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a b s t r a c t

A graph G is (0, 1)-colorable if V (G) can be partitioned into two
sets V0 and V1 so that G[V0] is an independent set and G[V1] has
maximum degree at most 1. The problem of verifying whether a
graph is (0, 1)-colorable is NP-complete even in the class of planar
graphs of girth 9.

The maximum average degree, mad(G), of a graph G is the
maximum of 2|E(H)|

|V (H)|
over all subgraphs H of G. It was proved

recently that every graph G with mad(G) ≤
12
5 is (0, 1)-colorable,

and this is sharp. This yields that every planar graph with girth at
least 12 is (0, 1)-colorable.

Let F(g) denote the supremum of a such that for some constant
bg every graph G with girth g and |E(H)| ≤ a|V (H)| + bg for
every H ⊆ G is (0, 1)-colorable. By the above, F(3) = 1.2. We
find the exact value for F(4) and F(5): F(4) = F(5) =

11
9 . In fact,

we also find the best possible values of b4 and b5: every triangle-
free graph G with |E(H)| <

11|V (H)|+5
9 for every H ⊆ G is (0, 1)-

colorable, and there are infinitelymany not (0, 1)-colorable graphs
G with girth 5, |E(G)| =

11|V (G)|+5
9 and |E(H)| <

11|V (H)|+5
9 for

every proper subgraph H of G. A corollary of our result is that
every planar graph of girth 11 is (0, 1)-colorable. This answers
a half of a question by Dorbec, Kaiser, Montassier and Raspaud.
In a companion paper, we show that for every g , F(g) ≤ 1.25
and resolve some similar problems for the so-called (j, k)-colorings
generalizing (0, 1)-colorings.
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1. Introduction

A proper k-coloring of a graph G is a partition of V (G) into k independent sets V1, . . . , Vk. A
(d1, . . . , dk)-coloring of a graph G is a partition of V (G) into sets V1, . . . , Vk such that for every
1 ≤ i ≤ k, the subgraphG[Vi] ofG induced by Vi hasmaximumdegree atmost di. If d1 = · · · = dk = 0,
then a (d1, . . . , dk)-coloring is simply a proper k-coloring. If at least one of di is positive, then a
(d1, . . . , dk)-coloring is called improper or defective. Several papers on improper colorings of planar
graphs with restrictions on girth and of sparse graphs have appeared.

In this paper and [6] we consider the simplest versions of improper colorings, the (j, k)-colorings.
Even such colorings are not simple if (j, k) ≠ (0, 0). In particular, Esperet, Montassier, Ochem and
Pinlou [4] proved that the problem of verifying whether a given planar graph of girth 9 has a (0, 1)-
coloring is NP-complete. Since the problem is hard, it is natural to consider related extremal problems.

The maximum average degree, mad(G), of a graph G is the maximum of 2|E(H)|

|V (H)|
over all subgraphs

H of G. It measures sparseness of G. Kurek and Rucin’ski [7] called graphs with lowmaximum average
degree globally sparse. In particular, it is an easy consequence of Euler’s formula that

if G is a planar graph of girth g , then mad (G) <
2g

g − 2
. (1)

We will use the following slight refinement of the notion of mad(G). For a, b ∈ R, a graph G is (a, b)-
sparse if |E(H)| < a|V (H)| + b for all H ⊆ G. For example, every forest is (1, 0)-sparse, and every
graph Gwith mad(G) < a is (a/2, 0)-sparse.

Glebov and Zambalaeva [5] proved that every planar graph G with girth at least 16 is (0, 1)-
colorable. Then Borodin and Ivanova [1] proved that every graph G with mad(G) < 7

3 is (0, 1)-
colorable. By (1), this implies that every planar graph G with girth at least 14 is (0, 1)-colorable.
Borodin and Kostochka [2] proved that every graph G with mad(G) < 12

5 is (0, 1)-colorable, and this
is sharp. This implies that every planar graph Gwith girth at least 12 is (0, 1)-colorable. As mentioned
above, Esperet et al. [4] proved that the problem of verifying whether a given planar graph of girth
9 has a (0, 1)-coloring is NP-complete. Dorbec, Kaiser, Montassier, and Raspaud [3] mention that
because of these results, the remaining open question is whether all planar graphs with girth 10 or 11
are (0, 1)-colorable.

In this paper and [6], instead of considering planar graphs with given girth, we consider graphs G
with given girth that are (a, b)-sparse for small a. Let Fj,k(g) denote the supremum of positive a such
that there is some (possibly negative) bwith the property that every (a, b)-sparse graph Gwith girth
g is (j, k)-colorable. The above mentioned result in [2] implies F0,1(3) =

12
5 = 1.2. It turns out that

F0,1(g) does not differ much from F0,1(3) even for large g . In the companion paper [6] we prove that
for every g , F0,1(g) ≤ 1.25.We also find there the exact values of Fj,k(g) for all g in the cases k ≥ 2j+2
for all j.

In this paperwe concentrate on (0, 1)-colorings.We prove the exact result: F0,1(4) = F0,1(5) =
11
9 .

In fact, we also find the best possible value of b.

Theorem 1.1. If a graph G is triangle-free and 11|A|−9|E(G[A])| ≥ −4 for all A ⊆ V (G), then G is (0, 1)-
colorable. On the other hand, there are infinitelymany non-(0, 1)-colorable graphs Gwith girth 5 such that
11|V (G)| − 9|E(G)| = −5 and 11|A| − 9|E(G[A])| ≥ −4 for all A ( V (G)

Theorem 1.1 together with (1) yields the following.

Corollary 1.2. Every planar graph with girth at least 11 is (0, 1)-colorable.

This answers half of the question above by Dorbec et al. [3].
The structure of the paper is as follows. In the next sectionwe introduce potentials of vertex subsets

of graphs, restate the theorem in a more general way using the language of potentials, and construct
infinitely many graphs for which the statement of Theorem 1.1 is sharp. In Section 3 we set up the
proof, consider a smallest counterexample G and derive simple properties of G. In Sections 4 and 5
we describe the structure of subsets of V (G) with small potential. In Sections 6 and 7 we analyze the
structure of some special subgraphs of G, so-called shovels and (1, 1, 1)-trees. Then in Section 8 we
describe the discharging method and in the last two sections we use it to obtain a contradiction.



28 J. Kim et al. / European Journal of Combinatorics 42 (2014) 26–48

2. Restatement and a construction

In (0, 1)-coloring, we always will use colors 0 and 1, where the vertices of color 0 form an inde-
pendent set and the set of vertices of color 1 induces a subgraph of maximum degree at most 1.

For technical reasons, we will consider pairs R = (G, Z) where G is a graph and Z is a nonempty
subset of V (G) such that the vertices in Z have stronger restrictions on coloring. In (0, 1)-coloring of
such pairs, every z ∈ Z must be colored with 1 and its neighbors must be colored with 0. Vertices in
Z will be called special and vertices in V (G) − Z typical. Since the vertices in Z could be isolated, this
setting includes the original (0, 1)-coloring problem on graphs. We also will use potentials: Given a
pair R = (G, Z), we let ρR(z) = 0 for every z ∈ Z , ρR(v) = 11 for every v ∈ V (G)−Z , and ρR(e) = −9
for every e ∈ E(G). For all A ⊆ V (G), let ρR(A) =


v∈A ρR(v) +


e∈E(G[A]) ρR(e). We abuse the notion

by writing ρG(A) instead of ρR(A) for a graph G without special vertices, A ⊂ V (G), and R = (G′, Z)
with V (G′) = V (G) ∪ Z, E(G′) = E(G). When the pair R is clear from the content, we will omit the
subscript.

This definition is used because for all A ⊂ V (G) − Z ,

ρ(A) ≥ 0 if and only if
2|E(G[A])|

|A|
≤

22
9

. (2)

Also, by this definition,

ρ(A) + ρ(B) = ρ(A ∪ B) + ρ(A ∩ B) + 9|EG(A − B, B − A)| for all A, B ⊆ V (G). (3)

So, instead of Theorem 1.1, we will prove the following slightly stronger theorem in the language
of potentials.

Theorem 2.1. If a pair R = (G, Z) is such that G is triangle-free and ρ(A) ≥ −4 for all A ⊆ V (G), then G
is (0, 1)-colorable. On the other hand, there are infinitelymany non-(0, 1)-colorable pairs R = (G, Z) such
that G has girth 5, all vertices of Z are isolated, ρ(V (G)− Z) = −5 and ρ(A) ≥ −4 for all A ( V (G)− Z.

In this section, we prove the second part of the statement of Theorem 2.1, and the rest of the paper
is devoted to the proof of the first part.

Let D be the graph obtained from a 10-cycle (x1, . . . , x10) by adding edge x4x8 (see Fig. 1). Let x1
be the root, r(D), of D and x6 be the top, t(D), of D. A useful property of (0, 1)-colorings φ of D is the
following.

(P1) If φ(x2) = φ(x10) = 0, then φ(x6) = 1 and x6 has a neighbor in D of color 1.

Proof. Since φ(x2) = φ(x10) = 0, we have φ(x3) = φ(x9) = 1. Since x4x8 ∈ E(G) and each of x4 and
x8 has a neighbor of color 1, they cannot be colored with the same color. By symmetry, assume that
φ(x4) = 1 and φ(x8) = 0. Then φ(x5) = 0 and φ(x7) = 1. This yields (P1). �

Fig. 1. D = D1 . Fig. 2. D2 . Fig. 3. D3 .



J. Kim et al. / European Journal of Combinatorics 42 (2014) 26–48 29

Define the sequence D1,D2, . . ., of graphs as follows (see Figs. 2 and 3): Let D1 = D. If Di is
constructed, then Di+1 is obtained from Di by taking a copy D′ of D disjoint from Di, merging the root
of D′ with the top of Di and choosing as the top, t(Di+1), of Di+1 the top of D′ and as the root, r(Di+1),
of Di+1 the root of Di.

Similarly to (P1), for every i and every (0, 1)-coloring φ of Di the following holds.
(P2) If the neighbors of r(Di) are colored with 0, then φ(t(Di)) = 1 and t(Di) has a neighbor in Di of

color 1.

Proof. For i = 1 this is exactly (P1). Suppose (P2) holds for all i ≤ k. Letφ be any (0, 1)-coloring ofDk+1
such that the neighbors of r(Dk+1) are coloredwith 0. By definition, Dk+1 is obtained bymerging t(Dk)
with the root, r(D′), of a copy D′ of D into a new vertex x. By the induction assumption, φ(t(Dk)) = 1
and t(Dk) has a neighbor of color 1 in Dk. Then both neighbors of x in D′ must be colored with 0. So by
(P1), φ(t(D′)) = 1 and t(d′) = t(Dk+1) has a neighbor of color 1 in D′. �

(P3) For every i ≥ 1,

(a) ρDi(V (Di)) = 11;
(b) ρDi(A) ≥ 10 for every nonempty A ⊆ V (Di),
(c) if r(Di), t(Di) ∈ A and A ≠ V (Di), then ρDi(A) ≥ 12.

Proof. Since Di has 1 + 9i vertices and 11i edges, ρDi(V (Di)) = 11(1 + 9i) − 9 · 11i = 11. This
proves (a).

To prove (b) and (c), consider first D1. Every proper subset A of V (D1) induces a subgraph with at
most one cycle. If D1[A] is acyclic, then |E(G[A])| ≤ |A| − 1 and so ρD1(A) ≥ 11|A| − 9(|A| − 1) =

2|A| + 9. If |A| ≥ 2, this is at least 13. If D1[A] has exactly one cycle C , then |E(G[A])| ≤ |A| and so
ρD1(A) ≥ 11|A| − 9|A| = 2|A|. Since |C | ≥ 5, 2|A| ≥ 10. Moreover, if |A| = 5 and G[A] has a cycle,
then A = {x4, x5, x6, x7, x8} and so x1 = r(D1) ∉ A. Otherwise, |A| ≥ 6 and so ρD1(A) ≥ 12.

Suppose now that the claim holds for Di−1 and consider Di for i ≥ 2 as a copy of Di−1 to the top
of which we merged the root of a copy D′ of D. Let x = t(Di−1) = r(D′). Let A be any nonempty
proper subset of V (Di). Let A′

= A ∩ V (D′) and A′′
= A ∩ V (Di−1). By induction, the claim holds for

A′ and A′′. Thus if A′′
⊆ {x} or A′

⊆ {x}, then (b) holds and (c) does not apply. So let A′′
− x ≠ ∅

and A′
− x ≠ ∅. If x ∉ A, then ρDi(A) = ρD′(A′) + ρDi−1(A

′′) ≥ 10 + 10 = 20. Suppose x ∈ A.
Then ρDi(A) = ρD′(A′) + ρDi−1(A

′′) − 11 by (3). As r(D′) ∈ A′ and |A′
| ≥ 2, by the argument in the

previous paragraph for D1, we know that either ρD′(A′) ≥ 12 or A′
= D′ and ρD′(A′) = 11. Therefore,

ρDi(A) ≥ ρDi−1(A
′′) and hence (b) follows. Assume r(Di) = r(Di−1) ∈ A, t(Di) = t(D′) ∈ A and

A ≠ Di. If A′′
≠ Di−1, then ρDi(A) ≥ ρDi−1(A

′′) ≥ 12 (as t(D′) ∈ A′′). If A′′
= Di−1, then A′

≠ D′, and
ρD′(A′) ≥ 12 and ρDi(A) ≥ ρDi−1(A

′′) + 1 ≥ 12. �

Fig. 4. D2 . Fig. 5. G2 .
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LetDi be obtained from Di by adding path (t(Di), y1, y2, r(Di)), where y1 and y2 are new vertices
(see Fig. 4).

(P4) For every i ≥ 1, and every nonempty A ⊆ V (Di), ρDi
(A) ≥ 6. Moreover, if 1 ≤ |A| < |V (Di)|,

then ρDi
(A) ≥ 7.

Proof. Let A ⊆ V (Di). If {y1, y2, r(Di), t(Di)} ⊈ A, then ρ(A) ≥ ρ(A − y1 − y2). Since A − y1 − y2 ⊆

V (Di), we get ρ(A) ≥ ρ(A − y1 − y2) ≥ 10. Suppose {y1, y2, r(Di), t(Di)} ⊆ A. Then by (P3), if
A = V (Di), then ρ(A − y1 − y2) = 11 and otherwise ρ(A − y1 − y2) ≥ 12. Hence ρ(A) =

ρ(A − y1 − y2) + 11 · 2 − 9 · 3 ≥ 11 + 22 − 27 = 6, with equality only if A = V (Di). �

We construct graph Gi from 3 copies, F1, F2 and F3, ofDi and two vertices, u1 and u2, by adding 5
edges: r(F1)u1, u1r(F2), r(F2)u2, u2r(F3) and r(F3)r(F1) (see G2 in Fig. 5).

(P5) For every i ≥ 1, ρGi(V (Gi)) = −5, and for every A ( V (Gi), ρGi(A) ≥ −4.

Proof. Let A ( V (Gi), |A| ≥ 2. For j ∈ {1, 2, 3}, let Aj = A ∩ V (Fj). If Aj = ∅ for two indices j1, j2, then
ρGi(A) ≥ ρFj3

(Aj3) ≥ 6. If Aj = ∅ for exactly one index j1, then ρGi(A) ≥ ρFj3
(Aj3) + ρFj2

(Aj2) − 9 ≥ 3.
If Aj ≠ ∅ for all j, then

ρGi(A) ≥

3
j=1

ρFj(Aj) + 11 · 2 − 9 · 5 =

3
j=1

ρFj(Aj) − 23,

with equality only in the case when {u1, u2, r(F1), r(F2), r(F3)} ⊆ A. By (P4), for j ∈ {1, 2, 3},
ρFj(Aj) ≥ 6 with equality only in the case when Aj = V (Fj). Thus ρGi(A) ≥ 6+ 6+ 6− 23 = −5 with
equality only if A = V (Gi). �

(P6) For every i ≥ 1, Gi is not (0, 1)-colorable.

Proof. Suppose f is a (0, 1)-coloring of Gi. Then some two consecutive vertices of the cycle C =

(r(F1), u1, r(F2), u2, r(F3)) are colored with 1. Thus there exists j ∈ {1, 2, 3} such that f (r(Fj)) = 1
and r(Fj) has a neighbor in C of color 1. Then all neighbors of r(Fj) in Fj are colored with 0. So by (P2),
f (t(Fj)) = 1 and t(Fj) has a neighbor of color 1 in the copy of Di contained in Fj. But then both internal
vertices y1 and y2 of the path (r(Fj), y1, y2, t(Fj)) in the corresponding copy ofDi must be colored 0, a
contradiction. �

By (P5) and (P6), the family {Gi}
∞

i=1 proves the second part of the statement of Theorem 2.1.

3. Simple properties of counterexamples

Assume that R = (G, Z) is a counterexample to the first part of Theorem 2.1 with the fewest
vertices, and among such pairs with the largest sum of degrees of the vertices in Z . Let n = |V (G)|. In
the rest of the paper we will show that such R does not exist. In the current section we derive some
basic properties of R.

Recall that R = (G, Z) where G is a triangle-free graph with ρ(A) ≥ −4 for all A ⊂ V (G).

Claim 3.1. |Z | = 1, i.e. R has exactly one special vertex.

Proof. By assumption, R contains at least one special vertex. Suppose there are more than one special
vertices z1, . . . , zk in R. If R contains an edge zizj, ρR({zi, zj}) < −4, a contradiction. So Z forms
an independent set. We merge these vertices to get a new special vertex z ′ whose neighborhood isk

i=1 NG(zi). This gives us a smaller graph G′ and the pair R′
= (G′, {z ′

}).
If G′ has a triangle (u, v, w), then by construction, z ′

∈ {u, v, w}, say z ′
= u, and there are zi, zj ∈ Z

such that the path (zi, v, w, zj) is in G. But then ρR({zi, v, w, zj}) ≤ 3(−9)+2 ·0+2 ·11 = −5 < −4,
a contradiction. Thus G′ is a triangle-free graph smaller than G. If A ⊂ V (G′) and z ′

∉ A, then
ρR′(A) = ρR(A) ≥ −4. If z ′

∈ A, then ρR′(A) = ρR(A∪ {z1, . . . , zk}− z ′) ≥ −4. By the minimality of G,
G′ has a (0, 1)-coloring φ′. Let φ(v) = φ′(v) for each typical vertex v ∈ V (G), and φ(u) = 1 for each
u ∈ Z . By construction, φ is a (0, 1)-coloring of G, a contradiction. �
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From now on, we assume that Z = {z}.

Claim 3.2. If v ∈ V (G) − z, then d(v) ≥ 2.

Proof. Suppose N(v) ⊆ {w}. Let G′
= G − v and R′

= (G′, Z). By the minimality of G, G′ has a (0, 1)-
coloring φ. Then letting φ(v) := 1 − φ(w) we obtain a (0, 1)-coloring of G, a contradiction. �

Claim 3.3. Suppose A ⊂ V (G). If one of the following holds,
(1) v ∈ V (G) − A has more than one neighbor in A;
(2) G − A has edge uw such that both u and w have neighbors in A;
(3) z ∉ A and the distance from z to A is at most two;
then there is a set C with A ⊂ C, ρ(C) ≤ ρ(A) − 5, and |C | ≤ |A| + 2.

Proof. In cases (1), (2) and (3), we take C = A ∪ {v}, A ∪ {v, w}, and A ∪ V (P) for a shortest path P
from z to A, respectively. Then ρ(C) ≤ ρ(A) − 5, |C | ≤ |A| + 2. �

Lemma 3.4. For every ∅ ≠ A ( V (G), ρ(A) ≥ 0. Moreover, A = {z} is the only nonempty proper subset
of V (G) with ρ(A) = 0.

Proof. Suppose that the lemma fails and choose the smallest A ( V (G) such that |A| ≥ 2 and
ρ(A) ≤ 0. If A is independent, then ρ(A) ≥ 11(|A| − 1) > 0. So, by minimality we may assume
that G[A] is connected. If |A| = 2, then ρ(A) ≥ 11 − 9 = 2, thus |A| ≥ 3.

Since A ( V (G), there is a (0, 1)-coloring φ′ of G[A]. Let A0 = {v ∈ A : φ′(v) = 0}, A1 = {v ∈ A :

φ′(v) = 1}.
Let the new graph G′

= G′(φ′) have V (G′) = (V (G) − A) ∪ {z ′, w0} and

E(G′) = E(G[V (G) − (A − z)]) ∪ {aw0 : ∃b ∈ A0, ab ∈ E(G)}

∪{az ′
: ∃b ∈ A1, ab ∈ E(G)} ∪ {w0z ′

}.

Let R′
= (G′, Z ′) where Z ′

= (Z − A) + z ′. Since |A| ≥ 3, G′ is smaller than G.
If G′ contains a triangle, then by Claim 3.3, G′ has a set of potential ρ(A)−5 ≤ −5 in G by Claim 3.3,

a contradiction. Thus G′ is triangle-free.
Suppose G′ has a (0, 1)-coloring φ′′. Then by the definition of z ′, φ′′(z ′) = 1 and φ′′(w0) = 0. Let

φ(v) = φ′′(v) for v ∈ V (G)−A, and φ(v) = φ′(v) if v ∈ A. Then φ is a (0, 1)-coloring of G since every
neighbor of v ∈ A1 in G − A is a neighbor of z ′ in G′, and so is colored with 0, and every neighbor of
w ∈ A0 in G− A is a neighbor of w0 in G′, and so is colored with 1. This contradicts the choice of G. So,
G′ has no (0, 1)-coloring. By the minimality of G, there is B ⊂ V (G′) such that

ρR′(B) ≤ −5. (4)

Choose a largest B ⊂ V (G′) satisfying (4). Since adding z ′ to a set does not increase its potential, z ′
∈ B.

If w0 ∈ B, then

ρR((B − w0 − z ′) ∪ A) = ρR(B − w0 − z ′) + ρR(A) − 9|EG[B − w0 − z ′, A]|

≤ ρR(B − w0 − z ′) + 0 − 9|EG′(B − w0 − z ′, {w0, z ′
})|

< ρR(B − w0 − z ′) + ρR′({w0, z ′
}) − 9|EG′ [B − w0 − z ′, {w0, z ′

}]|

= ρR′(B).

By (4), this is at most −5, a contradiction. If w0 ∉ B, then

ρR((B − z ′) ∪ A) = ρR(B − z ′) − 9|E[A, B − z ′
]| + ρ(A) ≤ ρR′(B − z ′)

− 9|EG′ [z ′, B − z ′
]| = ρR′(B),

again, a contradiction to (4). �

Claim 3.5. Let A be a subset of V (G) with 4 ≤ |A| ≤ n − 4, and ρ(A) ≤ 4. No vertex v ∈ V (G) − A
has more than one neighbor in A, and G − A has no edge uw such that both u and w have neighbors in A.
Furthermore, if z ∉ A, then the distance from z to A is at least 3.
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Proof. If not, we get a set C with ρ(C) ≤ 4 − 5 < 0 and |C | ≤ |A| + 2 < n by Claim 3.3. It is a
contradiction to Lemma 3.4. �

For a subset A of V (G), we define A∗
= {v ∈ A : v has neighbors in V (G) − A}.

Claim 3.6. Assume we have a set A ⊂ V (G) with ρ(A) ≤ 4 and φ is a (0, 1)-coloring of A. Then the
following statements hold.

(1) If ρ(A) ≤ 2, then φ(u) = 1 for each u ∈ A∗.
(2) Color class 0 has at most one neighbor in G − A.
(3) Each typical vertex of color 1 in A∗ has a neighbor in A of color 1 .

Proof. We let Ai = {v ∈ A : φ(v) = i} for i = 0, 1.
Case 1. (1) does not hold. Let R′ be the pair (G′, Z ′) with V (G′) = V (G) − A ∪ {z ′, w0} and E(G′) =

E(G[V (G) − A]) ∪ {aw0 : ∃b ∈ A0, ab ∈ E(G)} ∪ {az ′
: ∃b ∈ A1, ab ∈ E(G)} ∪ {w0z ′

} and Z ′
= Z ∪ {z ′

}.
Case 2. (2) does not hold. Then A0 has at least two neighbors in V (G) − A, let x be a vertex in
N(A0)∩(V (G)−A). Let R′ be the pair (G′, Z ′)with V (G′) = V (G)−A∪{w0, w

′

0, z
′
}, E(G′) = E(G[V (G)−

A]) ∪ {uz ′
: ∃v ∈ A1with uv ∈ E(G)} ∪ {xw0, z ′w0, z ′w′

0} ∪ {uw′

0 : u ≠ x, ∃v ∈ A0with uv ∈ E(G)}
and Z ′

= Z ∪ {z ′
}.

Case 3. (3) does not hold. Then A1 ∩ N(V (G) − A) has a vertex x such that x has no neighbor
y ∈ A with φ(y) = 1. Let R′ be the pair (G′, Z ′) with V (G′) = V (G) − A ∪ {w0, w1, z ′

}, E(G′) =

E(G[V (G) − A]) ∪ {uz ′
: ∃v ∈ A1with uv ∈ E(G), u ≠ x} ∪ {w1w0, z ′w0} ∪ {uw0 : ∃v ∈ A0with uv ∈

E(G)} ∪ {yw1 : yx ∈ E(G)} and Z ′
= Z ∪ {z ′

}.
In Cases 1, 2, and 3, let P be the path with vertices {z ′, w0},{w′

0, z
′, w0}, and {z ′, w0, w1},

respectively. Note that ρR′(V (P)) ≥ ρR(A) for each case.
The set A is not independent, since otherwise |A| = 1 and ρ(A) ≥ 11. In each case, both end

vertices of P have a neighbor outside P in G′. By Claim 3.5, G′ is triangle-free. Also, R′ is smaller than
R, since |A| ≥ 4 and |P| ≤ 3. If we have a (0, 1)-coloring φ′ of R′, then φ′′(v) = φ(v) for v ∈ A and
φ′′(v) = φ′(v) for v ∈ V (G) − A yields a (0, 1)-coloring φ′′ of G, a contradiction. Thus R′ has no such
coloring. Then by the minimality of G, there is B ⊂ V (G′) with ρR′(B) ≤ −5. Here, B ≠ V (G′) since
ρR′(V (G′)) = ρR(V (G)) − ρR(A) + ρR′(V (P)) ≥ ρR(V (G)) ≥ −4. Choose such set B with the smallest
potential and among those with the largest size. Then z ′

∈ B since adding z ′ does not increase the
potential.

If ρR(A) ≤ ρR′(B ∩ V (P)), then

ρR(B − V (P) ∪ A) = ρR(B − V (P)) + ρR(A) − 9|EG[B − V (P), A]|

≤ ρR(B − V (P)) + ρR′(B ∩ V (P)) − 9|EG′ [B − V (P), B ∩ V (P)]|

= ρR′(B) ≤ −5,

a contradiction.
If ρR(A) > ρR′(B ∩ V (P)), then B ∩ V (P) must not contain an end vertex y of V (P). (If B ∩ V (P)

misses only the middle point, ρR′(B ∩ V (P)) ≥ 11 ≥ 4 ≥ ρR(A).) Then

ρR((B − V (P)) ∪ A) = ρR(B − V (P)) + ρR(A) − 9|EG[B − V (P), A]|

≤ ρR(B − V (P)) + 4 − 9|EG′ [B − V (P), A]| ≤ ρR′(B) + 4 ≤ −1.

SinceA ≠ ∅, (B−V (P))∪Amust beV (G). Thenρ ′

R(B∪V (P)) ≤ ρR′(B)+max{11−2·9, 11·2−3·9} <
ρR′(B) since y has a neighbor in V (G) − A. It is a contradiction to the minimality of B. Therefore (1),
(2), and (3) hold. �

We say that a path P is a k-path if P has k+ 2 vertices, and all internal vertices are typical and have
degree 2 in G, and each of the end vertices of P either has degree at least 3 or is special. A vertex v is
a k-vertex if d(v) = k. For k ≥ 2, a k-vertex x is (a1, . . . , ak)-vertex if x is typical and x is an end of
distinct ai-paths for i = 1, 2, . . . , k.

Claim 3.7. G has no alternating cycle C = (x1, y1, x2, y2, . . . , xk, yk) such that all xi are (1, 1, 1)-vertices
(and thus all yj are 2-vertices).
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Proof. Suppose G has such a cycle C = (x1, y1, x2, y2, . . . , xk, yk). For i = 1, . . . , k, let ui be the
neighbor of xi outside of C and wi be the neighbor of ui distinct from xi (it could be some xj for j ≠ i).
Recall that by the definition of (1, 1, 1)-vertices, all xi, yi, ui are typical. Consider G′

= G − {x1, y1,
u1, . . . , xk, yk, uk} and R′

= (G′, {z}). Then G′ is a proper subgraph of G, so it has a (0, 1)-coloring φ′.
Let φ(v) = φ′(v) if v ∈ V (G′), and for i = 1, . . . , k, let φ(xi) = 1, φ(yi) = 0 and φ(ui) = 1 − φ(wi).
Then φ is a (0, 1)-coloring for G, a contradiction. �

Let V0 be the set of all (1, 1, 1)-vertices and their neighbors. By Claim 3.7, G[V0] is a forest. Let
T1, . . . , Td be the components of G[V0]. Each component T of G[V0] will be called a (1, 1, 1)-tree, and
the size, ∥T∥, of a (1, 1, 1)-tree T is the number of (1, 1, 1)-vertices in T .

Lemma 3.8. Let T be a (1, 1, 1)-tree in G and φ be a (0, 1)-coloring of G − T . Then exactly one vertex of
T is adjacent to a vertex v of color 1 in φ, and either v = z or v has a neighbor in G − T of color 1 .

Proof. We use induction on the size of T . If the size of T is 1, suppose that x is the 3-vertex in T ,
N(x) = {y1, y2, y3}, and ui ∈ N(yi) − x for i = 1, 2, 3. For i = 1, 2, 3, let φ(yi) = 1 − φ(ui). This
coloring cannot be extended to x only if exactly one vertex in N(x), say y1 is colored with 0. Moreover,
if in this case u1 ≠ z and u1 has no neighbor of color 1 in V (G) − V (T ), then we can recolor y1 with 1
and color xwith 0. But if u1 = z or u1 has a neighbor of color 1 in V (G)−V (T ), then φ does not extend
to T .

Suppose now that the lemma holds for (1, 1, 1)-trees of size at most i − 1 and let T be a (1, 1, 1)-
tree of size i and φ be a (0, 1)-coloring of G−T . A quasi-leaf of T is a 3-vertex adjacent to two leaves of
T . Suppose T has a quasi-leaf x1 such that the two leaves of T , y1 and y2, adjacent to x1 are both adjacent
to vertices inG−T of color 0. Then in any extension ofφ to {y1, y2, x}wemust haveφ(y1) = φ(y2) = 1
and so φ(x1) = 0. By the choice of i, the new φ extends to the tree T ′

= T − x1 − y1 − y2 if and only if
exactly one vertex T ′ is adjacent to a vertex v of color 1 in φ, and either v = z or v has a neighbor in
G − T ′ of color 1. But then by construction, this also holds for T .

Thus we may assume that for every quasi-leaf x of T , some leaf y of T adjacent to x has a neighbor
in T of color 1. Since every (1, 1, 1)-tree of size at least two has at least two quasi-leaves, we may
assume that x and x′ are quasi-leaves and y1 and y2 are the leaves of T adjacent to x and u1 and u2 are
their other neighbors. Let φ(x) = 1 and for i = 1, 2 let φ(yi) = 1 − φ(ui). Since at least one of u1
and u2 has color 1, at least one of y1 and y2 gets color 0, and so the new partial coloring φ is a partial
(0, 1)-coloring. Then at least two leaves of the tree T ′

= T − x − y1 − y2 have neighbors of color 1,
and so by the choice of i, the new φ extends to T ′. Thus the original φ extends to T . �

In the next two sections we describe all sets of low potential.

4. Sets of potential at most 2

The goal of the section is to prove the following.

Lemma 4.1. If A ⊂ V (G), 2 ≤ |A| ≤ n − 4 and ρ(A) ≤ 2, then A consists of one typical and one special
vertex with an edge connecting them.

It is straightforward to check the lemma in the case |A| ∈ {2, 3}. Suppose now that ρ(A) ≤ 2 and
4 ≤ |A| ≤ n − 4. Recall that A∗ is the set of vertices in A that have neighbors in V (G) − A.

Claim 4.2. If u ∈ A∗, then u = z.

Proof. Assume u ∈ A∗ is typical. Consider the graph G′ with V (G′) = A ∪ {w1, w2, w3} and
E(G′) = E(G[A]) ∪ {uw1, w1w2, w2w3}. Let R′

= (G′, Z ∩ A + w3).
Since |A| ≤ n − 4, |V (G′)| < n. By Lemma 3.4, since u ≠ z, ρ(A) ≥ 1. Then ρR′(B) ≥ −4 for every

B ⊆ V (G′). By construction, G′ is triangle-free. So by the minimality of G, G′ has a (0, 1)-coloring φ′.
Since w3 is special, φ′(w3) = 1 and φ′(w2) = 0. So φ′(w1) = 1. Now if φ′(u) = 0, this contradicts to
Claim 3.6 and if φ′(u) = 1 then because of w1, u has no neighbors of color 1 in A, a contradiction to
Claim 3.6. �
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Proof of Lemma 4.1. By Claim 4.2, A∗
⊆ {z}. Since 4 ≤ |A| ≤ n − 4, we can (0, 1)-color G[A] and

G[(V (G) − A) ∪ A∗
] by induction hypothesis, and combine the colorings to get a (0, 1)-coloring for G

since either A∗
= ∅ or A∗

= {z}, and z is always colored with 1. This is a contradiction. �

5. Sets of potential at most 4

The goal of this section is to show the following lemma.

Lemma 5.1. If A ⊆ V (G) and 4 ≤ |A| ≤ n− 4, then ρ(A) ≥ 5. Moreover, if |A| ≤ 3 and ρ(A) ≤ 4, then
z ∈ A and G[A] is connected.

Suppose that the lemma fails and choose a smallest A ⊆ V (G) with 4 ≤ |A| ≤ n − 4 for which
it fails. If B ⊂ V (G), 1 ≤ |B| ≤ 3 and z ∉ B, then ρ(B) ≥ 11 since G has no triangle. Thus if G[A] is
not connected, then by this and the minimality of A, the vertex set C of some component of G[A] has
potential at least 5. Thus in this case, ρ(A − C) ≤ 4 − 5 = −1, a contradiction to Lemma 3.4. So,

G[A] is connected. (5)

Claim 5.2. If u ∈ A∗ is typical, then (a) there exists a coloring φu of G[A] such that φu(u) = 0 and
φu(v) = 1 for all v ∈ A∗

− u, and (b) u has exactly one neighbor in G − A.

Proof. Assume u ∈ A∗ is typical. Consider the graph G′ with V (G′) = A ∪ {w1, w2, w3} and
E(G′) = E(G[A]) ∪ {uw1, w1w2, w2w3}. Let R′

= (G′, Z ∩ A + w3).
Since |A| ≤ n − 4, |V (G′)| < n. By Lemma 3.4, since u ≠ z, ρ(A) ≥ 1. Then ρR′(B) ≥ −4 for every

B ⊆ V (G′). By construction, G′ is triangle-free. So by the minimality of G, G′ has a (0, 1)-coloring φ′.
Since w3 is special, φ′(w3) = 1 and φ′(w2) = 0. So φ′(w1) = 1. If φ′(u) = 1 then because of w1, u
has no neighbors of color 1 in A, a contradiction to Claim 3.6. Thus φ′(u) = 0. Now Claim 3.6 yields
(b), and together with Claim 3.5, also yields (a). �

Claim 5.3. Set A∗ contains a typical vertex.

Proof. If not, then A∗
= ∅ or A∗

= {z}. Since 4 ≤ |A| ≤ n − 3, both G[V (G) − (A − A∗)] and G[A]

are smaller than G, and so by the minimality of G have (0, 1)-colorings, say φ and φ′. Then φ ∪ φ′ is a
(0, 1)-coloring of G, since if A∗

≠ ∅, then A∗
= {z} and φ(z) = φ′(z) = 1. �

Claim 5.4. If z ∈ A∗, then z has no neighbor in A∗.

Proof. Suppose z has a neighbor v in A∗. Then vz ∈ E(G[A∗
]). If A∗

= {v, z}, then we can color
G[A] and G[V (G) − A ∪ A∗

] and combine the colorings, since v, z have the consistent colors in both
colorings. So, there is u ∈ A∗

− z − v. Then by Claim 5.2(a), there is a (0, 1)-coloring φu of G[A] such
that φu(v) = φu(z) = 1, a contradiction to the fact that z ∈ Z . �

Proof of Lemma 5.1. Assume 4 ≤ |A| ≤ n − 4 and ρ(A) ≤ 4. Suppose A∗
− {z} = {u1, . . . , ud}

and for i = 1, . . . , d, xi is the unique neighbor of ui in G − A. Let X = {x1, . . . , xd}. If xi = z for
some i, then ρ(A + xi) = ρ(A) − 9 ≤ −5, a contradiction. Furthermore, if xi is adjacent to z, then
ρ(A+ xi + z) ≤ ρ(A) − 2 · 9+ 11 ≤ −3 and A+ xi + z ≠ V (G), a contradiction to Lemma 3.4. Hence

z ∉ X ∪ N(X) − A∗. (6)

Case 1: A∗
= {u1}. Let G′ be the graph with V (G′) = V (G) − A ∪ {w0, z ′

} and E(G) = E(G[V (G) −

A]) ∪ {u1w0, w0z ′
}. Let R′

= (G′, (Z − A) + z ′). If G′ has a (0, 1)-coloring φ, then φ(z ′) = 1,
φ(w0) = 0, and hence φ(u1) = 1. So, together with the coloring φu1 (see Claim 5.2(a)) of G[A], φ
will form a (0, 1)-coloring of G, a contradiction. Thus G′ has no (0, 1)-coloring and is smaller than
G, since |A| ≥ 4. Hence there is B ⊂ V (G′) with ρR′(B) ≤ −5. Choose such B with the smallest
potential and among those—with the largest size. Then z ′

∈ B. If w0 ∉ B, then z ′ is isolated in G′
[B]

and ρR(B − z ′) = ρR′(B − z ′) = ρR′(B) ≤ −5, a contradiction. So w0 ∈ B and hence u1 ∈ B. Since
B − z ′

− w0 ⊂ V (G), we have ρR(B − z ′
− w0) = ρR′(B − z ′

− w0) = ρR′(B) − 11 + 2 · 9 ≤ 2. Since
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|A| ≥ 4, |B − z ′
− w0| ≤ n − 4. So by Lemmas 3.4 and 4.1, |B − z ′

− w0| ≤ 2 and z ∈ B − z ′
− w0 is

adjacent to x1 ∈ B − z ′
− w0, a contradiction to (6).

Case 2: A∗
= {u1, z}. Consider G′ with V (G′) = A + w0, and E(G′) = E(G[A]) ∪ {zw0, w0u}

E(G′) = E(G[A]) ∪ {zw0, w0u1}. Let R′
= (G′, {z}). If G′ has a (0, 1)-coloring φ, then φ(w0) = 0 and

thusφ(u1) = 1. Recall that by Claim 5.2(a), there is a (0, 1)-coloringφu1 ofG[A] such thatφu1(u1) = 0.
By the minimality of G, G− (A− z) has a (0, 1)-coloring f . If f (x1) = 0, then f ∪ φ is a (0, 1)-coloring
of G; otherwise, f ∪ φu1 is a (0, 1)-coloring of G, a contradiction.

Thus G′ has no (0, 1)-coloring. Then there is B ⊂ V (G′) with ρR′(B) ≤ −5. Since V (G′) − w0 ⊂

A ⊂ V (G), w0 ∈ B. Hence z, u1 ∈ B and ρR(B − w0) ≤ ρR′(B) − 11 + 2 · 9 ≤ 2. Since u1z ∉ E(G) by
Claim 5.4, this contradicts Lemma 4.1.

Case 3: d ≥ 2. By Claim 3.5, all xi are distinct and not adjacent to each other. Let G′ be the graph
with V (G′) = V (G) − (A − z) ∪ {w0, w1, z ′

} and

E(G′) = E(G[V (G) − (A − z)]) ∪ {zxi : 3 ≤ i ≤ d} ∪ {x1x2, z ′w0, w0w1, w1x1}.

Observe thatG′ is triangle free. Otherwise x1, x2 have a commonneighborw. ThenρR(A∪{w, x1, x2}) ≤

ρR(A) − 3 ≤ 1, contrary to Lemma 4.1. Let R′
= (G′, {z, z ′

}).
SupposeG′ has a (0, 1)-coloringφ. Thenφ(z) = φ(z ′) = 1,φ(x3) = · · · = φ(xd) = φ(w0) = 0 and

hence φ(w1) = 1. If φ(x2) = φ(x1), then since x1x2 ∈ E(G′), their common color is 1. But x1 already
has neighborw1 withφ(w1) = 1. Thusφ(x2) ≠ φ(x1). Then by Claim 5.2(a), eitherφ∪φu1 orφ∪φu2 is
a (0, 1)-coloring of G, a contradiction. So G′ has no (0, 1)-coloring and is smaller than G, since |A| ≥ 4.
Hence there is B ⊂ V (G′) with ρR′(B) ≤ −5. Choose such B with the smallest potential and among
those—with the largest size. Then z ∈ B. Since G′

− x1 − z − w0 − w1 ⊂ G and G′
[B] has no isolated

or pendant vertices, apart from z, z ′, we have x1 ∈ B. Then {w0, w1} ⊂ B. Let X ′
= {x1, . . . , xd} ∩ B.

Then |EG[A − z, B − w0 − w1 − z]| = |X ′
|. So

ρR(A ∪ (B − w0 − w1 − z)) ≤ ρR(A) + ρR(B − w0 − w1 − z)

− 9(|X ′
| + |EG[{z} ∩ A∗, B − w0 − w1 − z]|). (7)

Because x1 ∈ X ′, if x2 ∉ X ′, then |EG′ [z, B−w0 −w1 − z]| = |EG[{z}∩A∗, B−w0 −w1 − z]|+ |X ′
|−1,

and so the last expression in (7) is at most

4 + ρR′(B − z − w0 − w1) − 9(|EG′ [z, B − w0 − w1 − z]| + 1) = 4 + ρR′(B − w0 − w1) − 9
≤ 4 + (ρR′(B) − 2 · 11 + 3 · 9) − 9 = ρR′(B) ≤ −5,

a contradiction.
If x2 ∈ B, then on the one hand, G′ has an extra edge x1x2, and on the other hand,

|EG′ [z, B − w0 − w1 − z]| = |EG[{z} ∩ A, B − w0 − w1 − z]| + |X ′
| − 2,

since x2 ∈ X ′. These edges cancel in the calculations, andwe again get ρR(A∪(B−w0−w1−z)) ≤ −5,
a contradiction.

To prove the ‘‘Moreover’’ part of the lemma, observe first that if z ∉ A and 1 ≤ |A| ≤ 3, then
ρ(A) ≥ 6. Also, if G[A] is disconnected and 1 ≤ |A| ≤ 3, then |E(G[A])| ≤ |A| − 2, and thus
ρ(A) ≥ 11(|A| − 1) − 9(|A| − 2) = 2|A| + 7 ≥ 9. �

6. Shovels in G

Claim 6.1. If G has a subgraph P4 = x1x2x3x4 with d(x2) = d(x3) = 2, then z ∈ {x1, x2, x3, x4}.

Proof. Assume z ∉ {x1, x2, x3, x4}. By Claim 3.2, d(x4) ≥ 2. If d(x4) = 2 and x5 is the neighbor of x4
distinct from x3, let G0 = G−x2−x3−x4. By the choice of G, G0 has a (0, 1)-coloring φ. We can extend
it to G by letting φ(x2) = 1 − φ(x1), φ(x4) = 1 − φ(x5), and letting φ(x3) = 0 if φ(x2) = φ(x4) = 1
and φ(x3) = 1 otherwise. Since this contradicts the definition of G, d(x4) ≥ 3.

Let G′
= G − x3x4 + x3z and R′

= (G′, Z). Then by our definition, R′ is smaller than R, since
|V (G)| = |V (G′)| and dG′(z) > dG(z). If G′ has a triangle T , then x3z ∈ E(T ). Since NG′(x3) = {x2, z},
we need V (T ) = {x2, x3, z}, but x1 ≠ z by assumption. So G′ is triangle-free.
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Suppose G′ has a (0, 1)-coloring φ′. If φ′(x4) = 1, then φ′ is a (0, 1)-coloring of G, a contradiction.
If φ′(x4) = 0, then recolor x2 with 1− φ′(x1) and x3 with 1. Again, we get a (0, 1)-coloring of G. So, G′

has no (0, 1)-coloring. Then by the minimality of G there is B ⊂ V (G′) with ρR′(B) ≤ −5. Choose such
B with the smallest potential and among those—with the largest size. By the choice, z ∈ B. If x3 ∉ B
or x4 ∈ B, then |E(G′

[B])| ≤ |E(G[B])| and ρR(B) ≤ −5. Let x3 ∈ B and x4 ∉ B. Then by the minimality
of ρR′(B), x2 ∈ B and hence x1 ∈ B. So by definition, ρR(B) = ρR′(B) + 9 ≤ 4. Since {x1, x2, x3, z} ⊆ B,
by Lemma 5.1, |B| ≥ n − 3. By the minimality of ρR′(B), x4 has at most one neighbor in B − x3. So
since d(x4) ≥ 3, x4 has a neighbor y in V (G) − B and |B| ≤ n − 2. If |B| = n − 2 then by Claim 3.2,
each of y and x4 has a neighbor in B, and so ρR′(B + y + x4) ≤ ρR′(B) + 2 · 11 − 3 · 9 < ρR′(B), a
contradiction. So, we may assume that V (G′) − B = {x4, y, x}. Since G′ has no triangles, by Claim 3.2,
ρR′(V (G′)) ≤ ρR′(B) + 3 · 11 − 4 · 9 < ρR′(B), a contradiction to the choice of B. �

Claim 6.2. Suppose G contains a path P = (x1, x2, x3, z) such that d(x2) = d(x3) = 2. Then either
d(x1) ≥ 4 or d(x1) = 3 and x1 belongs to a 5-cycle not containing x2.

Proof. By Claim 3.2, d(x1) ≥ 2. Suppose d(x1) = 2 and x0 ≠ x2 is a neighbor of x1. If x0 = z, then
ρ({x1, x2, x3, z}) = 3 · 11 − 4 · 9 = −3, a contradiction to Lemma 3.4. So x0 ≠ z. This contradicts
Claim 6.1 for the path (x0, x1, x2, x3). So d(x1) ≥ 3. If d(x1) = 3, let x′, x′′ be the two neighbors of x1
distinct from x2.

Consider the graph G′ with V (G′) = V (G) − x1 − x2 − x3 − x′
− x′′

+ x and

E(G′) = E(G[V (G) − x1 − x2 − x3 − x′
− x′′

]) ∪ {xy : y is adjacent to x′ or x′′ in G}.

Let R′
= (G′, Z). If x1 does not belong to a 5-cycle not containing x2, then G′ is triangle-free. If G′

has a (0, 1)-coloring φ, then we extend it to G by letting φ(x′) = φ(x′′) = φ(x), φ(x1) = 1 − φ(x),
φ(x2) = 1, andφ(x3) = 0. So, G′ has no (0, 1)-coloring. Then by theminimality of G there is B ⊂ V (G′)
with ρR′(B) ≤ −5. Choose such Bwith the smallest potential and among those—with the largest size.

If x ∉ B, then ρR(B) = ρR′(B) ≤ −5. If x ∈ B, then ρR(B−x+x′
+x′′

+x1) = ρR′(B)+2 ·11−2 ·9 ≤

−5 + 4 = −1, contradicting Lemma 3.4, since x2 ∉ B − x + x′
+ x′′

+ x1. �

We need several new definitions. If G contains vertices x1, x2, x3, z and a 5-cycle C5 containing x1
with d(x1) = 3 as in Claim 6.1, we call the subgraph induced by V (C5)∪{x1, x2, x3, z} an intact shovel.
The path x1, x2, x3, z is the handle, the cycle C5 is the head and x1 is the joint of this shovel. By definition,
vertices x1, x2, x3 in the shovel are not adjacent to any vertex outside the shovel.

A path x1, x2, x3, z inG such that x1 has degree t ≥ 4will be called a broken shovel of degree t . Below
when we speak of shovels, we have in mind both, broken and intact shovels (see Figs. 6 and 7).

Fig. 6. An intact shovel. Fig. 7. A broken shovel of degree 4.

Claim 6.3. For every shovel S, G[V (S)] = S.

Proof. Suppose G has an edge e not in S that connects two vertices in V (S). If S is broken, then
ρ(V (S)) ≤ 3 · 11 − 4 · 9 = −3, and if S is intact, then ρ(V (S)) ≤ 7 · 11 − 9 · 9 = −4. In both
cases, we contradict Lemma 3.4, unless V (S) = V (G) and E(G) = E(S) + e. Suppose the latter holds
and the handle of S is x1, x2, x3, z. If S is broken, then d(v1) = 2 since V (S) = V (G), a contradiction.
If S is intact and its head is C5 = (x1, y1, y2, y3, y4), then since G has no triangles, at least one end of
e is outside of C5 and so should be z. Let the other end be v. By degree restrictions on S, v ∉ {x2, x1}.
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If v ∈ {y1, y4}, then it belongs to a 5-cycle C containing z and ρ(V (C)) = 4 · 11 − 5 · 9 = −1, a
contradiction to Lemma 3.4. Otherwise, we may assume v = y2. In this case, we color x3, x1 and y2
with 0, and the rest with 1. �

Claim 6.4. For any distinct shovels S and S ′, V (S) ∩ V (S ′) = {z}.

Proof. Let S ′
≠ S. Let the handle of S be x1, x2, x3, z and the handle of S ′ be x′

1, x
′

2, x
′

3, z. Suppose
V (S) ∩ V (S ′) = S0 ≠ {z}.

Case 1: x3 ∈ S0. Since z ∈ S ′, by Claim 6.3, x3 = x′

3. This yields that x2 = x′

2 and x1 = x′

1. Then since
S ≠ S ′, we may assume that S is intact, and hence d(x1) = 3. So S ′ also is intact. Let the head of S be
(x1, y1, . . . , y4) and the head of S ′ be (x1, y′

1, . . . , y
′

4). Since d(x1) = 3, we have y′

1 = y1 and y′

4 = y4. If
{y2, y3}∩{y′

2, y
′

3} = ∅, thenρ(V (S)∪V (S ′)) ≤ 9·11−11·9 = 0. So by Lemma3.4,V (G) = V (S)∪V (S ′)
and E(G) = E(S) ∪ E(S ′). This contradicts Claim 6.1 for the path y1, y2, y3, y4. Finally, if y′

2 = y2,
then ρ(V (S) ∪ V (S ′)) ≤ 8 · 11 − 10 · 9 = −2. Again, by Lemma 3.4, V (G) = V (S) ∪ V (S ′) and
E(G) = E(S) ∪ E(S ′). Then we color z, x2, y1, y2, y4 with 1 and the rest with 0.

Case 2: x3 ∉ S0. By symmetry, we may assume x′

3 ∉ S0. Then also x2, x′

2 ∉ S0.
Case 2.1: x1 ∈ S0. If S ′ is broken, this means that x1 = x′

1 and ρ(V (S ′)+x2 +x3) = 5 ·11−6 ·9 = 1.
Let U = V (G) − S ′

− x2 − x3. By Lemma 4.1, |U| ≤ 3. If there is a vertex u ∈ Y which has at least
2 neighbors in S ′

+ x2 + x3, then ρ(S ′
+ x2 + x3 + u) ≤ −6, a contradiction. As d(x1) ≥ 4, x1 has at

least two neighbors in U . As G has no vertex of degree 1, we conclude that U + x induces a 4-cycle
(x, u1, u2, u3). Also d(u2) = 2, otherwise we get a contradiction by ρ(V (G)) ≤ 8 · 11 − 11 · 9 < −4.
Thus G is bipartite, and hence has a proper (0, 1)-coloring.

So, S ′ is intact. Let the head of S ′ be (x′

1, y
′

1, . . . , y
′

4). Then ρ(V (S ′) + x2 + x3) ≤ ρ(V (S ′)) + 2 ·

11− 3 · 9 = 0, and by Lemma 3.4, V (G) = V (S ′) + x2 + x3 and E(G) = E(S ′) ∪ {zx3, x3x2, x2x1}. Since
d(x′

1) = 3, by symmetry, we may assume that x1 ∈ {y′

1, y
′

2}. In both cases, we color x3, x′

3, x
′

1, y
′

2 with
0 and the rest with 1.

Case 2.2: x1 ∉ S0. By symmetry, we may assume x′

1 ∉ S0. In particular, both S and S ′ are
intact. Since by Claim 6.3, G[S − x1] is acyclic, G[S0] is acyclic. Also, z is isolated in G[S0] and thus
ρ(S0) ≥ 11|S0 − z| − 9(|S0 − z| − 1) = 9 + 2|S0 − z|. So,

ρ(V (S) ∪ V (S ′)) ≤ ρ(S) + ρ(S ′) − ρ(S0) ≤ 5 + 5 − 9 − 2|S0 − z| = 1 − 2|S0 − z|. (8)

Hence |S0 − z| ≤ 2 and by Lemma 3.4, V (G) = V (S) ∪ V (S ′) and E(G) = E(S) ∪ E(S ′). By Claim 6.1,
each of the sets {y′

1, y
′

2} and {y′

3, y
′

4} has a vertex common with S. Thus |S0 − z| = 2. Also, if G[S0 − z]
has no edge, then we would have an extra −9 in (8), a contradiction. So S0 − z = {y′

2, y
′

3} = {y2, y3}.
Then we can color x3, x′

3, y1, y4, y
′

1, y
′

4 with color 0 and the rest with 1. �

Claim 6.5. Let S be an intact shovel with the handle (z, x3, x2, x1) and the head C = (x1, y1, y2, y3, y4).
Then at least 3 edges connect C with V (G − S).

Proof. Let E ′ be the set of edges connecting V (C)with V (G−S). Suppose to the contrary that |E ′
| ≤ 2.

Then since z ∉ V (C), by Claim 6.1, |E ′
| = 2 and the ends in C of the edges in E ′ are distinct. So we can

suppose E ′
= {yiu, yjv}, where u, v ∈ V (G − S).

By Claim 6.1 and symmetry, wemay assume that j = 3 and either i = 1 or i = 2. Let G′ be obtained
from G − (V (S) − z) by adding a vertex z ′ and edge uz ′. Let R′

= (G′, {z, z ′
}). Since edge uz ′ is a cut

edge, G′ is a triangle-free graph smaller than G. If G′ has no (0, 1)-coloring, then by the minimality of
G, there is B ⊂ V (G′) with ρR′(B) ≤ −5. By the choice of G, u, z ′

∈ B. Then the set B − z ′ contains u, is
disjoint from S − z and ρR(B − z ′) ≤ −5 + 9 = 4. So denoting B′

= (B − z ′) ∪ V (S) and taking into
account edge yiu, we have

ρR(B′) ≤ ρR(B − z ′) + ρR(S) − 9 = 0. (9)

By Lemma 3.4 and (9), B′
= V (G). But then v ∈ B − z ′, and edge yjv was not count in (9). So instead

of (9), we have ρR(B′) ≤ ρR(B − z ′) + ρR(S) − 18 = −9, a contradiction.
Thus G′ has a (0, 1)-coloring φ. In particular, φ(u) = 0. We extend φ from G′

− z ′ to the whole G
as follows. First, we let φ(x3) = 0, φ(x2) = 1 and φ(y3) = 1 − φ(v).



38 J. Kim et al. / European Journal of Combinatorics 42 (2014) 26–48

Case 1: u = v. Since G has no triangles, i = 1. So we extend φ to G by letting φ(y4) = φ(y1) = 1
and φ(x1) = φ(y2) = 0.

Case 2: u ≠ v and i = 1. Let φ(x1) = 0, φ(y4) = φ(y1) = 1 and φ(y2) = φ(v).
Case 3: u ≠ v and i = 2. If φ(y3) = 1, then let φ(x1) = φ(y2) = 1, and φ(y1) = φ(y4) = 0,

otherwise let φ(x1) = 0, and φ(y1) = φ(y4) = φ(y2) = 1. �

7. On (1, 1, 1)-trees in G

The goal of this section is to prove that all (1, 1, 1)-trees in G are small: each of them has at most
two (1, 1, 1)-vertices.

Claim 7.1. For each (1, 1, 1)-tree T , if a vertex x ∈ V (G) − V (T ) is adjacent to more than one vertex in
T , then zx ∈ E(G).

Proof. Suppose some x ∈ V (G)−V (T ) is adjacent to distinct y, y′
∈ V (T ). By the definition of (1, 1, 1)-

trees, |V (T )| ≥ 4 and z ∉ V (T ). If x = z, then let G0 = G − V (T ) and R0 = (G0, Z). Since G0 ⊂ G, it
has a (0, 1)-coloring φ0, and φ0(z) = 1. Then by Lemma 3.8, we can extend φ0 to G, a contradiction.

Assume x ≠ z. Let G′ be obtained from G − V (T ) by adding vertices w and z ′ and edges xw and
wz ′. Let R′

= (G′, {z, z ′
}). Since new edges xw and wz ′ are cut edges, G′ is a triangle-free graph. Since

|V (T )| ≥ 4, |V (G′)| < n. If G′ has a (0, 1)-coloring φ, then φ(w) = 0 and hence φ(x) = 1. So by
Lemma 3.8, we can extend φ to G, a contradiction. Then by the minimality of G, there is B ⊂ V (G′)
with ρR′(B) ≤ −5. Choose such Bwith the smallest potential and among those—with the largest size.
Then z ′

∈ B. If x ∉ B, then w ∉ B and ρ(B − z ′) = ρR′(B) ≤ −5, a contradiction. So, x ∈ B and thus
w ∈ B. Then ρ(B − z ′

− w) ≤ ρR′(B) − 11 + 18 ≤ 2. Since |B| ≤ n − |V (T )| ≤ n − 4 and x ≠ z, by
Lemma 4.1, B − z ′

− w = {x, z} and xz ∈ E(G), as claimed. �

Lemma 7.2. If a graph G′ is obtained from G by replacing a (1, 1, 1)− tree T with another (1, 1, 1)-tree
T ′ with the same set of vertices and the same set of leaves, then the pair R′

= (G′, Z) is still a minimum
counterexample to the theorem.

Proof. Assume w is a common neighbor of two (1, 1, 1)-vertices v1 and v2 in a (1, 1, 1)−tree T . For
i = 1, 2, let wi and w′

i be the neighbors of vi distinct from w and ui be the neighbor of wi distinct
from vi. By the definition of (1, 1, 1)-vertices, d(w) = d(w1) = d(w2) = d(w′

1) = d(w′

2) = 2.
By Claim 3.7, w2 ≠ w1. If u1 = u2, then u1 ∉ T and by Claim 7.1, zu1 ∈ E(G). Then for
W = {z, u1, w1, w2, v1, v2, w}, we have ρ(W ) ≤ 6 · 11 − 7 · 9 = 3. So by Lemma 5.1, n ≤ 10. If w′

1
has a neighbor in W − v1, then ρ(W + w′

1) ≤ ρ(W ) + 11 − 18 ≤ −4, contradicting Lemma 3.4,
since w′

2 ∉ W + w′

1. Similarly, w′

2 has no neighbor in W − v2. Thus, since n ≤ 10, there is a
unique y ∈ V (G) − W − w′

1 − w′

2, and yw′

1, yw
′

2 ∈ E(G). By Claim 6.1, y has a neighbor in W . So,
ρ(V (G)) ≤ ρ(W ) + 3 · 11 − 5 · 9 ≤ −9, a contradiction. Thus u1 ≠ u2. Also, since v1 and v2 are
adjacent only to 2-vertices in T , and T has no cycles, u1v2, u2 v1 ∉ E(G).

Let G′ be obtained from G by deleting edges w1u1, w2u2 and adding edges w1u2, w2u1. Let R′
=

(G′, Z). By construction, |V (G′)| = n and the degrees of all vertices in G′ are the same as in G.
Since u1v2, u2v1 ∉ E(G), G′ has no triangles. If ρR′(B) ≤ −4 for all B ⊆ V (G′), then the lemma
holds for the (1, 1, 1)-tree T ′ obtained from T by deleting edges w1u1, w2u2 and adding edges
w1u2, w2u1. So consider B ⊂ V (G′) with the smallest potential in R′ and assume ρR′(B) ≤ −5. Let
U = {u1, u2, w1, w2}. If |B ∩ U| ≤ 1 or |B ∩ U| ≥ 3, then ρR(B) = ρR′(B) ≤ −5, a contradiction.
Furthermore, if ρR′(B) < ρR(B), then either B ∩ U = {w1, u2} or B ∩ U = {w2, u1}. By symmetry, let
B∩U = {w1, u2}. Then ρR(B) = ρR′(B)+9 ≤ 4 and by Lemma 5.1, either |B| ≤ 3 or |B| ≥ n−3. Since
NG′(w1) = {v1, u2}, by the minimality of ρR′(B), v1 ∈ B. For the same reason at least one of w, w′

1 is
in B. So |B| ≥ 4 and thus |B| ≥ n − 3. If v2 ∉ B, then w ∉ B, a contradiction to |B| ≥ n − 3, since the
case is that u1, w2 ∉ B. Thus v2 ∈ B. Then ρ(B + w2) ≤ ρ(B) + 11 − 18 ≤ −3, a contradiction to
Lemma 3.4, since u1 ∉ B + w2. This proves the lemma for our special T ′.

By a sequence of switching pairs of edges as above, we can change T into any (1, 1, 1)-tree with
the same set of vertices and the same set of leaves. �
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Claim 7.3. For every (1, 1, 1)-tree T , each vertex x ∈ V (G) − V (T ) is adjacent to at most one vertex in T .

Proof. Suppose that T is a (1, 1, 1)-tree in G and x ∈ V (G) − V (T ) is adjacent to y1 and y2 in T .
By Claim 7.1, zx ∈ E(G). By Lemma 7.2, if we replace T with a (1, 1, 1)-tree T ′ with the same set of
vertices and the same set of leaves such that y1 and y2 have a common neighbor v in T ′, then the pair
R′

= (G′, Z) also is a minimum counterexample to the theorem. But ρR′({z, x, y1, y2, v}) = −1, a
contradiction to Lemma 3.4. �

Recall that for a (1, 1, 1)-tree T , ∥V (T )∥ is its size, i.e., the number of (1, 1, 1)-vertices in T . Let L(T )
denote the set of leaves of T . Then

|V (T )| = 3∥V (T )∥ + 1 and
|L(T )| = |N(T ) − V (T )| = ∥V (T )∥ + 2 for each (1, 1, 1)-tree T .

(10)

Claim 7.4. If x is adjacent to T and xz ∈ E(G), then ∥V (T )∥ = 1.

Proof. Suppose ∥V (T )∥ ≥ 2 and x ∈ V (G)−V (T ) is adjacent to z and to y ∈ V (T ). Then d(y) = 2 and
the neighbor of y in T is some (1, 1, 1)-vertex v. By Lemma 7.2, we can assume thatN(v) = {y, y′, y′′

},
the other neighbor x′ of y′ is in V (G) − V (T ) and the other neighbor x′′ of y′′ is in T . Let G′ be obtained
from G − {y, v, y′

} by adding edge y′′x′ and T ′ be the tree induced in G′ by V (T ) − {y, v, y′
}. Let

R′
= (G′, Z). If R′ has a (0, 1)-coloring φ, then φ(x) = 0 and the number of vertices of color 1 in

NG(T ) − V (T ) − x is not 1. But then by Lemma 3.8, we can extend the coloring of G′
− V (T ′) to a

(0, 1)-coloring of G.
So, by the minimality of R, there exists B ⊂ V (G′) with ρR′(B) ≤ −5. Since ρR(B) ≥ −4, y′′, x′

∈ B.
Then ρR(B+v+y′) = ρR′(B)+9+2(11)−3(9) ≤ −5+4 = −1. Since y ∉ B+v+y′, this contradicts
Lemma 3.4. �

Claim 7.5. Suppose T is a (1, 1, 1)-tree, V ′
= {x1, . . . , xt} = N(T ) − V (T ) and t ≥ 5. Then

(a) Each x ∈ V ′ is at distance at least 3 from z;
(b) V ′ is an independent set;
(c) Each w ∈ V (G) is adjacent to at most 2 vertices in V ′;
(d) Each x ∈ V ′ is at distance 2 in G − V (T ) from at most one x′

∈ V ′.

Proof. Since t ≥ 5, by (10), ∥V (T )∥ ≥ 3 and so |V (T )| ≥ 10.
(a) Since ∥V (T )∥ ≥ 3, by Claim 7.4, z ∉ N(V ′). So, if (a) does not hold, then there is x ∈ V ′ such

that either x = z or dist(x, z) = 2. In both cases there is x′
∈ V ′

− x at distance at least two from z. Let
G′ be obtained from G− V (T ) by adding a new vertex w adjacent to x′ and z. Let R′

= (G′, Z). If R′ has
a (0, 1)-coloring φ, then φ(x) = φ(x′) = 1. Thus by Lemma 3.8, we can extend φ to V (T ) to obtain a
(0, 1)-coloring of R. So R′ has no (0, 1)-coloring, and is smaller than R, since |V (T )| ≥ 10. Then by the
minimality of G there is a set B ⊂ V (G′) with ρG′(B) ≤ −5. In order to have ρG′(B) ≤ −5, we need
w ∈ B and both its neighbors, z and x′, be in B. Then ρR(B − w) ≤ −5 + 2 · 9 − 11 ≤ 2. Hence by
Lemma 4.1, either B − w = {z, x′

} or |B − w| ≥ n − 3. The former is impossible, since zx′
∉ E(G) and

the latter does not hold, since |V (T )| ≥ 10. This proves (a).
(b) Assume x, x′, x′′

∈ V ′ and xx′′
∈ E(G). As in the proof of (a), let G′ be obtained from G−V (T ) by

adding a new vertexw adjacent to x′ and z. Let R′
= (G′, Z). If R′ has a (0, 1)-coloringφ, thenφ(x′) = 1

and either φ(x) = 1 or φ(x′′) = 1. So by Lemma 3.8, we can extend φ to V (T ). Then we repeat the rest
of the argument of the proof of (a) word by word and come to a contradiction.

(c) Assume that some x1, x2, x3 ∈ V ′ are adjacent to the same vertex w. By Lemma 7.2, we may
assume that x1, x2, x3 and some 6 vertices in T form a tree T ′ with 9 vertices and 8 edges. If there is a
path (w, w′, z) from w to z, then ρR({z, w′, w} ∪ V (T ′)) = 11 · 11− 9 · 13 = 4. However, this set has
more than 3 and fewer than |V (G)| − 3 vertices. Thus we get a contradiction to Lemma 5.1. Together
with (a) this yields that

the distance from w to z is at least 3. (11)

Consider G′ obtained from G−V (T ) by adding an edgewz. Let R′
= (G′, Z). By (11), G′ is triangle-free.

If R′ has a (0, 1)-coloring φ, then φ(w) = 0 and hence φ(x1) = φ(x2) = 1. Thus by Lemma 3.8, φ
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can be extended to a (0, 1)-coloring for G, a contradiction. Since G′ is smaller than G, there is a set
B ⊂ V (G′) with ρR′(B) ≤ −5. Then w, z ∈ B, so ρG(B) = −5 + 9 = 4. By Lemma 5.1, either |B| ≤ 3
or |B| ≥ n − 3. However, B misses at least 7 vertices in T . So, |B| ≤ 3 and w, z ∈ B. By (11), G[B] is
disconnected. This contradicts the last statement of Lemma 5.1.

(d) Assume that x1, x2, x3 ∈ V ′ are such that x3 is at distance two from x1 and from x2. Then by (c)
there are distinct u1, u2 such that for i = 1, 2, ui is the common neighbor of x3 and xi. Consider the
graph G′ obtained from G − V (T ) by adding a new vertex w and edges zw and wx3. Let R′

= (G′, Z).
Again, if R′ has a (0, 1)-coloring φ, then φ(x3) = 1 and hence one of u1, u2, say u1 has color 0. But
then φ(x1) = 1, and by Lemma 3.8, φ extends to a (0, 1)-coloring for G. So again, there is B ⊂ V (G′)
with ρR′(B) ≤ −5. Then w ∈ B and thus z, x3 ∈ B. Therefore, ρR(B − w) ≤ −5 + 2(9) − 11 ≤ 2. By
Lemma 4.1, either B = {z, x3} or |B| ≥ n − 3. But by Claim 7.4, x3z ∉ E(G), and at least 7 vertices of T
are not in B. This contradiction proves (d). �

We need a bit more notation. For a pair R′
= (G′, Z ′) and a set S ⊆ V (G′), letmR′(S) be theminimal

potential that may have subsets of V (G′) containing S. If we have two sets B1 and B2 containing S with
ρR′(B1) = ρR′(B2) = mR′(S), then by the submodularity of ρR′ , also ρR′(B1 ∩ B2) = ρR′(B1 ∪ B2) =

mR′(S). Thus the family

MR′(S) = {B ⊆ V (G′) : B ⊇ S, ρR′(B) = mR′(S)}

contains a unique inclusion minimal memberMR′(S) contained in every other member of MR′(S).

Claim 7.6. Let T be a (1, 1, 1)-tree with ∥V (T )∥ ≥ 3. Let V ′
= N(T ) − V (T ) = {x1, . . . , xt}. Let G′

=

G − V (T ) and R′
= (G′, Z). Then for any distinct x1, x2, x3 ∈ V ′, (a) mR′({x1}) = 5, mR′({x1, x2}) = 8,

mR′({x1, x2, x3}) = 11, and (b) MR′({x1, x2}) ⊂ MR′({x1, x2, x3}).

Proof. Order the vertices of V ′ as needed: x1, . . . , xt . For i = 1, . . . , t , let yi be the neighbor of xi in T
and vi be the neighbor of yi in T . By Claim 7.5(b,d) and the symmetry between x2, x3, we may assume
that the distance between x1 and x2 in G′ is at least 3. By Lemma 7.2, we may assume that v2 = v1,
vt−1 = vt and that for j = 2, . . . , t − 2, vertices vj and vj+1 have a common neighbor uj in T . First, we
prove a half of (a):

for any 1 ≤ j ≤ 3, mR′({x1, . . . , xj}) ≥ 3j + 2. (12)

Indeed, suppose that mR′({x1}) ≤ 4 and B = MR′({x1}). By Lemma 5.1, either |B| ≥ n − 3 or |B| ≤ 3.
The former cannot hold, since |V (T )| ≥ 10, so |B| ≤ 3. Then again by Lemma 5.1, z ∈ B and
G[B] is connected. This contradicts Claim 7.5(a). So Case j = 1 of (12) is proved. Suppose now that
mR′({x1, x2, x3}) ≤ 10 and B1 = MR′({x1, x2, x3}). Let B′

= B1 ∪ {y1, y2, y3, v2, u2, v3}. Then

ρR(B′) ≤ ρR(B1) + 11(6) − 9(8) = 10 + 66 − 72 = 4. (13)

As above, by Lemma 5.1, since |B′
| > 4, we have |B′

| ≥ n − 3. Since t ≥ 5, u4, u3, v4, y4, y5 ∉ B′,
implying |B′

| < n − 3, a contradiction. This proves Case j = 3 of (12). Case j = 2 is very similar but
simpler, so we leave it for the reader.

Let G′′ be obtained from G′ by adding a vertex w and edges x1x2, x3w, and wz. Let R′′
= (G′′, Z). By

Claim 7.5 and the choice of x2 and x1, G′′ has no triangles. If R′′ has a (0, 1)-coloring φ, then φ(x3) = 1
and at least one of x1, x2 also has color 1. So by Lemma 3.8, φ can be extended to a (0, 1)-coloring of R.
Thus by the minimality of G, there is a set B ⊂ V (G′′) with ρR′′(B) ≤ −5. By the choice of G, B contains
{x1, x2} or {w, x3}, or both. If B does not containw, then it contains {x1, x2} andρR(B) ≤ ρR′′(B)+9 ≤ 4.
In this case, by Lemma 5.1 either |B| ≤ 3 or |B| ≥ n − 3. The latter cannot hold, since |V (T )| ≥ 10,
so |B| ≤ 3. Then by the last part of Lemma 5.1, z ∈ B and G[{x1, x2, z}] is connected. This contradicts
Claim 7.5(a). Thus w ∈ B and hence {w, x3, z} ⊆ B. Let B1 = B − w.

If B does not contain {x1, x2}, then ρR(B1) ≤ ρR′′(B) + 7 ≤ 2. In this case, by Lemma 4.1 either
B1 = {x3, z} and zx3 ∈ E(G) or |B1| ≥ n− 3. The former contradicts Claim 7.5(a) and the latter cannot
hold, since |V (T )| ≥ 10. Thus

B ⊇ {x1, x2, x3, w, z} and ρR(B1) ≤ −5 + 9 + 7 = 11. (14)
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Together with (12), this yields

ρR(B1) = mR′({x1, x2, x3}) = 11. (15)

LetM1 = MR′({x1, x2, x3}). By the comment above the claim,M1 ⊆ B1. We now want to prove

M1 ∩ V ′
= {x1, x2, x3}. (16)

Indeed, suppose that |V ′
∩M1| ≥ 4, say {x1, . . . , x4} ⊆ M1. LetB′

= M1∪{y1, . . . , y4, v2, u2, v3, u3, v4}.
Then

ρR(B′) ≤ ρR(M1) + 11(9) − 9(12) = 11 + 99 − 108 = 2. (17)

By Lemma 4.1, since |B′
| > 4, we have |B′

| ≥ n − 3. If t ≥ 6, then y5, u5, v5, y6 ∉ B′, a contradiction.
So, t = 5 and y5 ∉ B′. If x5 ∈ B′, then ρR(B′

+ y5) ≤ ρ(B′) + 11 − 9(2) ≤ −5, a contradiction. Now,
let t = 5 and x5 ∉ B′. Recall that d(x5) ≥ 3. If V (G) − B′

= {x5, y5}, then by (17),

ρR(V (G)) ≤ ρR(B′) + 11(2) − 9(4) ≤ 2 + 22 − 36 = −12,

a contradiction to the choice of G. Similarly, if V (G)− B′
= {x5, y5, u′

} for some u′, then since G has no
triangles, at least 5 edges are incidentwith x5, y5 or u′. In this case,ρR(V (G)) ≤ ρR(B′)+11(3)−9(5) ≤

2 + 33 − 45 = −10, a contradiction again. This proves (16).
Similarly toM1, letM2 = MR′({x1, x2, x4}). Next, we prove

ρR(M1 ∪ M2) ≥ 14. (18)

Indeed, if ρR(M1 ∪ M2) ≤ 13 then similarly to the preceding paragraph, we let B′′
= M1 ∪

M2 ∪ {y1, . . . , y4, v2, u2, v3, u3, v4} and observe that ρR(B′′) ≤ ρR(M1 ∪ M2) + 11(9) − 9(12) =

13 + 99 − 108 = 4. By Lemma 5.1, since |B′′
| > 4, we have |B′′

| ≥ n − 3. Now we proceed as in the
end of the preceding paragraph, excluding the case x5 ∈ B′, since x5 ∉ M1∪M2 by (16). Thus (18) holds.

By (3) and (18), ρR(M1 ∩ M2) ≤ ρR(M1) + ρR(M2) − ρR(M1 ∪ M2) ≤ 11 + 11 − 14 = 8. Together
with (12), this proves mR′({x1, x2}) = 8 and part (b) of the claim. Moreover, since M1 ∩ M2 ∩ V ′

=

{x1, x2}, we conclude

MR′({x1, x2}) ∩ V ′
= {x1, x2}. (19)

Now, let D1 = MR′({x1, x2}) and D2 = MR′({x1, x3}). Again by (3) and (18),

ρR(D1 ∩ D2) ≤ ρR(D1) + ρR(D2) − ρR(D1 ∪ D2) ≤ 8 + 8 − mR′({x1, x2, x3}) = 16 − 11 = 5.

Together with (12), this completes the proof of (a) and thus of all claims. �

Now we are ready to prove the main result of the section.

Lemma 7.7. Each (1, 1, 1)-tree T in G has ∥V (T )∥ ≤ 2.

Proof. Assume ∥V (T )∥ ≥ 3. Let V ′
= N(T ) − V (T ) = {x1, . . . , xt}. Since ∥V (T )∥ ≥ 3, t ≥ 5. Let

G′
= G−V (T ) and R′

= (G′, Z). For brevity, wewill useMi forMR′({xi}),Mi,j forMR′({xi, xj}), andMi,j,k
forMR′({xi, xj, xk}). First, we prove

for any distinct i, j, k, Mi,j ∪ Mj,k = Mi,j,k. (20)

Indeed, by Claim 7.6(b),Mi,j∪Mj,k ⊆ Mi,j,k. If the containment is strict, then by theminimality ofMi,j,k,
ρR′(Mi,j ∪ Mj,k) ≥ 12. Then by Claim 7.6(a) and the submodularity of ρR′ ,

8 + 8 = ρR′(Mi,j) + ρR′(Mj,k) ≥ ρR′(Mi,j ∪ M(j, k)) + ρR′(Mi,j ∩ Mj,k) ≥ 12 + mR′({xj}) = 17.

This contradiction proves (20).
For brevity, denote Fi(j, k) = Mi,j ∩ Mi,k and A(i, j, k) = Mi,j ∩ Mi,k ∩ Mj,k. By (20) and (3),

ρR′(Fi(j, k)) ≤ ρR′(Mi,j) + ρR′(Mi,k) − ρR′(Mi,j,k) = 8 + 8 − 11 = 5. Together with Claim 7.6(a),
this gives ρR′(Fi(j, k)) = 5. Similarly, ρR′(Fj(i, k)) = ρR′(Fk(j, i)) = 5. By definition and (20),

Fi(j, k) ∪ Fj(i, k) = Mi,j ∩ (Mi,k ∪ Mj,k) = Mi,j ∩ Mi,j,k = Mi,j.
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Since A(i, j, k) = Fi(j, k) ∩ Fj(i, k), by (3),

ρR′(A(i, j, k)) = ρR′(Fi(j, k)) + ρR′(Fj(i, k)) − ρR′(Mi,j)

− 9|EG′(Fi(j, k) − Fj(i, k)), Fj(i, k) − Fi(j, k)|
= (5 + 5 − 8) − 9|EG′(Fi(j, k) − Fj(i, k)), Fj(i, k) − Fi(j, k)|.

Since ρR′(A(i, j, k)) ≥ −4, we conclude that

|EG′(Fi(j, k) − Fj(i, k)), Fj(i, k) − Fi(j, k)| = 0 (21)

and ρR′(A(i, j, k)) = 2. Then by Lemma 4.1, there is w = wi,j,k ∈ V (G) such that A(i, j, k) = {w, z}
and wz ∈ E(G). We now claim that

all wi,j,k coincide. (22)

Indeed, if (22) fails, then there are distinct i, j, k,m such that w′
= wi,j,m ≠ w = wi,j,k. By (21),

A(i, j, k) and A(i, j,m) are separating sets in G[Mi,j]. It follows that w and w′ are cut vertices in
G[Mi,j] − z, and each of them separates xj from xi. By the symmetry between Fi(j, k) and Fj(i, k), we
may assume that w′

∈ Fj(i, k). Then w ∈ Fi(j,m) and Fj(i, k) ∪ Fi(j,m) = Mi,j. So, by (3),

ρR′(Fj(i, k) ∩ Fi(j,m)) ≤ ρR′(Fj(i, k)) + ρR′(Fi(j,m)) − ρR′(Mi,j) = 5 + 5 − 8 = 2.

Since w, w′
∈ Fj(i, k) ∩ Fi(j,m), this contradicts Lemma 4.1. Thus (22) holds. So we denote by w0 the

vertex that is wi,j,k for all i, j, k.
Let F1 = F1(2, 3), F2 = F2(1, 3), and for j = 3, . . . , t , let Fj = Fj(1, 2). Let F0 =

t
j=1 Fj. By (22),

Fi ∩ Fj = {w0, z} for all 1 ≤ i < j ≤ t . By (21), EG(Fi − Fj, Fj − Fi) = ∅ for all 1 ≤ i < j ≤ t . Then by
induction on jwe have ρR(

j
i=1 Fi) = 3j + 2 and thus ρR(F0) = 3t + 2. Now we claim

F0 = V (G) − V (T ). (23)

Indeed, by (10)

ρR(F0 ∪ V (T )) = ρR(F0) + 11(3(t − 2) + 1) − 9(3(t − 2) + t)
= (3t + 2) + (33t − 55) − (36t − 54) = 1.

Let W = V (G) − V (T ) − F0. Since ρR(F0 ∪ V (T )) = 1, by Lemma 4.1, |W | ≤ 3. Recall that z ∈ F0.
If W = {v}, then by Claim 3.2, dG(v) ≥ 2, and so ρR(V (G)) ≤ ρR(F0 ∪ V (T )) + 11 − 9(2) = −6,
a contradiction. If W = {v1, v2} and at least four edges are incident with v1 or v2, then ρR(V (G)) ≤

ρR(F0 ∪ V (T )) + 11(2) − 9(4) = −13. IfW = {v1, v2} and at most 3 edges are incident with v1 or v2,
then dG(v1) = dG(v2) = 2 and v1v2 ∈ E(G). Then by Claim 6.1, we may assume that zv1 ∈ E(G). Let y
be the neighbor of v2 distinct from v1. Since v2 ∉ V ′, y ∈ F0, and thus there is j ≥ 1 such that y ∈ Fj. But
then ρR′(Fj ∪ W ) = ρR′(Fj) + 11(2) − 9(3) = 0, a contradiction. Suppose now thatW = {v1, v2, v3}.
If at least 5 edges are incident with W , then ρR(V (G)) ≤ ρR(F0 ∪ V (T )) + 11(3) − 9(5) = −11.
Since G has no triangles, to have only 4 edges incident with 3 vertices of degree at least two, we need
|E(G[W ])| = 2 and each of them have degree exactly 2. This contradicts Claim 6.2. Thus, W = ∅, as
claimed.

For j = 1, . . . , t , let Hj be obtained from G[Fj] by adding a new vertex uj and edges ujz and xjuj. Let
Rj = (Hj, Z). Since mR′({xj}) = ρR′(Fj) = 5, the potential of every subset of V (Hj) containing both, xj
and uj, is at least 5 + 11 − 9(2) = −2. The potential of any set not containing ui is at least −4 by the
choice of G. If a set U ⊂ V (Hj) contains uj but does not contain xj, then ρRj(U) > ρRj(U − uj) ≥ −4
again. So by theminimality of G. Each of Rj has a (0, 1)-coloringφj. By construction,φj(xj) = φj(z) = 1
and φj(uj) = 0. Since Fj − {w, z} has no neighbors in Fi − {w, z} for distinct i and j, φ =

t
j=1 φj is a

(0, 1)-coloring of G−V (T ). Furthermore, φ(xj) = 1 for every j. Then by Lemma 3.8, φ can be extended
to a (0, 1)-coloring of G, a contradiction. �
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8. Discharging

Consider the following vertex subsets of G:

V0 =


T is a (1,1,1)-tree in G

V (T ),

V1 =


S is a shovel

V (S) − z,

V2 = {v ∈ V (G) − V0 − V1 : dG(v) = 2},
V3 = V (G) − V0 − V1 − V2.

By definition, V (G) = V0 ∪ V1 ∪ V2 ∪ V3. For i = 0, 1, 2, 3, let Gi = G[Vi].
We use discharging as follows. An item is a vertex in V2 ∪ V3 or a shovel S or a component T of G0.

Initially, every vertex or edge x has the charge ch(x) equal to its ρ-value. At the end of discharging,
every item U will have a charge ch∗(U) so that

the sum of ch∗(U) over all items is equal to


x∈V (G)∪E(G)

ρ(x). (24)

We use the following rules.
Rule 1: If an edge e not in a shovel is incident to exactly one 2-vertex distinct from z, then e receives

5.75 from this 2-vertex and 3.25 from the other vertex. (Recall that by Claims 6.1 and 6.2, two adjacent
2-vertices can be only in a shovel.)

Rule 2: If an edge e not in a shovel is incident neither to z nor to any 2-vertex, then e receives 4.5
from each of the ends.

Rule 3: If an edge e not in a shovel is incident to z, then it gets 3.25 from z and 5.75 from the other
end.

Rule 4: Every edge in a shovel gets 9 from the shovel.
Rule 5: For every (1, 1, 1)-tree T , let ch∗(T ) be the sum of the resulting charges of its vertices.
Rule 6: For every shovel S, let ch∗(S) be the sum of the resulting charges of its vertices.

Claim 8.1. After the discharging by Rules 1–6 above, we have

(a) ch∗(e) = 0 for every e ∈ E(G);
(b) ch∗(v) ≤ 0 for every v ∈ V2 ∪ V3; moreover, if v ∈ V3 and dG(v) ≥ 4 or dG3(v) ≥ 2, then

ch∗(v) ≤ −1.25;
(c) ch∗(v) ≤ −0.5 for dG(v) = 2, v not in a shovel.
(d) ch∗(T ) ≤ 0 for every (1, 1, 1)-tree T ; moreover, if T contains only one (1, 1, 1)-vertex, then ch∗(T ) ≤

−1/4;
(e) ch∗(S) ≤ −3.75 for every broken shovel S;
(f) ch∗(S) ≤ −4.75 for every intact shovel S

Proof. Part (a) immediately follows from Rules 1–4.
Let v ∈ V3. If v = z and is adjacent to exactly x vertices not in shovels, then by Rule 3 it gives out

charge 3.25x. Thus (b) holds for v = z. Suppose v ∈ V3 − z. Then d(v) ≥ 3. Moreover, if d(v) = 3
the v has a neighbor w that either is z or has degree at least 3. If d(v) ≥ 4, then it gives away by
Rule 1 at least 3.25d(v), so ch∗(v) ≤ 11 − 3.25d(v) ≤ −1.25. If d(v) = 3, then by Rules 1–3,
ch∗(v) ≤ max{11 − 4.5 − 2(3.25), 11 − 2(4.5) − (3.25)} = 0. Moreover, if dG3(v) ≥ 2, then
ch∗(v) ≤ 11 − 2(4.5) − 3.25 = −1.25. This proves (b).

If dG(v) = 2, and v is not in a shovel, then by Rule 1, it gives 5.75 to two incident edges. Thus
ch∗(v) = 11 − 2(5.75) = −0.5. This proves (c).

Suppose a (1, 1, 1)-tree T contains k (1, 1, 1)-vertices for k = 1 or 2. Then T has exactly
2k + 1 vertices of degree two. Each 2-vertex in T has charge −0.5 and each (1, 1, 1)-vertex has
charge 11 − 3(3.25) = 1.25. So, ch∗(T ) = 1.25k − 0.5(2k + 1) ≤ 0. Moreover, if k = 1, then
ch∗(T ) ≤ 0.5 − 3(0.25) ≤ −0.25. This proves (d).
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A broken shovel S contains three typical vertices and three edges. By Rules 1 and 2, the joint w
sends out at least (d(w) − 1)(3.25). So, by Rule 6, ch∗(S) ≤ 3(11) − 3(9) − (d(w) − 1)3.25 ≤

6 − 3.25(3) = −3.75. This proves (e).
An intact shovel S contains 7 typical vertices and 8 edges. Also by Claim 6.5, S has at least three

neighbors outside of it. So its total charge is at most 7(11) − 8(9) − 3(3.25) = −4.75. �

Since the discharging preserves the total charge, it must be at least −4. Thus by Claim 8.1, if some
set of items will have the total new charge less than −4, then we get a contradiction.

We will use the following immediate corollary of Lemma 3.8.

Claim 8.2. If G−V0 has a (0, 1)-coloring φ such that at most one vertex in V3 ∩NG(V0) is colored with 0,
then φ can be extended to V0. Moreover, if every component of G0 has at least two (1, 1, 1)-vertex, and at
most two vertices in V3 ∩ NG(V0) have color 0, then φ also can be extended to V0.

Claim 8.3. G has no shovels.

Proof. Suppose S is a shovel in G.
Case 1: S is a broken shovel with the handle (v0, v1, v2, z) and d(v0) ≥ 4. If d(v0) ≥ 5, then

ch∗(S) ≤ 3(11) − 3(9) − 4(3.25) < −4, a contradiction. If d(v0) = 4 and v0 has a neighbor of degree
at last 3, then by Rules 6, 1 and 2, ch∗(S) ≤ 3(11)−3(9)−4.5−2(3.25) = −5 < −4, a contradiction.
Assume d(v0) = 4 and all neighbors of v0 are 2-vertices. Then ch∗(S) ≤ 6 − 3(3.25) = −3.75.

If G3 contains a P3, then by Claim 8.1(b), the middle vertex w of this P3 satisfies ch∗(w) ≤ −1.25.
So, ch∗(S) + ch∗(w) < −4, a contradiction. Thus G3 does not contain P3. Also by Claim 8.1(d), G has
no shovels apart from S. We color all vertices in V3 with color 1, and all vertices in V2 with color 0, and
color S so that v0 is colored by 1. Then by Claim 8.2 we can extend the coloring to V0, a contradiction.

Case 2: S is intact. Immediately follows from Claim 8.1(f). �

Claim 8.4. The special vertex z is isolated in G.

Proof. By Claim 8.3, V1 = ∅. Thus by Rules 3 and 5, if d(z) ≥ 2, then ch∗(z) ≤ −3.25 · 2 = −6.5, a
contradiction.

Let d(z) = 1 and u be the unique neighbor of z. If d(u) ≥ 3, then by Rules 3, ch∗(z) = −3.25
and ch∗(u) ≤ 11 − 5.75 − 2 · 3.25 = −1.25, a contradiction. So, let d(u) = 2. Then by Rule 3,
ch∗(z) ≤ −3.25. Hence ∆(G3) ≤ 1, since each w ∈ V3 of degree at least 2 in G3 has ch∗(w) ≤ −1.25.
Also, z forms a component in G3. Then we color V3 with 1 and V2 with 0. By Claim 8.2 the obtained
coloring extends to V0. �

Since z is isolated, from now on we consider coloring of G − z.

9. Structure of G3

For W ⊆ V2 ∪ V3, a coloring φ′ is standard on W if φ′(v) = 1 for v ∈ V3 ∩ W , and φ′(v) = 0 for
v ∈ V2 ∩ W .

Claim 9.1. G3 has no cycles, and no Pk with k ≥ 5.

Proof. SupposeG3 contains Ck. SinceG is triangle-free, k ≥ 4. By (b) of Claim 8.1, ch∗(Ck) ≤ −1.25k <
−4, a contradiction. So G3 is acyclic.

Suppose now that G3 contains Pk with k ≥ 5. Then by Claim 8.1(b), k ≤ 5.
In order to have ch∗(P5) ≥ −4, every vertex in the P5 has degree three and is adjacent to a vertex

of degree two.
Also, ∆(G3 − P5) ≤ 1. Otherwise, ch∗(P5) + ch∗(P3) ≤ −1.25 · 3 − 1.25 < −4, a contradiction.

Let P5 = (v1, . . . , v5) and x′

3 be the neighbor of v3 outside of P3.
If x′

3 ∈ V1, then ch∗(x′

3) = −0.5 and ch∗(P5) + ch∗(x′

3) ≤ −1.25 ∗ 3 − 0.5 < −4, a contradiction.
So x′

3 ∉ V1, then we color all vertices in G3 − P5 with color 1, all vertices in V1 with 0 and the vertices
in P5 as follows: 1, 1, 0, 1, 1. By Claim 8.2 this coloring extends to V0. �
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Claim 9.2. G3 does not contain K1,3.

Proof. Assume V3 contains a subset X with G[X] = K1,3 with center x.
If d(x) ≥ 4, then ch∗(x) ≤ 11 − 3 · 4.5 − 3.25 = −5.75, a contradiction. So, d(x) = 3 and

ch∗(x) = −2.5. If ∆(G3 − X) ≤ 1, then we use the standard coloring on V2 ∪ V3 − x and color x with
0. By Claim 8.2 this coloring extends to V0. So we may assume that for some y ∈ V3 − X , dG3(y) ≥ 2.
Then ch∗(y) ≤ −1.25. Thus in order the total charge to be at least −4, we need that every vertex in
V3−X−y has degree atmost 1 in G3, and V2 = ∅. Thenwe use the standard coloring on V2∪V3−x−y
and color x and ywith 0. Since x has no neighbors in V0, by Lemma 3.8, the coloring extends to V0. �

So each component of G3 is a K1, K2, P3, or P4. Note that if a vertex x is a component in G3, then it
is not a (1, 1, 1)-vertex. So in this case d(x) ≥ 4, and ch∗(x) ≤ −2.

Claim 9.3. G3 does not contain P4.

Proof. Suppose G3 contains P4 = (v1, v2, v3, v4). Let W = {v1, v2, v3, v4}. Then ch∗(v2) + ch∗(v3) ≤

−1.25 + (−1.25) = −2.5. Moreover, if d(v2) ≥ 4 or d(v3) ≥ 4, then ch∗(v2) + ch∗(v3) ≤

−1.25 + (−4.5) < −4, a contradiction. So, d(v2) = d(v3) = 3.
If G3 contains another 4-path P ′

4 = (y1, y2, y3, y4) disjoint from W , we get the potential less than
2 ∗ (−2.5) < −4, a contradiction. Thus this P4 is the only P4 in G3.

If G3 − W contains two disjoint 3-paths P3 = (y1, y2, y3) and P ′

3 = (u1, u2, u3), then ch∗(P4) +

ch∗(y2)+ ch∗(u2) ≤ −2.5−1.25−1.25 < −4, a contradiction. Thus G3 −W contains at most one P3.
Case 1: G3 − W contains exactly one 3-path P3 = (y1, y2, y3).

IfV2 is not empty, it contains v′. Then ch∗({v2, v3, y2, v′
}) ≤ −1.25−1.25−1.25−0.5 = −4.25 < −4,

a contradiction. So V2 is empty.
Then we use the standard coloring on V2 ∪ V3 − v2 − y2 and color v2 and y2 with 0. By the choice

of v2 and the case for y2, this coloring is a (0, 1)-coloring for G[V2 ∪ V3].
If it extends to V0, then we are done. Suppose not. Then some (1, 1, 1)-tree T of size 1 is adjacent

to v2 and y2. Then ch∗({v2, v3, y2}) + ch∗(T ) ≤ −3.75 − 0.25 = −4. If there is another (1, 1, 1)-tree
T ′ of size 1, then ch∗({v2, v3, y2}) + ch∗(T ) + ch∗(T ′) ≤ −3.75 − 0.25 − 0.25 < −4, a contradiction.
Thus T is the only (1, 1, 1)-tree of size 1. Since T is adjacent to exactly 3 vertices, wemay assume that
y3 is not adjacent to T . We recolor y2 with 1 and y3 with 0, and can extend the new coloring to V0.

Case 2: ∆(G3 − W ) ≤ 1.
If some v ∈ {v2, v3}has no neighbors inV2, thenweuse the standard coloring onV2∪V3−v and color v
with 0. By Claim 8.2 this coloring extends to V0. So wemay assume that for j ∈ {2, 3}, vj has a neighbor
v′

j ∈ V2. SinceG is triangle-free, v′

3 ≠ v′

2. Therefore, ch
∗({v2, v3, v

′

2, v
′

3}) ≤ −1.25−1.25−0.5−0.5 =

−3.5. So, all vertices in V3 − v2 − v3 are (1, 1, 0)-vertices and |V2| ≤ 3.
Case 2.1: |V2| = 3, i.e. there is w ∈ V1 − v′

2 − v′

3.
Then ch∗(w) = −0.5 and there are no (1, 1, 1)-trees of size 1. For j = 2, 3, let N(v′

j) = {vj, v
′′

j }.
Suppose first that v′′

3 = v′′

2 . Then we color V3 + v′

2 + v′

3 − v′′

2 − v2 − v4 with 1 and v2, v
′′

2 , v4 and
w with 0. Since v2 has no neighbors in V0, if this coloring is a (0, 1)-coloring of G[V2 ∪ V3], then it
extends to V0. So, this is not the case. The only possibility for it is that wv4 ∈ E(G). By the symmetric
argument, wv1 ∈ E(G). Then we use the standard coloring on V2 ∪ V3 − v1 − v4 − w and color v1 and
v4 with 0 and w with 1. The obtained coloring is a (0, 1)-coloring of G[V2 ∪ V3] and extends to V0.

Suppose now that v′′

3 ≠ v′′

2 . We use the standard coloring on V2 ∪ V3 − v2 − v′

2 − v′′

2 and color
v2 and v′′

2 with 0 and v′

2 with 1. The only possibility that this is not a (0, 1)-coloring of G[V2 ∪ V3] is
that wv′′

2 ∈ E(G). By the symmetric argument, wv′′

3 ∈ E(G). If v′′

2 ≠ v4 and v′′

3 ≠ v1, then we use the
standard coloring on V2 ∪V3 −v1 −v4 and color v1 and v4 with 0. Let v′′

2 = v4. If v′′

3 ≠ v1, then we use
the standard coloring on V2 ∪ V3 − v3 − v′

3 − v′′

3 − w and color v3 and v′′

3 with 0 and v′

3 and w with 1.
In both cases, the coloring extends to V0. Finally, if also v′′

3 = v1, then V (G) = W ∪ {v′

2, v
′

3, w}. In this
case, we color v1, v3 and v′

2 with 0 and the rest with 1.
Case 2.2: V2 = {v′

2, v
′

3}.
If v′′

2 = v4, then we use the standard coloring on V2 ∪ V3 − v2 − v′

2 − v′′

2 and color v2 and v′′

2 with 0
and v′

2 with 1. Since G is triangle-free, v4 ≠ v′′

3 and so this is a (0, 1)-coloring of G[V2 ∪ V3]. Since v2
has no neighbors in V0, the coloring extends to V0. Thus v′′

2 ≠ v4.
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If v′′

3 = v′′

2 , then we use the standard coloring on V2 ∪ V3 − v2 − v′

2 − v′′

2 and color v2 and w′′

2
with 0 and v′

2 with 1. If v′′

3 ≠ v′′

2 , then let w be the neighbor of v′′

2 in G3, use the standard coloring on
V2 ∪ V3 − v2 − v′

2 − w and color v2 and w with 0 and v′

2 with 1. In both cases, this is a (0, 1)-coloring
of G[V2 ∪ V3]. Since v2 has no neighbors in V0, the coloring extends to V0. �

10. Proof of Theorem 2.1

By the claims in the previous section, each component of G3 is isomorphic to K1, K2 or P3. If
∆(G3) ≤ 1, then the standard coloring of V2 ∪ V3 is a (0, 1)-coloring and extends to V0. So, let
(x1, x2, x3) be a path in G3 and X = {x1, x2, x3}.

Case 1: ∆(G3 − X) ≤ 1.
We use the standard coloring on V2 ∪ V3 − x2 and color x2 with 0. If this is a (0, 1)-coloring of
G[V2 ∪ V3], then by Claim 8.2 it extends to V0. So, it is not. Then x2 has a neighbor w1 ∈ V2. Let
y1 be the other neighbor of w1. Since ch∗(x2) + ch∗(w1) = −1.75, every vertex u ∈ V3 − x2 is
either a (1, 1, 0)-vertex as dG3(u) ≤ 1 or a (1, 1, 1, 1)-vertex (otherwise ch∗(u) ≤ −3.25 and so
ch∗({x2, w1, u}) ≤ −1.25 − 0.5 − 3.25 < −4).

We recolor w1 with 1. If y1 is a (1, 1, 1, 1)-vertex, this yields a (0, 1)-coloring of G[V2 ∪ V3] which
extends to V0. So, let y1 be a (1, 1, 0)-vertex with neighbors w1, w2 ∈ V2 ∪ V0 and y′

1 ∈ V3. We now
recolor y1 with 0. Ifw2 ∈ V0, then this yields a (0, 1)-coloring ofG[V2∪V3]. So supposew2 ∈ V2 and the
other neighbor of w2 is y2. Recolor w2 with 1. If y2 ∈ {x1, x3} or is a (1, 1, 1, 1)-vertex, then this again
yields a (0, 1)-coloring of G[V2 ∪ V3]. So let y2 be a (1, 1, 0)-vertex with neighbors w2, w3 ∈ V2 ∪ V0
and y′

2 ∈ V3. We now recolor y2 with 0. Again, if w3 ∉ V2, then we are done; otherwise we again
consider the other neighbor y3 of w3 and so on. Since ch∗(wi) = −0.5 for i ≥ 2, in order to have
ch∗(V2 ∪ V3) ≥ 4, the recoloring will stop after at most 4 steps.

Case 2: There are exactly two 3-paths in G3, (x1, x2, x3) and (y1, y2, y3).
Let X = {x1, x2, x3} and Y = {y1, y2, y3}. Similarly to Case 1, every vertex in V3 − x2 − y2 is either a
(1, 1, 0)-vertex or a (1, 1, 1, 1)-vertex. Also d(x2) = d(y2) = 3, since otherwise ch∗(x2) + ch∗(y2) ≤

−1.25 − 4.5 < −4. We use the standard coloring on V2 ∪ V3 − x2 − y2 and color x2 and y2 with 0.
If this is a (0, 1)-coloring of G[V2 ∪ V3] and extends to V0, then we are done. Thus one of the two

subcases below holds.
Case 2.1: Our coloring is not a (0, 1)-coloring of G[V2 ∪ V3].
Case 2.1.1: Both x2 and y2 have neighbors in V2.

Let x2w1, y2u1 ∈ E(G), N(w1) = {x2, q1} and N(u1) = {y2, v1}. Recolor w1 and u1 with 1. If q1 ∈ Y
and v1 ∈ X (in particular, if w1 = u1), then this gives a (0, 1)-coloring of G[V2 ∪ V3]. Since x2 has no
neighbors in V0, it extends to V0, a contradiction. So by symmetry we may assume that q1 ∉ Y . Then
ch∗({x2, y2, w1, u1}) ≤ −1.25−1.25−0.5−0.5 = −3.5. It follows that G has no (1, 1, 1, 1)-vertices
and |V2| ≤ 3. So, q1 is a (1, 1, 0)-vertex. Let N(q1) = {w1, q′

1, w2} where q′

1 ∈ V3.
Suppose first that u1 ∈ {x1, x3, q1, q′

1}. Choose q ∈ {q1, q′

1} so that q = u1 if w1 ∈ {q1, q′

1}, and
otherwise q is not adjacent to V2 − w1, if possible. Recolor q with 0. If the new coloring is a (0, 1)-
coloring of G[V2 ∪ V3], then it extends to V0, since x2 and y2 have no neighbors in V0. So it is not. If
q ≠ w1, then by the choice of q, each of q1, q′

1 has a neighbor (say, r1 and r ′

1) in V2−w1−u1. SinceG has
no triangles, r1 ≠ r ′

1, and so ch∗({x2, y2, w1, u1, r1, r ′

1}) ≤ −1.25−1.25−0.5−0.5−0.5−0.5 < −4.
Thus q = w1. Since the coloring is not a (0, 1)-coloring of G[V2 ∪ V3], q = q′

1 and q′

1 has another
neighbor w2 ∈ V2. Again, w2, q1 ∉ E(G), because G is triangle-free. Since |V2| ≤ 3, we know that
V2 = {w1, u1, w2} and each (1, 1, 1)-tree has size at least 2. So, after recoloring q′

1 back with 1 and
coloring q1 with 0 we obtain a (0, 1)-coloring of G[V2 ∪ V3], which extends to V0.

We may assume now that u1 ∉ {x1, x3, q1, q′

1}. Let u
′

1 be the neighbor of u1 in V3. Since |V2| ≤ 3,
we may assume that either V2 = {w1, u1} or V2 = {w1, u1, r}. Then we can choose some u ∈ {u1, u′

1}

and q ∈ {q1, q′

1} so that (a) either both or neither of u and q are adjacent to r (if exists), and (b) there
is no (1, 1, 1)-tree of size 1 adjacent to both, q and u. Recoloring q and u with 0 and r , if it is adjacent
to both q and u, with 1 yields a (0, 1)-coloring of G[V2 ∪ V3] that extends to V0, a contradiction.

By the symmetry between x2 and y2, the remaining subcases are the following.
Case 2.1.2: Only x2 has a neighbor w1 ∈ V2, and y2 is adjacent to a (1, 1, 1)-tree T of size 1.
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Let N(w1) = {x2, q1}. Since ch∗({x2, y2, w1}) + ch∗(T ) ≤ −1.25 − 1.25 − 0.5 − 0.25 = −3.25, as in
Case 1, every vertex u ∈ V3 − x2 − y2 is a (1, 1, 0)-vertex. Moreover, |V2| ≤ 2, and we may assume
that V2 = {w1} or V2 = {w1, w2}. Recolor w1 with 1. If q1 belongs to Y this gives a (0, 1)-coloring of
G[V2 ∪ V3]. Since x2 has no neighbors in V0, it extends to V0. So we may assume that q1 ∉ Y . Let q′

1
be the neighbor of q1 in V3. If there is q ∈ {q1, q′

1} such that q has neighbors neither in V2 − w1 nor
in T , then recoloring q with 0 yields a (0, 1)-coloring of G[V2 ∪ V3] that extends to V0. So, each of q1
and q′

1 has a neighbor in V2 − w1 or in T . Similarly, if there is y ∈ {y1, y3} not adjacent to V2 and not
adjacent to T , then we recolor y2 with 1 and q1 and y with 0. Since we know the neighbors of x2 and
q1, if the obtained coloring is a (0, 1)-coloring of G[V2 ∪ V3], then it extends to V0. So, each of y1 and
y3 has a neighbor V2 or in T . If some x ∈ {x1, x3} is adjacent neither to T nor to V2, then we can use
the standard coloring on V2 ∪ V3 − x − y2 and color x and y2 with 0. This will be a (0, 1)-coloring of
G[V2 ∪ V3] that extends to V0. Thus every vertex in Q = {x1, x3, y1, y3, q1, q′

1} has a neighbor in T or
in V2 − w1. It is impossible, since |V2| ≤ 2 and T has at most two neighbors in Q .

Case 2.1.3: Only x2 has a neighbor w1 ∈ V2, and y2 is not adjacent to any (1, 1, 1)-tree of size 1.
Let N(w1) = {x2, q1}. Since ch∗({x2, y2, w1}) ≤ −1.25− 1.25− 0.5 = −3, |V2| ≤ 3. Recolor w1 with
1. If q1 belongs to Y or is a (1, 1, 1, 1)-vertex, this gives a (0, 1)-coloring of G[V2 ∪ V3]. Since x2 has
no neighbors in V0, it extends to V0. So we may assume that q1 ∉ Y and is a (1, 1, 0)-vertex. Let q′

1 be
the neighbor of q1 in V3. If there is q ∈ {q1, q′

1} such that q does not have neighbors in V2 − w1, then
recoloring qwith 0 yields a (0, 1)-coloring of G[V2 ∪ V3] that extends to V0. So, each of q1 and q′

1 has a
neighbor in V2 − w1. If some x ∈ {x1, x3} is not adjacent to V2, then we can use the standard coloring
on V2 ∪ V3 − x− y2 and color x and y2 with 0. This will be a (0, 1)-coloring of G[V2 ∪ V3] that extends
to V0. Thus every vertex in Q = {x1, x3, q1, q′

1} has a neighbor in V2 − w1. It follows that |V2| = 3
and each w ∈ V2 − w1 is adjacent only to vertices in Q . Since no vertex is adjacent to both q1 and q′

1
(because G is triangle-free), there are x ∈ {x1, x3} andw ∈ V2 −w1 such that N(w) = {x, q1}. Then we
use the standard coloring on V2 ∪ V3 − x2 − y2 − q − w1 and color x2 and y2 with 0 and w1. Since we
know the neighbors of all vertices in V2, this will be a (0, 1)-coloring of G[V2 ∪ V3] that extends to V0.

Case 2.2: Our coloring is a (0, 1)-coloring of G[V2 ∪ V3] but does not extend to V0.
Then by Lemma 3.8, there exists a (1, 1, 1)-tree T of size 1 adjacent to both, x2 and y2, and such that
the third neighbor of T in V3, say q, has a neighbor of color 1. So, q is a (1, 1, 0)-vertex not in X ∪ Y .
By Rules 5, ch∗(T ) ≤ −0.25. So, |V2| ≤ 2. If some x ∈ {x1, x3} is not adjacent to V2, then we use the
standard coloring on V2∪V3−x−y2 and color x and y2 with 0. Since q ∉ X , thiswill be a (0, 1)-coloring
of G[V2 ∪ V3] that extends to V0. So, both x1 and x3 are adjacent to V2. Symmetrically, both y1 and y3
are adjacent to V2. Then q is not adjacent to V2. So we use the standard coloring on V2∪V3−x2−y2−q
and color x2, q and y2 with 0. By the case, this is a (0, 1)-coloring of G[V2 ∪ V3] that extends to V0.

Case 3: There are exactly three 3-paths in G3, (x1, x2, x3), (y1, y2, y3), and (u1, u2, u3).
Let X = {x1, x2, x3}, Y = {y1, y2, y3} and U = {u1, u2, u3}. Similarly to Case 1, every vertex in
V3 − x2 − y2 − u2 is either a (1, 1, 0)-vertex. Also d(x2) = d(y2) = d(u2) = 3 and |V2| ≤ 2.

If V2 is not empty, w ∈ V2, so ch∗
{x2, y2, u2, w} ≤ −1.25 − 1.25 − 1.25 − 0.5 < −4, so V2 = ∅.

Thus every vertex in V3 − x2 − y2 − u2 is a (1, 1, 0)-vertex.
We use the standard coloring on V2 ∪ V3 − x2 − y2 − u2 and color x2, y2 and u2 with 0. Since this

coloring is a (0, 1)-coloring of G[V2 ∪ V3], so it does not extend to V0.
Thus there is a (1, 1, 1)-tree T adjacent to j vertices of {x2, y2, u2}with j = 1 or 2. And no (1, 1, 1)-

tree of size 1 distinct from T is adjacent to {x2, y2, u2}. Letw be the neighbor of T outside of {x2, y2, u2}.
Then recoloring w with 0 yields a (0, 1)-coloring of G[V2 ∪ V3] that extends to V0.

Since there are at most three P3s in G3, this finishes the proof. �
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