,| < 2 and T has at most two neighbors in Q.
Case 2.1.3: Only x, has a neighbor w; € V5, and y- is not adjacent to any (1, 1, 1)-tree of size 1.

Let N(wq) = {xa, q1}. Since ch*({x2, y2, w1}) < —1.25 —1.25 — 0.5 = —3, |V;| < 3.Recolor w; with
1.1If g, belongs to Y oris a (1, 1, 1, 1)-vertex, this gives a (0, 1)-coloring of G[V, U V3]. Since x, has
no neighbors in Vj, it extends to Vj. So we may assume that ¢; ¢ Y and is a (1, 1, 0)-vertex. Let g} be
the neighbor of q; in V. If there is g € {q1, ¢}} such that q does not have neighbors in V, — w, then
recoloring q with 0 yields a (0, 1)-coloring of G[V, U V3] that extends to Vj. So, each of q; and ¢} has a
neighbor in V, — w;. If some x € {xq, X3} is not adjacent to V,, then we can use the standard coloring
on V, U V3 — x — y, and color x and y, with 0. This will be a (0, 1)-coloring of G[V, U V3] that extends
to Vp. Thus every vertex in Q = {x1, X3, ¢1, q;} has a neighbor in V, — wy. It follows that |V;| = 3
and each w € V, — w; is adjacent only to vertices in Q. Since no vertex is adjacent to both g; and g
(because G is triangle-free), there are x € {x;, X3} and w € V, — w; such that N(w) = {x, q;}. Then we
use the standard coloring on V, U V3 — x, — y» — ¢ — w4 and color x, and y, with 0 and w1. Since we
know the neighbors of all vertices in V5, this will be a (0, 1)-coloring of G[V, U V3] that extends to Vj.
Case 2.2: Our coloring is a (0, 1)-coloring of G[V, U V3] but does not extend to V.

Then by Lemma 3.8, there exists a (1, 1, 1)-tree T of size 1 adjacent to both, x, and y-, and such that
the third neighbor of T in V3, say g, has a neighbor of color 1. So, gis a (1, 1, 0)-vertex notin X U Y.
By Rules 5, ch*(T) < —0.25. So, |V,| < 2.1f some x € {x1, x3} is not adjacent to V,, then we use the
standard coloring on V, UV3 —x—y, and color x and y, with 0. Since q ¢ X, this will be a (0, 1)-coloring
of G[V, U V3] that extends to Vy. So, both x; and x3 are adjacent to V,. Symmetrically, both y; and y;
are adjacent to V5. Then q is not adjacent to V5. So we use the standard coloring on V,UV3 —x; —y, —¢q
and color x;, g and y, with 0. By the case, this is a (0, 1)-coloring of G[V, U V3] that extends to Vj.
Case 3: There are exactly three 3-paths in Gs, (x1, X2, X3), (V1, Y2, ¥3), and (uq, uy, us).

Let X = {x1,%,x3}, Y = {y1,y2,y3} and U = {uy, uy, us}. Similarly to Case 1, every vertex in
V3 —x; — ¥y, — Uy is either a (1, 1, 0)-vertex. Also d(x;) = d(y;) = d(u;) = 3 and |V,| < 2.

If V; is not empty, w € V3, so ch*{x,, y2, Uy, w} < —1.25 —1.25—-1.25-0.5 < —4,s0V, = (.

Thus every vertex in V3 — x, — ¥, — up isa (1, 1, 0)-vertex.

We use the standard coloring on V, U V3 — x, — ¥, — 15 and color X,, y, and u, with 0. Since this
coloring is a (0, 1)-coloring of G[V, U V3], so it does not extend to Vj.

Thus thereisa (1, 1, 1)-tree T adjacent to j vertices of {x,, y,, u,} withj = 1or 2. And no (1, 1, 1)-
tree of size 1 distinct from T is adjacent to {x,, y., uy}. Let w be the neighbor of T outside of {x,, y,, u,}.
Then recoloring w with 0 yields a (0, 1)-coloring of G[V, U V3] that extends to V.

Since there are at most three Pss in G, this finishes the proof. O
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