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In 1963, Corradi and Hajnal proved that for all £ > 1 and
n > 3k, every graph G on n vertices with minimum degree
6(G@) > 2k contains k disjoint cycles. The bound §(G) > 2k
is sharp. Here we characterize those graphs with §(G) >
2k — 1 that contain k disjoint cycles. This answers the simple-
graph case of Dirac’s 1963 question on the characterization of
(2k — 1)-connected graphs with no k disjoint cycles.

Enomoto and Wang refined the Corradi-Hajnal Theorem,
proving the following Ore-type version: For all £ > 1 and
n > 3k, every graph G on n vertices contains k disjoint
cycles, provided that d(z) + d(y) > 4k — 1 for all distinct
nonadjacent vertices x,y. We refine this further for £k > 3
and n > 3k + 1: If G is a graph on n vertices such that
d(z) + d(y) > 4k — 3 for all distinct nonadjacent vertices
z,y, then G has k vertex-disjoint cycles if and only if the
independence number a(G) < n — 2k and G is not one of two
small exceptions in the case k = 3. We also show how the case
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k = 2 follows from Lovasz’ characterization of multigraphs
with no two disjoint cycles.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

For a graph G = (V, E), let |G| = |V, |G| = | El, 6(G) be the minimum degree of G,
and a(G) be the independence number of G. Let G denote the complement of G and for
disjoint graphs G and H, let GV H denote G U H together with all edges from V(G) to
V(H). The degree of a vertex v in a graph H is dg(v); when H is clear, we write d(v).

In 1963, Corradi and Hajnal proved a conjecture of Erdés by showing the following;:

Theorem 1.1 (/5]). Let k € Z*. Every graph G with (i) |G| > 3k and (ii) §(G) > 2k

contains k disjoint cycles.

Clearly, hypothesis (i) in the theorem is sharp. Hypothesis (ii) also is sharp. Indeed, if
a graph G has k disjoint cycles, then a(G) < |G| — 2k, since every cycle contains at least
two vertices of G — I for any independent set I. Thus H := K1V Koy satisfies (i) and
has 0(H) = 2k — 1, but does not have k disjoint cycles, because a(H) = k+1 > |H| —2k.
There are several works refining Theorem 1.1. Dirac and Erd6s [7] showed that if a graph
G has many more vertices of degree at least 2k than vertices of degree at most 2k — 2,
then G has k disjoint cycles. Dirac [6] asked:

Question 1.2. Which (2k — 1)-connected graphs do not have k disjoint cycles?

He also resolved his question for £ = 2 by describing all 3-connected multigraphs
on at least 4 vertices in which every two cycles intersect. It turns out that the only
simple 3-connected graphs with this property are wheels. Lovész [20] fully described all
multigraphs in which every two cycles intersect.

The following result in this paper yields a full answer to Dirac’s question for simple
graphs.

Theorem 1.3. Let k > 2. Every graph G with (i) |G| > 3k and (ii) §(G) > 2k—1 contains
k disjoint cycles if and only if

(H3) a(G) < |G| — 2k, and
(H4) if k is odd and |G| = 3k, then G # 2K}, V K}, and if k = 2 then G is not a wheel.

Since for every independent set I in a graph G and every v € I, N(v) CV(G) — I, if
§(G) > 2k —1and |I| > |G| — 2k + 1, then |I| = |G| — 2k + 1 and N(v) = V(G) — I for
every v € I. It follows that every graph G satisfying (ii) and not satisfying (H3) contains
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(a) Y1 (b) Yz

Fig. 1. Graphs Y; and Ya.

Kok—1,)¢|-2k+1 and is contained in K|g| — E(K‘G|,2k+1). The conditions of Theorem 1.3
can be tested in polynomial time.

Most likely, Dirac intended his question to refer to multigraphs; indeed, his result for
k = 2 is for multigraphs. But the case of simple graphs is the most important in the
question. In [18] we heavily use the results of this paper to obtain a characterization of
(2k — 1)-connected multigraphs that contain k disjoint cycles, answering Question 1.2 in
full.

Studying Hamiltonian properties of graphs, Ore introduced the minimum Ore-degree
o9: If G is a complete graph, then o2(G) = oo, otherwise o2(G) := min{d(z) + d(y) :
zy ¢ E(G)}. Enomoto [8] and Wang [21] generalized the Corradi-Hajnal Theorem in
terms of oa:

Theorem 1.4 (/8,21]). Let k € Z*. Every graph G with (i) |G| > 3k and
(E2) 02(G) >4k -1
contains k disjoint cycles.

Again H := Kj11 V Ko7 shows that hypothesis (E2) of Theorem 1.4 is sharp. What
happens if we relax (E2) to (H2): 02(G) > 4k — 3, but again add hypothesis (H3)? Here
are two interesting examples.

Example 1.5. Let £ = 3 and Y; be the graph obtained by twice subdividing one of
the edges wz of Ksg, i.e., replacing wz by the path wzyz. Then |Y;| = 10 = 3k + 1,
02(Y1) =9 =4k — 3, and (Y1) =2 < |Y;| — 2k. However, Y; does not contain k = 3
disjoint cycles, since each cycle would need to contain three vertices of the original Kg
(see Fig. 1(a)).

Example 1.6. Let £ = 3. Let @ be the graph obtained from K4 4 by replacing a vertex v
and its incident edges vw, vx, vy, vz by new vertices u, v’ and edges uv’, uw, uz, u'y, u'z;
so d(u) = 3 = d(u') and contracting uv' in @ yields K4 4. Now set Yy := K7 V Q. Then
[Ys| = 10 = 3k + 1, 02(Y2) = 9 = 4k — 3, and a(Y2) = 4 < |Y2| — 2k. However, Yo
does not contain k = 3 disjoint cycles, since each 3-cycle contains the only vertex of K3
(see Fig. 1(b)).
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Our main result is:

Theorem 1.7. Let k € Z+ with k > 3. Every graph G with

(H1) |G| >3k +1,
(H2) 02(G) > 4k — 3, and
(H3) o(G) < |G| — 2k

contains k disjoint cycles, unless k = 3 and G € {Y1,Y2}. Furthermore, there is a
polynomzial time algorithm that either produces k disjoint cycles or demonstrates that
one of the hypotheses fails.

Theorem 1.7 is proved in Section 2. In Section 3 we discuss the case k = 2. In Section 4
we discuss connections to equitable colorings and derive Theorem 1.3 from Theorem 1.7
and known results.

Now we show examples demonstrating the sharpness of hypothesis (H2) that o(G) >
4k — 3, then discuss some unsolved problems, and then review our notation.

Example 1.8. Let k > 3, Q = K3 and G}, := KooV (Kox_3+ Q). Then |Gy| = 4k —2 >
3k+1, 0(Gy) = 2k — 2 and «(Gy) = |Gg| — 2k. If G}, contained k disjoint cycles, then at
least 4k — |G| = 2 would be 3-cycles; this is impossible, since any 3-cycle in Gy, contains
an edge of Q. This construction can be extended. Let k = r + ¢, where k4 3 < 2r < 2k,
Q' = Ko, and put H = G,V Q'. Then |H| = 4r —2+2t = 2k+2r —2 > 3k + 1,
S(H)=2r—2+2t=2k—2and a(H) = 2r — 2 = |H| — 2k. If H contained k& disjoint
cycles, then at least 4k — |H| = 2t + 2 would be 3-cycles; this is impossible, since any
3-cycle in H contains an edge of @ or a vertex of Q'.

There are several special examples for small k. The constructions of Y; and Y, can
be extended to k = 4 at the cost of lowering o5 to 4k — 4. Below is another small family
of special examples. The blow-up of G by H is denoted by G[H]; that is, V(G[H]) =
V(G) x V(H) and (z,y)(2',y') € E(G[H]) if and only if z2’ € E(G), or x = 2’ and
yy € E(H).

Example 1.9. For k = 4, G := C5[K3] satisfies |G| = 15 > 3k + 1, 6(G) = 2k — 2
and a(G) = 6 < |G| — 2k. Since girth(G) = 4, we see that G has at most % <k
disjoint cycles. This example can be extended to k = 5,6 as follows. Let I = Ky_g and
H=GVI Then |G| =2k+7>3k+1,6=2k—2and o(G) =6 < |G| -2k =T.
If H has k disjoint cycles then each of the at least k — (2k — 8) = 8 — k cycles that do
not meet I use 4 vertices of G, and the other cycles use at least 2 vertices of G. Then
15 = |G| > 2k 4+ 2(8 — k) = 16, a contradiction.

Unsolved problems 1. For every fixed k, we know only a finite number of extremal
examples. It would be very interesting to describe all graphs G with 09(G) = 4k — 4
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that do not have k disjoint cycles, but this most likely would need new techniques and
approaches.

2. Recently, there were several results in the spirit of the Corradi-Hajnal Theorem
giving degree conditions on a graph G sufficient for the existence in G of k disjoint
copies of such subgraphs as chorded cycles [1,3] and ©-graphs [4]. It could be that our
techniques can help in similar problems.

3. One also may try to sharpen the above-mentioned theorem of Dirac and Erdds [7].

Notation A bud is a vertex with degree 0 or 1. A vertex is high if it has degree at least
2k — 1, and low otherwise. For vertex subsets A, B of a graph G = (V, E), let

IA, Bl := > {wv € E(G) : v € B}|.

u€eA

Note A and B need not be disjoint. For example, ||V, V| = 2||G|| = 2|E|. We will abuse
this notation to a certain extent. If A is a subgraph of G, we write ||A, B|| for ||V (A), B||,
and if A is a set of disjoint subgraphs, we write [A, B| for |Uyc4 V (H), B|. Similarly,
for u € V(G), we write |lu, B|| for ||[{u}, B||. Formally, an edge e = uv is the set {u,v};
we often write ||e, A|| for ||[{u,v}, Al

If T is a tree or a directed cycle and u,v € V(T') we write uT'v for the unique subpath
of T with endpoints u and v. We also extend this: if w ¢ T, but has exactly one neighbor
u € T, we write wTv for w(T+w+wu)v. Finally, if w has exactly two neighbors u,v € T,
we may write wTw for the cycle wuTvw.

2. Proof of Theorem 1.7

Suppose G = (V, E) is an edge-maximal counterexample to Theorem 1.7. That is,
for some k > 3, (H1)—(H3) hold, and G does not contain & disjoint cycles, but adding
any edge e € FE(G) to G results in a graph with k disjoint cycles. The edge e will be
in precisely one of these cycles, so G contains k — 1 disjoint cycles, and at least three

additional vertices. Choose a set C of disjoint cycles in G so that:

(01) |C| is maximized;

(02) subject to (O1), > e |C] is minimized;

(03) subject to (O1) and (02), the length of a longest path P in R := G — |JC is
maximized;

(04) subject to (01), (02), and (03), | R|| is maximized.

Call such a C an optimal set. We prove in Subsection 2.1 that R is a path, and in
Subsection 2.2 that |R| = 3. We develop the structure of C in Subsection 2.3. Finally, in
Subsection 2.4, these results are used to prove Theorem 1.7.

Our arguments will have the following form. We will make a series of claims about
our optimal set C, and then show that if any part of a claim fails, then we could have
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improved C by replacing a sequence C1,...,C; € C of at most three cycles by another
sequence of cycles C1, ..., C},. Naturally, this modification may also change R or P. We
will express the contradiction by writing “C1,...,C{, R', P’ beats C1,...,Cs, R, P,” and
may drop R’ and R or P’ and P if they are not involved in the optimality criteria.

This proof implies a polynomial time algorithm. We start by adding enough extra
edges—at most 3k—to obtain from G a graph with a set C of k disjoint cycles. Then
we remove the extra edges in C one at a time. After removing an extra edge, we calcu-
late a new collection C’. This is accomplished by checking the series of claims, each in
polynomial time. If a claim fails, we calculate a better collection (again in polynomial
time) and restart the check, or discover an independent set of size greater than |G| —
(Observe that if I is an independent set with |I| > n—2k+1, then there exists z € I with
I =V ~ N(x), so the existence of |I| can be checked in polynomial time.) As there can
be at most n? improvements, corresponding to adjusting the four parameters (01)—(04),
this process ends in polynomial time.

We now make some simple observations. Recall that |C| = k — 1 and R is acyclic. By
(02) and our initial remarks, |R| > 3. Let a; and ag be the endpoints of P. (Possibly,
R is an independent set, and a1 = as.)

Claim 2.1. For all w € V(R) and C € C, if |w,C| > 2 then 3 < |C| <6 — ||w,C||. In
particular, (a) ||w,C|| < 3, (b) if ||lw,C|| = 3 then |C| = 3, and (c) if |C| = 4 then the
two neighbors of w in C' are nonadjacent.

Proof. Let 8 be a cyclic orientation of C. For distinct u,v € N(w) N C, the cycles
wuﬁvw and wuCow have length at least |C| by (02). Thus 2||C| < |\wu8vw|| +
||quvw|| = ||C|| +4, so |C| < 4. Similarly, if ||w, C|| > 3 then 3||C|| < ||C|| + 6, and so
|C|=3. O

The next claim is a simple corollary of condition (02).
Claim 2.2. If 2y € E(R) and C € C with |C| > 4 then N(z) N N(y)NC = 0.
2.1. R is a path

Suppose R is not a path. Let L be the set of buds in R; then |L| > 3.
Claim 2.3. For all C € C, distinct x,y,z € V(C), i € [2], and uw € V(R — P):
(a) {uxvuy7a/iz} ,¢— E;

(d) [{u,a:}, C|| < 4;
(¢) {a;z,a;y,a3_;z,zu} € E;
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Fig. 2. Claim 2.3.

(d) if [{a1, a2}, C|| = 5 then [lu, C|| = 0;
(e) {u,a;}, R|| > 1; in particular ||a;, R|| = 1 and |P| > 2;
(f) 4—|lu, R|| < |{w,a:},C| and |[{u,a;}, D|| =4 for at least |C| — ||u, R|| cycles D € C.

Proof. (a) Else uz(C — z)yu, Pa;z beats C, P by (03) (see Fig. 2(a)).

(b) Else |C| = 3 by Claim 2.1. Then there are distinct p,q,r € V(C) with up, ug,
a;r € E, contradicting (a).

(c) Else a;z(C — z)ya;, (P — a;)az—;zu beats C, P by (03) (see Fig. 2(b)).

(d) Suppose ||{a1,as},C|| > 5 and p € N(u) N C. By Claim 2.1, |C| = 3. Pick j € [2]
with pa; € E, preferring ||a;, C|| = 2. Then V(C) —p C N(as—;), contradicting (c).

(e) Since a; is an end of the maximal path P, we get N(a;) N R C P; so a;u ¢ E.
By (b)

4(k-1) > |{u,a:}, VN R|| > 4k — 3 — ||{u, a;}, R|| . (2.1)

Thus ||{u, a;}, R|| > 1. Hence G[R] has an edge, |P| > 2, and ||a;, P|| = |ja;, R|| = 1.
(f) By (2.1) and (e), |[{u,a;}, V ~ R|| > 4/|C|—||u, R||. Using (b), this implies the second
assertion, and ||{u, a;},C|| +4(|C| — 1) > 4|C| — ||u, R|| implies the first assertion. O

Claim 2.4. |P| > 3. In particular, a1a2 ¢ E(G).

Proof. Suppose |P| < 2. Then |ju, R|| < 1. As |L| > 3, there is a bud ¢ € L \ {a1,a2}.
By Claim 2.3(f), there exists C = z1...2:21 € C such that ||{c,a1},C|| = 4 and
{e, as}, Cl| = 3.

If ||e, C|| = 3 then the edge between a; and C contradicts Claim 2.3(a). If ||lc,C|| =1
then |[{a1, a2}, C|| = 5, contradicting Claim 2.3(d). Therefore, we assume |lc,C|| = 2 =
lla1, C|| and |laz,C|| > 1. By Claim 2.3(a), N(a1) U N(az) = N(c), so there exists
zi € N(a1) N N(a2) and z; € N(c) — z;. Then ajasz;a1, czjzj+1 beats C, P by (03). O

Claim 2.5. Let c€ L — a1 —az, C €C, and i € [2].

(a) |la1,Cl| =3 if and only if ||c, C|| = 0, and if and only if ||az, C|| = 3.
(b) There is at most one cycle D € C with ||a;, D|| = 3.
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(c) For every C €C, |la;,C|| > 1 and ||c,C|| < 2.
(d) If [{ai, c}, C|l = 4 then |la;, Cl| = 2 = |lc, C]|.

Proof. (a) If |lc,C|| = 0 then by Claims 2.1 and 2.3(f), ||a;,C|| = 3. If ||a;,C|| > 3
then by Claim 2.3(b), ||¢, C|| < 1. By Claim 2.3(f), ||as—:, C|| > 2, and by Claim 2.3(d),
lle, |l = 0.

(b) Asc € L, ||e, R|| < 1. Thus Claim 2.3(f) implies ||¢, D|| = 0 for at most one cycle
Dec.

(¢) Suppose ||¢, C|| = 3. By Claim 2.3(a), ||[{a1, a2}, C|| = 0. By Claims 2.4 and 2.3(d):

4k — 3 < |{a1,a2}, RUCU(V = R—C)|| <2+ 0+ 4(k — 2) = 4k — 6,

a contradiction. Thus ||¢, C|| < 2. Thus by Claim 2.3(f), ||a;, C|| > 1.
(d) Now (d) follows from (a) and (¢). O

Claim 2.6. R has no isolated vertices.

Proof. Suppose ¢ € L is isolated. Fix C € C. By Claim 2.3(f), ||{c,a1},C|| = 4. By
Claim 2.5(d), |la1,C|| =2 = ||le, C||; so d(¢) = 2(k — 1). By Claim 2.3(a), N(a;) N C =
N(e)NnC.Let w € V(C)NN(c). Then d(w) > 4k—3—d(c) = 2k—1 = 2|C|+ 1. Therefore,
either ||w, R|| > 1 or |[N(w) N D| = 3 for some D € C. In the first case, ¢(C' — w)c beats
C by (04). In the second case, by Claim 2.5(c) there exists some z € N(a;) N D. Then
c(C —w)e,w(D — z)w beats C, D by (03). O

Claim 2.7. L is an independent set.

Proof. Suppose cico € E(L). By Claim 2.4, ¢1,¢co ¢ P. By Claim 2.3(f) and using
k > 3, there is C' € C with ||[{a1,c1},C| = 4 and ||{a1,c2},C||, [[{az2,c1},C| > 3.
By Claim 2.5(d), ||la1,C|| = 2 = |le1,CJJ; so |laz, Cl|, ||e2, C|| > 1. By Claim 2.3(a),
N(a1) N C,N(az) N C C N(ep) N C. Then there are distinct z,y € N(c1) N C with
zay, xas,ya; € E. If xcy € E then cicoxeq, yai Pas beats C; P by (03). Else ay Paszay,
c1(C — z)cacq beats C, P by (0O1). O

Claim 2.8. If |L| > 3 then for some D € C, ||I,C|| = 2 for every C € C — D and every
lelL.

Proof. Suppose some D1,Dy € C and l1,ls € L satisfy D1 # Do and ||l1, D1|| # 2 #
l[l2, D2|-

CASE 1: [; ¢ {a1, a2} for some j € [2]. Say j = 1. For ¢ € [2]: ||{a;, 1}, D1|| # 4 by
Claim 2.5(d); |{ai,l1}, D2|| = 4 by Claim 2.3(f); ||a;, D2|| = 2 by Claim 2.5(d). Then
la ¢ {a1,a2}. By Claim 2.7, l;ly ¢ E(G). Claim 2.5(c) yields the contradiction:

4k—3§H{ll,lg},RUDlUDQU(V—R—Dl—DQ)H§2+3+3+4(l€—3):4]€—4.
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Fig. 3. Claim 2.10.

CASE 2: {l1,ls} C {a1,a2}. Let ¢ € L — I3 — l2. As above, ||{l1,c}, D1]| # 4, and so
lle, D2l = 2 = ||l1, D2||. This implies I3 # lp. By Claim 2.5(a, ¢), ||l2, D2|| = 1. Thus
I{l2,c}, D1]| = 4; so |le, D1|| = 2, and ||l;, D1|| = 1. With Claim 2.4, this yields the
contradiction:

4k — 3 < |{l1,12}, RUD, UDy U (V — R — Dy — Dy)]|
<24343+44(k—3)=4k—4. O

Claim 2.9. R is a subdivided star (possibly a path).

Proof. Suppose not. Then we claim R has distinct leaves c¢1,dy,co,da € L such that
c1Rd; and coRds are disjoint paths. Indeed, if R is disconnected then each component
has two distinct leaves by Claim 2.6. Else R is a tree. As R is not a subdivided star,
it has distinct vertices s; and s with degree at least three. Deleting the edges and
interior vertices of sy Rso yields disjoint trees containing all leaves of R. Let T; be the
tree containing s;, and pick ¢;,d; € T;.

By Claim 2.8, using k > 3, there is a cycle C' € C such that ||I,C|| =2 for all l € L.
By Claim 2.3(a), N(a1)NC = N(I)NC = N(az2) N C =: {wy,ws} for l € L — a1 — as.
Then replacing C in C with wyc; Rdiw; and wsco Rdows yields k disjoint cycles. 0O

Claim 2.10. R is a path or a star.

Proof. By Claim 2.9, R is a subdivided star. If R is neither a path nor a star then there
are vertices 7, p,d with ||r, R|| > 3, ||lp, R|| =2, d € L — a3 — a2 and (say) pa; € E. Then
as Rd is disjoint from pa; (see Fig. 3(a)). By Claim 2.5(c), d(d) < 1+2(k—1) =2k — 1.
Then:

Ip,V =Rl >4k —3—|p,R| —d(d) >4k —5— (2k—1) =2k —4>2.  (2.2)

In each of the following cases, R U C has two disjoint cycles, contradicting (O1).

CASE 1: ||p,C|| = 3 for some C € C. Then |C| = 3. By Claim 2.5(a), if ||d,C|| =0
then |la1,C|| = 3 = |lag,C||. Then for w € C, wa;pw and as(C — w)ag are disjoint
cycles (see Fig. 3(b)). Else by Claim 2.5(c), ||d,C||, |laz,C|| € {1,2}. By Claim 2.3(f),
I{d,az2},C|| > 3, so there are l1,la € {ag,d} with ||I1,C|| > 1 and ||i2,C|| = 2; say
w € N(I;)NC. If lsw € E then wlj Rlaw and p(C' —w)p are disjoint cycles (see Fig. 3(c));
else lywpRIl; and I5(C — w)ls are disjoint cycles (see Fig. 3(d)).
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CASE 2: There are distinct C1,Cy € C with ||p, C1||, ||p, C2|| > 1. By Claim 2.8, for
somei € [2]and allc € L, ||c, Ci|| = 2. Let w € N(p)NC;. If wa; € E then D := wpajw is
a cycle and G[(C; —w)UagRd] contains cycle disjoint from D. Else, if w € N(a2) UN(d),
say w € N(c), then a1(C; — w)a; and cwpRc are disjoint cycles. Else, by Claim 2.1
there exist vertices u € N(ag) N N(d) N C; and v € N(ay) N C; — u. Then was Rdu and
a1v(C; — u)wpa; are disjoint cycles.

CASE 3: Otherwise. Then using (2.2), ||p,V — R|| = 2 = ||p, C|| for some C € C. In
this case, k = 3 and d(p) = 4. By (H2), d(az2),d(d) > 5. Say C = {C, D}. By Claim 2.3(b),
{0z, d}, D]l < 4. Thus,

I{az,d}, C| = |{a2,d},(V—-—R—-D)|| >10 -2 -4 =4.

By Claim 2.5(c, d), |jaz,C|| = ||d,C|| = 2 and ||a1,C|| > 1. Say w € N(a1)NC. Ifwp € E
then dRas(C' — w)d contains a cycle disjoint from wajpw. Else, by Claim 2.3(a) there
exists * € N(az) N N(d) N C. If © # w then zagsRdzx and wa;p(C — z)w are disjoint
cycles. Else x = w, and zasRdx and p(C — w)p are disjoint cycles. O

Lemma 2.11. R is a path.

Proof. Suppose R is not a path. Then it is a star with root r and at least three leaves,
any of which can play the role of a; or a leaf in L — a; — a. Thus Claim 2.5(c) implies
II1,C € {1,2} for all I € L and C € C. By Claim 2.8 there is D € C such that for all
l€Land C e C—D,|,C| = 2. By Claim 2.3(f) there is | € L such that for all c € L—1,
le, D|| = 2. Fix distinct leaves I',1” € L — 1.

Let Z = N(I')-=R and A =V~ (ZU{r}). By the first paragraph, every C € C satisfies
|ZNC|=2,s0 |A| = |G| — 2k + 1. For a contradiction, we show that A is independent.

Note AN R = L, so by Claim 2.7, AN R is independent. By Claim 2.3(a),

forallce L and forall C € C, N(c)nC C Z. (2.3)

Therefore, | L, A|| = 0. By Claim 2.1(c), for all C' € C, CN A is independent. Suppose, for
a contradiction, A is not independent. Then there exist distinct C,Cy € C, v1 € ANCY,
and v € AN Cy with v1ve € E. Subject to this choose Cy with ||vy, C2|| maximum. Let
ZNCy ={z1,22} and ZNCy = {y1,y2}.

CASE 1: |juy, C2|| > 2. Choose i € [2] so that ||v1,C2 — y;]| > 2. Then define C} :=
v1(Cy — yi)v1, C5 :=1'z1(C1 — v1)xl’, and P* := y,;l"rl (see Fig. 4(a)). By (2.3), P* is
a path and C5 is a cycle. Then C5, C5, P* beats C1,Cy, P by (03).

CASE 2: ||lv1, C2|| < 1. Then for all C € C, ||v1,C|| < 2 and ||v1, C2|| = 1; so |jv1,C|| =
[lv1,CoU(C—Co)|| <142(k—2)=2k—3. By (2.3) ||lv1, L|| =0 and d(I) < 2k — 1. By
(H2), [Jor,7[| = llvr, Rl = (4k = 3) = [|lv1, C|| = d(l) < (4k = 3) = (2k —=3) = (2k — 1) = 1,
and vir € E. Let C} :=U'z1(Cy — v1)aal!, Cf = 1"y1(Cy — v3)yl”, and P* := vyvyrl
(see Fig. 4(b)). Then CF,C5, P* beats C1,Co, P by (03). O
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Fig. 4. Claim 2.10.

2.2. |R| =3

By Lemma 2.11, R is a path, and by Claim 2.4, |R| > 3. Next we prove |R| = 3. First,
we prove a claim that will also be useful in later sections.

Claim 2.12. Let C be a cycle, P = v1vy...vs be a path in R, and 1 < i < s. At most one
of the following two statements holds.

(1) (a) |z, v1Pvi—1]| > 1 for all x € C or (b) ||z, v1Pvi—1| > 2 for two x € C;
(2) (¢) lly,viPus|| =2 for some y € C or (d) N(v;) N C # 0 and ||v;41Pvs, C| > 2.

Proof. Suppose (1) and (2) hold. If (c) holds then the disjoint graphs G[v; Pvs + y] and
G[v1Pv;—1 U C — y] contain cycles. Else (d) holds, but (c) fails; say z € N(v;) N C
and z ¢ N(v;41Pvs). If (a) holds then G[v1Pv; + z] and Glv;11Pvs U C — z] contain
cycles. If (b) holds then G[v; Pv;—1 + w] and G[v; Pvs U C — w] contain cycles, where
Hw,levi_lﬂ >2. O

Suppose, for a contradiction, |R| > 4. Say R = ajajaf ...aYabas. It is possible that
ay € {al,ak}, etc. Set e; := a;a}, = {a;,a}} and F :=e; Ues.

Claim 2.13. If C € C, h € [2] and |len, C|| > |les—pn, C|| then |C,F|| < 7; if |C,F|| =17
then

|IC| =3, |lan, C|| =2, |a},,C|l =3, |la)Raz_pn,C| =2, and N(ap)NC = N(esz_p)NC.

Proof. We will repeatedly use Claim 2.12 to obtain a contradiction to (O1) by showing
that G[C U R] contains two disjoint cycles. Suppose ||C, F|| > 7 and say h = 1. Then
llex, C|| > 4. There is x € e; with ||z, C|| > 2. Thus |C| < 4 by Claim 2.1, and if |C| =4
then no vertex in C has two adjacent neighbors in F. Then (1) holds with v; = a; and
v; = ab, even when |C| = 4.

If |e1, C|| = 4, as is the case when |C| = 4, then |le2, C|| > 3. If |C| = 4 there is a cycle
D := yzabasy for some y,z € C. As (a) holds, GlayRay U C — y — z] contains another
disjoint cycle. Thus, |C| = 3. As (¢) must fail with v; = a4, (a) and (c) hold for v; = a}
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and v = ag, a contradiction. Then |ley, C|| > 5. If ||a1,C|| = 3 then (@) and (c) hold
with v1 = a1 and v; = a}. Now ||a1,C| = 2, ||a},C|| = 3 and ||a} Rag, C|| > 2. If there
isbe P—ej;and c€ N(b)NV(C) ~\ N(a1) then Glaj Raz + ] and G[a1(C — ¢)ai] both
contain cycles. For every b € R—ey, N(b)NC C N(ay). Then if ||} Raz, C|| > 3, (c) holds
for v1 = a; and v; = af, contradicting that (1) holds. Now ||a} Ras, C|| = |le1,C|| = 2
and N(a1) = N(e2). O

Lemma 2.14. |R| = 3 and m := max{|C|: C € C} = 4.

Proof. Let t = [{C € C: |F,C|| < 6}| and r = |[{C € C : |C| > 5}|. It suffices to show
r =0 and |R| = 3: then m < 4, and |V(C)| = |G| — |R| > 3(k — 1) + 1 implies some
C € C has length 4. Choose R so that:

(P1) R has as few low vertices as possible, and subject to this,
(P2) R has a low end if possible.

Let C € C. By Claim 2.13, ||F,C|| < 7. By Claim 2.1, if |C| > 5 then |ja,C|| <1 for
all a € F; so |F,C|| < 4. Thus r < t. Hence

24k —3) < |F,(V~R)UR| <7(k—1)—t—2r +6 <Th—t—2r—1.  (2.4)

Therefore, 5 — k >t + 2r > 3r > 0. Since k > 3, this yields 3r < t+2r < 2,so0r =0
and t < 2, with t = 2 only if k£ = 3.

CASE 1: k — t > 3. That is, there exist distinct cycles C1,Cy € C with ||F,C;|| > 7.
In this case, ¢ < 1: if £ = 3 then C = {C1,Cs} and ¢t = 0; if £ > 3 then ¢t < 2. For
both ¢ € [2], Claim 2.13 yields |F,C;|| = 7, |C;| = 3, and there is z; € V(C;) with
||zs, R|| = 1 and ||y, R|| = 3 for both y € V(C; — x;). Moreover, there is a unique index
j = B(i) € [2] with ||a},Ci|| = 3. For j € [2], put I; := {i € [2] : B(i) = j}; that is,
I ={i € [2] : ||la}, Cil| = 3}. Then V(C;) —x; = N(agw)) NCi = N(ez_pay) N Ci. As
ziag;) ¢ E, one of 2;,ap(;) is high. As we can switch x; and ag(;) (by replacing C; with
ap(i)(Ci — xi)agy and R with R — ag(;) + 2;), we may assume ag;) is high.

Suppose I; # 0 for both j € [2]; say ||a}, C1|| = ||ab, C2|| = 3. Then for all B € C and
J € [2], a; is high, and either ||a;j, B|| <2 or ||F, B|| < 6. Since ¢t < 1, we get

2k—1 S d((lj) = ||a],BUF|| + ||aj,C—B|| S ||aj,B|| +1+2(k—2)+t
< 2%k —2+ |laj, B].

Thus N(a;) N B # 0 for all B € C. Let y; € N(ag—;) N C;. Then using Claim 2.13,
y;j € N(a;), and a1 (C1 — y1)a], a5(Co — ya2)ah, aryiasy2a; beats Cp,Cy by (O1).

Otherwise, say Iy = 0. If B € C with || F, B|| < 6 then |le1, B|| + 2|laz, B|| < || F, B|| +
|laz, Bl < 9. Thus, using Claim 2.13,
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(a)

Fig. 5. Lemma 2.14, Case 1.

2(4k — 3) < d(ay) + d(a}) + 2d(az) = 5+ |le1,C|| + 2|jaz,C|| < 5+ 6(k —1—t) + 9t

= 2k <5+ 3t.

Since k —t > 3 (by the case), we see 3(k —t) + (5 + 3t) > 3(3) + 2k and so k > 4.
Since t < 1, in fact kK = 4 and t = 1, and equality holds throughout: say B is the
unique cycle in C with ||F, B|| < 6. Then |lag, B|| = ||e1, B|| = 3. Using Claim 2.13,
d(a1) + d(a}) = |lex, R|| + |le1,C — B|| + |le1, B|| = 3+ 4+ 3 = 10, and d(a1),d(a2) >
(4k —3) —d(az) = 13— (1+4+3) = 5, so d(a1) = d(az) = 5. Note a; and ag share
no neighbors: they share none in R because R is a path, they share none in C — B by
Claim 2.13, and they share no neighbor b € B lest ajafba; and ay(B — b)as beat B by
(O1). Thus every vertex in V' — e; is high.

Since ||e1, B|| = 3, first suppose ||a1, B|| > 2, say B —b C N(aq). Then a;1(B — b)as,
ajabarb beat B, R by (P1) (see Fig. 5(a)). Now suppose |a}, B|]| > 2, this time with
B —b C N(a}). Since d(a;) =5 and ||a;, RU B|| < 2, there exists ¢ € C' € C — B with
aic € E(G). Now ¢ € N(az) by Claim 2.13, so a} (B —b)a}, a5(C —¢)al, and ajcasb beat
B,C, and R by (P1) (see Fig. 5(b)).

CASE 2: k —t < 2. That is, ||F,C| < 6 for all but at most one C € C. Then,
since 5 — k > ¢, we get k = 3 and |F, V]| < 19. Say C = {C, D}, so ||[F,C UD| >
2(4k —3) — ||F,R|| = 2(4-3 —3) — 6 = 12. By Claim 2.13, ||F,C||, ||F,D|| < 7. Then
|F,Cl||, ||F, D] > 5.If |R| > 5, then for the (at most two) low vertices in R, we can choose
distinct vertices in R not adjacent to them. Then |R,V — R|| > 5|R|—2—||R, R|| = 3|R|.
Thus we may assume ||R,C| > [3|R|/2] > |R| +3 > 8. Let w’ € C be such that
q = |[w', R|| = max{||lw, R|| : we€ C}. Let N(w')NR = {v;,,...,v;, } with i} <...<i,.
Suppose ¢ > 4. If ||vyRv;,,C — w'|| > 2 or ||vi,4+1Rvs,C — w'|| > 2, then G[C U R]
has two disjoint cycles. Otherwise, ||R,C — w'|| < 2, contradicting ||R,C|| > |R| + 3.
Similarly, if ¢ = 3, then ||v1Rv;,—1,C — w'|| < 1 and ||vi,4+1Rvs,C — w'|| < 1 yielding
[vin, Cll = [ R, Cll = [[(R = v3,), € = w'[| = | R = viy, w'| = (|R[ +3) =2 = (3-1) > 4, a
contradiction to Claim 2.1(a). Therefore, ¢ < 2, and hence |R| + 3 < ||R,C|| < 2|C|. It
follows that |R| = 5, |C| = 4 and ||w, R|| = 2 for each w € C. This in turn yields that
G[C U R] has no triangles and ||v;, C|| < 2 for each ¢ € [5]. By Claim 2.13, ||F,C|| < 6,
so ||vg, C|| = 2. Thus we may assume that for some w € C, N(w) N R = {v1,v3}. Then
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lle2, C|l = |le2, C — w]| < 1, lest there exist a cycle disjoint from wvivavsw in G[C U R].
Therefore, |le;,C|| > 8 — 1 —2 = 5, a contradiction to Claim 2.1(b). This yields |R| < 4.

Claim 2.15. Either aq or as is low.

Proof. Suppose a; and as are high. Then since |R, V|| < 19, we may assume a] is low.
Suppose there is ¢ € C with cas € E and ||a;, C — ¢|| > 2. If afc € E, then RUC contains
two disjoint cycles; so ajc ¢ E and hence c is high. Thus either a; (C —c¢)ay is shorter than
C or the pair a1 (C'—c)az, cagaba) beats C, R by (P2). Thus if cas € E then |la;,C —¢|| <
1. As ag is high, |lag, C|| > 1 and hence ||a1, C|| = |la1,C ~ N(az2)|| + ||a1, N(a2)| < 2.
Similarly, ||a1, D|| < 2. Since a; is high, we see ||a1,C|| = ||a1, D|| = 2, and d(a1) = 5.
Hence

N(az)NC C N(a)NC and N(az)ND C N(ay)ND. (2.5)

As as is high, d(az) = 5 and in (2.5) equalities hold. Also d(a}) = 4 < d(a}).

If there are ¢ € C and i € [2] with ca;, cal € E then by (02), |C| = 3. Also cala;c,
as_,a3—;(C — ¢) beats C, R by either (P1) or (P2). (Recall N(a;) N C = N(a2)NC
and neighbors of ag in C are high.) Then N(a;) N N(a;) = 0. Thus the set N(a;) — R =
N(az)— R contains no low vertices. Also, if ||a}, C|| > 1 then |C| = 3: else C has the form
c1eacscqcy, where ajer, a1z € E, and so aja)cicaar, czeqasal beats C) R by either (P1)
or (P2). Thus |C| = 3 and dfc € E for some ¢ € V(C) — N(ay). If |jah, C|| > 1, we have
disjoint cycles cajahe, ai(C'—c)ay and D. Then ||a}, C|| = 0,s0 d(a}) < 2+|D~N(a1)| <
4. Now a and a}, are symmetric, and we have proved that ||a}, C||+||a}, C|| < 1. Similarly,
lai, D] + ||ab, D|| < 1, a contradiction to d(a}),d(ah) > 4. O

By Claim 2.15, we can choose notation so that a; is low.
Claim 2.16. If a is low then each v € V \ ey is high.
Proof. Suppose v € V — e is low. Since a; is low, all vertices in R — e; are high, so
v € C for some C € C. Then C’ := veyv is a cycle and so by (02), |C| = 3. Since ay is
high, ||az, C|| > 1. As v is low, vas ¢ E. Since af is low, it is adjacent to the low vertex
v, and ||a],C —v| < 1. Then C’, abas(C — v) beats C, R by (P1). O

Claim 2.17. If |C| = 3 and ||e1, C||, |le2, C|| > 3, then either

(@) |le,er|| =1=|le, ez for allc e V(C) or
(b) a} is high and there is ¢ € V(C') with ||c, R|| = 4 and C — ¢ has a low vertex.

Proof. If (a) fails then ||c, e;|| = 2 for some i € [2] and ¢ € C. If |leg—;, C — ¢|| > 2 then
there is a cycle C' € C' Ues_; — ¢, and RU C contains disjoint cycles ce;c and C’. Else,
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le, BRIl = lle,ell + (IC, es—ill = [IC = ¢, es—ill) 2 2+ (3 —-1) =4 = |R].

If C'— ¢ has no low vertices then cejc, eo(C —c) beats C, R by (P1). Then C' —c contains a
low vertex ¢'. If @} is low then ¢’afa;c¢’ and casalc are disjoint cycles. Thus, (b) holds. O

CASE 2.1: |D| = 4. By (02), GI[R U D] does not contain a 3-cycle. Then 5 < d(aq) <
3+ |lag, C|| < 6. Thus d(ay),d(a}) > 3.

Suppose |e1, D|| > 3. Pick v € N(a1) N D with minimum degree, and v € N(aj)ND.
Since N(a1)ND and N(a})ND are nonempty, disjoint and independent, we see vv’ € E.
Say D = vv'ww'v. As D = Ky and low vertices are adjacent, D' := aiajv'va; is
a 4-cycle and v is the only possible low vertex in D. Note a;w ¢ E: else ajww'vay,
v'ajabas beats D, R by (P1). As |le1,D|| > 3, ajw’ € E. Also note |ez, ww’|| = 0:
else Glag, ab, w,w'] contains a 4-path R’, and D', R’ beats D, R by (P1). Similarly, re-
placing D’ by D" := ajajw’vay yields |le2,v’|| = 0. Then |le; Ues,D|| < 3+ 1 = 4,
a contradiction. Thus

ller,D|| <2 andso |R,D| <6. (2.6)

Suppose d(a}) = 3. Then ||a}, D|| < 1. Then there is uv € E(D) with ||a},uv|| = 0.
Thus d(u),d(v),d(az) > 6, and |laz,C|| = 3. Now |C| = 3, |G| = 11, and there is
w € N(u)NN@w). Ifw e C put C' = az2(C —w)ag; else C’ = C. In both cases, |C'| = |C]
and Jwuvw| = 3 < |D|, so C’, wuvw beats C, D by (02). Thus d(a}) > 4. If d(a;) = 3
then d(as),d(a}) > 9 —3 =6, and |laz, C|| > 3. By (2.6),

|R,C||>34+4+6+6—|RR|—|R,D|>19-6—-6=7,

contradicting Claim 2.13. Then d(a1) = 4 < d(a}) and by (2.6), |le1, C|| > 3. Thus (2.6)
fails for C' in place of D; so |C| = 3. As |laz2, C|| > 2 and ||a}, C|| > 1, Claim 2.17 implies
either (a) or (b) of Claim 2.17 holds. If (a) holds then (a) and (d) of Claim 2.12 both
hold, and so G[C' U R] has two disjoint cycles. Else, Claim 2.17 gives aj is high and
there is ¢ € C with ||¢c, R|| = 4. As a} is high, ||R,C| > 7. Now ||c, R|| = 4 contradicts
Lemma 2.13.

CASE 2.2: |C| = |D| = 3 and ||R, V| = 18. Then d(a1)+d(ah) = 9 = d(a})+d(az), a1
and a} are low, and by Claim 2.16 all other vertices are high. Moreover, d(a}) < d(a1),
since

18 = ||R, V|| = d(a}) — d(a1) + 2d(a1) + d(ay) + d(az) > d(a}) — d(ar) + 9 + 9.

Suppose d(a}) = 2. Then d(v) > 7 for all v € V —aja}af. In particular, CUD C N (az).
If d(aq1) = 2 then d(ab) > 7, and G = Yy. Else |ja;,C U D| > 2. If there is ¢ € C with
V(C) — ¢ C N(ay), then a1(C — ¢)ay, ajabazc beats C, R by (P1). Else d(a;) = 3,
d(a%) = 6, and there are ¢ € C and d € D with ¢,d € N(ay). If cay, € E then CUR
contains disjoint cycles ajcabala; and az(C — ¢)ag, so assume not. Similarly, assume
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day ¢ E. Since d(d) > 7 and a},ay ¢ N(d), we see ¢d € E(G). Then there are three
disjoint cycles ab(C' — ¢)ah, as(D — d)asg, and ajeda;. Thus d(af) > 3.

Suppose d(a}) = 3. Say ajv € E for some v € D. As d(az) > 6, ||az, D|| > 2. Then
es + D — v contains a 4-path R’. Thus ajv ¢ E: else vejv, R’ beats D, R by (P1). Also
la1, D —v|] < 1: else a1 (D — v)ay, valabas beats D, R by (P1). Then |ja;, D|| < 1.

Suppose |la1, C|| > 2. Pick ¢ € C with C — ¢ C N(ay). Then

asc ¢ E - (2.7)

else a1 (C — ¢)ay, ajahasc beats C, R by (P1). Then |lag, C|| = 2 and |lag, D|| = 3. Also
ajc ¢ E: else picking a different ¢ violates (2.7). As ajc ¢ E, ||c, D|| = 3 and abe € E(G).
Then a1(C — ¢)a1, az(D — v)az and cvajabe are disjoint cycles. Otherwise, ||a1,C|| <1
and d(aq) < 3. Then d(ay) = 3 since d(a1) > d(a}).

Now d(ab) = 6. Say D = vbb'v and a1b € E. As b'a) ¢ E, d(b/) > 9 — 3 = 6. Since
lle2, V|| = 12, we see that ag and af, have three common neighbors. If one is b’ then
D’ := aja)vbay, besd/, and C are disjoint cycles; else ||/, C|| = 3 and there is ¢/ € C
with ||/, e2]| = 2. Then D', d'eac’ and b'(C' — )b’ are disjoint cycles. Thus, d(a}) = 4.

Since a; is low and d(a1) > d(a}), we see d(a;) = d(a}) = 4 and ||{a1,a}},CUD| =5,
so we may assume ||e1, C|| > 3. If ||es, C|| > 3, then because a} is low, Claim 2.17(a) holds.
Now, V(C) C N(e1) and there is « € e; = zy with ||z, C|| > 2. First suppose ||z, C|| = 3.
As z is low, z = ay. Pick ¢ € N(az) N C, which exists because ||ag, C U D|| > 4. Then
a1(C — ¢)ay, ajahasc beats C, R by (P1). Now suppose |z,C|| = 2. Let ¢ € C' ~ N(z).
Then z(C — ¢)x, yces beats C, R by (P1).

CASE 2.3: |C] = |D| =3 and ||R, V|| = 19. Say ||C,R|| =7 and || D, R|| = 6.

CASE 2.3.1: a} is low. Then ||a],C U D| < 4 — ||}, R| = 2, so by Claim 2.13,
le2, C|| = 5 with |lag, C|| = 2. Then 5 < d(ag) < 6.

If d(az) = 5 then d(a1) = d(a}) = 4 and d(ab) = 6. Then ||az, D|| = 2 and ||ab, D|| = 1.
Say D = b1babsby, where asbe,asbs € E. As a} is low, (a) of Claim 2.17 holds. Then
Ib1, a1a}ab]| = 2, and there is a cycle D’ C G[biaia)al]. Then as(D — by)az and D’ are
disjoint.

If d(ag) = 6 then ||laz, D|| = 3. Let ¢; € C' — N(az). By Claim 2.13, ||¢1, R|| = 1, so
¢1 is high, and ||c;, D|| > 2. If ||la5, D|| > 1, then (a) and (d) hold in Claim 2.12 for
v] = ag and v; = aj, so G[D U ciabas] has two disjoint cycles, and coeqczes contains a
third. Therefore, assume |lay, D|| = 0, and so d(ab) = 5. Thus d(a;) = d(a}) = 4. Again,
llex, D|| = 3 = ||az, D||. Now there are « € e; and b € V(D) with D —b C N(z). As a] is
low and has two neighbors in R, if ||z, D|| = 3 then x = a1. Anyway, using Claim 2.17,
G|R + b — ] contains a 4-path R', and z(D — b)z, R’ beats D, R by (P1).

CASE 2.3.2: a] is high. Since 19 = |R, V|| > d(a1) +d(a})+2(9—d(a1)) > 23 —d(a1),
we get d(a1) = 4 and d(a}) = d(a}y) = d(az) = 5. Choose notation so that C' = ¢jeacsey,
D = bibobsby, and ||c1, R|| = 1. By Claim 2.13, there is ¢ € [2] with |a;,C| = 2,
lal, C|| = 3, and a;c; ¢ E. If i = 1 then every low vertex is in N(a;) —aj € DU,
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where C' = ajcacza;. Then C') cialjabas beats C,R by (P1). Thus let i = 2. Now
laz, C|| = 2 = [laz, D|.

Say agbs, asbs € E. Also ||ay, D|| = 0 and ||e1, D|| = 4. Then |[|bj,e1]| = 2 for some
j € [3]. If 5 = 1 then bie;b; and agbybsas are disjoint cycles. Else, say j = 2. By
inspection, all low vertices are contained in {ay, by, b3}. If by and b3 are high then bee; b,
bibzes beats D, R by (P1). Else there is a 3-cycle D’ C G[D + a1] that contains every
low vertex of G. Pick D’ with by € D’ if possible. If by ¢ D’ then D’ and bea}abasbs are
disjoint cycles. If b3 ¢ D’ then D', bzasaba) beats D, R by (P1). Else by ¢ D’, a1by ¢ E,
and by is high. If bja} € E then D', bjajabas beats D, R by (P1). Else, ||b1,C|| = 3.
Then D', bicieoby, and csescs are disjoint cycles. O

2.3. Key lemma

Now |R| = 3; say R = aja’as. By Lemma 2.14 the maximum length of a cycle in C is
4. Fix C = wq ... wqwy € C.

Lemma 2.18. If D € C with |R,D|| > 7 then |D| = 3, |R,D|| = 7 and GIRU D] =
Ko — E(K3).

Proof. Since |R, D|| > 7, there exists a € R with ||a, D|| > 3. By Claim 2.1, |D| = 3. If
|la;, D|| = 3 for any i € [2], then (a) and (c) in Claim 2.12 hold, violating (O1). Then
a1, D|| = |laz, D|| = 2 and ||a/,D|| = 3. If GIRU D] # Kg — K3 then N(a;) N D #
N(az) N D. Then there is w € N(a1) N D with |laz, D — w|| = 2. Then waja’w and
az(D — w)ay are disjoint cycles. O

Lemma 2.19. Let D € C with D = z1...zz1. If |C, D|| > 8 then ||C, D|| = 8 and
W :=G[CUD] €{Kss, KiVKss K3V (Ki+Ks)}
Proof. First suppose |D| = 4. Suppose
W contains two disjoint cycles 7' and C” with |T| = 3. (2.8)

Then C' :=C - C — D+ T + C’ is an optimal choice of k — 1 disjoint cycles, since C is
optimal. By Lemma 2.14, |C’| < 4. Thus C’ beats C by (02).

CASE 1: A(W) = 6. By symmetry, assume dy (wq) = 6. Then ||{z;, zi41}, C — w4 >
2 for some i € {1,3}. Then (2.8) holds with T = wyz4_;25_;wy.

CASE 2: A(W) = 5. Say z1, 22,23 € N(wy). Then |[{z;,24},C — w1| > 2 for some
XS {1,3}. Then (28) holds with T = w1 24_;29w1.

CASE 3: A(W) = 4. Then W is regular. If W has a triangle then (2.8) holds. Else,
say wizi,wiz3 € E. Then 21,23 ¢ N(ws) U N(wy), so 22,24 € N(wz) U N(wy), and
21,23 € N(wg)

Now, suppose |D| = 3.
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CASE 1: dw(z1) = 6 for some h € [3]. Say h = 3. If w;, w;+1 € N(z;) for some i € [4]
and j € [2], then zzw; ow;1323, z;w;w;12; beats C, D by (02). Else for all j € [2],
Iz, C|| = 2, and the neighbors of z; in C' are nonadjacent. If w; € N(z1) N N(22) N C,
then zzw;1wiyo23, 2122w;z1 are preferable to C, D by (02). Whence W = K V K3 3.

CASE 2: dw(z,) < 5 for every h € [3]. Say d(z1) = 5 = d(22), d(z3) = 4, and
wy,we,ws € N(z1). If N(21) N C # N(z2) N C then W — 23 contains two disjoint
cycles, preferable to C, D by (02); if w; € N(z3) for some ¢ € {1,3} then W — wy
contains two disjoint cycles. Then N(z3) = {wz, w4}, and so W = K3 V (K; + K3),
where V(K1) = {w4}, waz12z0wy = K3, and V(K3) = {wy,ws,23}. O

Claim 2.20. For D € C, if |[{w1,ws},D|| > 5 then ||C,D| < 6. If also |D| = 3 then
[{w2, wa}, D|| = 0.

Proof. Assume not. Let D = z1...2z2. Then |[{wy,w3}, D|| > 5 and |C, D|| > 7. Say
|lw1, D) > ||ws, D], {21, 22,23} € N(wy), and z; € N(ws).

Suppose ||wy, D|| = 4. Then |D| = 4. If ||z, C|| > 3 for some h € [4] then there is
a cycle B C Glws, ws, wy, z]; s0 B, wizp412p+2w1 beats C, D by (02). Else there are
je{l—1,1+1} and ¢ € {2,3,4} with z;w; € E. Then zz;[w;ws]z;, wi(D — 2z — z;)w;
beats C, D by (02), where [w;ws] = w3 if i = 3.

Else, ||wy, D|| = 3. By assumption, there is ¢ € {2,4} with ||w;, D|| > 1. If |D| = 3,
applying Claim 2.12 with P := wjw;ws and cycle D yields two disjoint cycles in (DUC)—
wg—;, contradicting (O2). Therefore, suppose |D| = 4. Because wjz120w1 and wq z023w1
are triangles, there do not exist cycles in G[{w;, ws, 23, z4}] or G[{w;, ws, 21, z4}] by (02).
Then ||[{w;, w3}, {23, 24}, [[{wi, ws}, {21, 24} < 1. Since |[{w;, w3}, D|| > 3, one has a
neighbor in z,. If both are adjacent to z9, then w;wszow;, wy 21 2423w1 beat C, D by (02).
Then |[{w;, w3}, 23] = 1 = ||[{w;i, ws}, z1|| = |[{wi,ws}, z3]|. Let z,, be the neighbor of
w;. Then w;w1 2z w;, w3(D — z, )ws beat C, D by (02).

Suppose |D| = 3 and ||[{w1,ws}, D|| > 5. If ||[{ws, w4}, D|| > 1, then C'U D contains
two triangles, and these are preferable to C, D by (02). O

For v € N(C), set type(v) =i € [2] if N(v)NC C {w;, wi42}. Call v light if ||v, C|| = 1;
else v is heavy. For D = z1...221 € C, put H := H(D) := G[RU D|.

Claim 2.21. If ||[{a1, a2}, D|| > 5 then there exists i € [2] such that

(a) G, H| <12 and |[{wi, wiro}, H|| < 4;
(b) IC, H| = 12;
(¢) N(w;)NH = N(w;42)NH ={a1,a2} and N(ws—;)NH = N(ws_;)NH = V(D)U{d'}.

Proof. By Claim 2.1, |D| = 3. Choose notation so that ||ai, D|| = 3 and 23, z3 € N(az).
(a) Using that {wq,ws} and {ws, w4} are independent and Lemma 2.19:

1O, H|| = |0,V — (V — H)|| > 2(4k — 3) — 8(k — 2) = 10. (2.9)
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Let v e V(H). As K4 C H, H — v contains a 3-cycle. If C' 4+ v contains another 3-cycle
then these 3-cycles beat C, D by (02). Thus, type(v) is defined for all v € N(C) N H,
and ||C, H|| < 12. If only five vertices of H have neighbors in C then there is ¢ € [2] such
that at most two vertices in H have type i. Then ||[{w;, w;y2}, H|| < 4. Else every vertex
in H has a neighbor in C. By (2.9), H has at least four heavy vertices.

Let H' be the spanning subgraph of H with zy € E(H') iff zy € E(H) and H —{z, y}
contains a 3-cycle. If zy € F(H') then N(z) N N(y) N C = (§ by (02). Now, if 2 and y
have the same type, then they are both light. By inspection, H' D zja1ad’aszs + aszs.

Let type(as) = 4. If ay is heavy then its neighbors @', 23, z3 have type 3 — i. Either
21, a; are both light or they have different types. Anyway, ||[{w;, w;12}, H|| < 4. Else ay
is light. Then because there are at least four heavy vertices in H, at least one of 21, ay
is heavy and so they have different types. Also any type-i vertex in a’, 2o, 23 is light, but
at most one vertex of a, z3, 23 is light because there are at most two light vertices in H.
Then ||{w;, w42}, H|| < 4.

(b) By (a), there is ¢ with |[{w;, w12}, H|| < 4; thus

\|{wi,wi+2}, vV — HH > (4/{3 — 3) —4= 4(]{5 — 2) + 1.
Now |[{w;, wit2}, D'|| > 5 for some D' € C—C — D. By (a), Claim 2.20, and Lemma 2.19,
12> ||C,H| =||C,V-D'—(V—-H-D")|| >2(4k -3) — 6 —8(k — 3) = 12.

(¢c) By (b), ||C, H|| = 12, so each vertex in H is heavy. Thus type(v) is the unique
proper 2-coloring of H', and (c) follows. O

Lemma 2.22. There exists C* € C such that3 < |{a1,a2}, C*|| < 4 and ||{a1, a2}, D|| =4
for all D € C — C*. If ||[{a1, a2}, C*|| = 3 then one of a1,az is low.

Proof. Suppose ||{a1,az2},D|| > 5 for some D € C; set H := H(D). Using Claim 2.21,
choose notation so that ||{w, w3}, H|| < 4. Now

{wi,ws},V — H|| >4k —3 —4=4(k — 2) + 1.
Thus there is a cycle B € C — D with ||[{wy,ws}, B|| > 5; say |{w1,B}|| = 3. By
Claim 2.20, ||C, B|| < 6. Note by Claim 2.21, if |B| = 4 then for an edge z122 € N(wy),

wyz129w1 and wawsaga’wy beat B, C by (02). Then |B| = 3. Using Claim 2.21(b) and
Lemma 2.19,

204k = 3) < |G, V]| =||C,HUBU(V — H — B)|| <12+ 6 + 8(k — 3) = 2(4k — 3).

Thus, ||C,D'|| = 8 for all D’ € C — C — D. By Lemma 2.19, [[{wq,w3},D'|| =
[{w2, w4}, D'|| = 4. By Claim 2.21(c) and Claim 2.20,
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Fig. 6. Claim 2.24.

4k — 3 < |{wa,ws}, HUBU (V — H — B)|| < 8+ 1+ 4(k — 3) = 4k — 3,

and so ||[{wa, ws}, B|| = 1. Say ||wa, B|| = 1. Since |B| = 3, by Claim 2.12, G[BUC' — w4]
has two disjoint cycles that are preferable to C, B by (02). This contradiction implies
I{a1, a2}, D|| < 4 for all D € C. Since ||{a1, a2}, V|| > 4k — 3 and ||{a1, a2}, R|| = 2, we
get ||[{a1,az2}, D|| > 3, and equality holds for at most one D € C, and only if one of a4
and ag is low. O

2.4. Completion of the proof of Theorem 1.7
For an optimal C, let C; := {D € C : |D| = i} and t; := |C;]. For C € Cy, let
Qc = Qc(C) :== GIR(C)UC]. A 3-path R’ is D-useful if R" = R(C’) for an optimal set
C' with D C C’; we write D-useful for {D}-useful.
Lemma 2.23. Let C be an optimal set and C' € Cy. Then Q = Q¢ € {K34,K34 —e}.
Proof. Since C is optimal, @ does not contain a 3-cycle. Then for all v € V(C), N
>

is independent and |lai,C||,|laz,C|| < 2. By Lemma 2.22, |{a1,az2},C]|
ajwi,aqws € E and |lag, C|| > 1. Then type(a;) and type(az) are defined.

(v)NR
3. Say

Claim 2.24. type(a1) = type(az).
Proof. Suppose not. Then ||w;, R|| < 1 for all ¢ € [4]. Say asws € E. If wja; € E and
||a3_j,C’|| = 2, let RZ = w,;aja' and Cl = ag_j(C’ - wi)ag_j (see Flg ()) Then Rl is
(C — C + C;)-useful. Let A(X) be the number of low vertices in X C V. As @ does not
contain a 3-cycle, A(R) + A(C) < 2. We claim:

VDeC—-C, |d,D|<2. (2.10)

Fix D € C — C, and suppose ||a’, D|| > 3. By Claim 2.1, |D| = 3. Since

IC, Dl =|c.cl—llc.Cc— D
=242k —1) = A(C) — [|C, R|| = 8(k — 2)
=12 ||C, R|| — MC) > 6+ A(R), (2.11)
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we get that |w;, D|| > 2 for some i € [4]. If R; is defined, R; is {C;, D}-useful. By
Lemma 2.22, |[{w;,a'}, D|| < 4. As ||w;, D|| > 2, ||/, D|| < 2, proving (2.10). Then R;
is not defined, so az is low with N(az) N C' = {wa} and ||we, D|| < 1. Then by (2.11),
|C—we, D|| > 6. Note G[a'+ D] = Ky, so for any z € D, D—z+a' is a triangle, so by (02)
the neighbors of z in C' are independent. Then ||C'—ws, D|| = 6 with N(2)NC = {w1, w3}
for every z € D. Then ||ws, D|| = 1, say zws € E(G), and now wowszwa, w1 (D — 2)w;
beat C, D by (02).

If ||a’,C|| > 1 then a’wy € E and N(az) NC = {wa}. Now Ry is Ca-useful, type(a’) #
type(wsz) with respect to Cs, and the middle vertex as of Ry has no neighbors in Cs.
Thus we may assume ||a’, C|| = 0. Then o is low:

d(a") = |ld’,CUR| + |ld',C—-C| <0+2+2(k—2) =2k —2. (2.12)
Thus all vertices of C' are high. Using Lemma 2.19, this yields:
4= [[CR| = €,V — (V= R)| = 4(2k — 1) — 8(k — 1) = 4. (2.13)

As this calculation is tight, d(w) = 2k — 1 for every w € C. Thus d(a’) > 2k — 2, so
(2.12) is tight. Hence |la’,D|| =2 for all D € C — C.

Pick D = z1...221 € C — C with ||{a1,a2}, D|| maximum. By Lemma 2.22, 3 <
{a1,a2}, D|| < 4. Say |la;, D|| > 2. By (2.13), ||C, D|| = 8. By Lemma 2.19,

W .= G[OU D] S {K474, Fg V (Kg + Kl), Kl vV ngg}.

CASE 1: W = Ky 4. Then ||[D,R|| > 5 > |D| = 4, so ||z,R| > 2 for some z €
V(D). Let w € N(z) N C. Either w and z have a common neighbor in {a;,as} or z
has two consecutive neighbors in R. Regardless, G[R + w + z] contains a 3-cycle D’ and
G[W — w — z] contains a 4-cycle C’. Thus C’, D’ beats C, D by (02).

CASE 2: W = K3V (K3 + K1). As ||{d’,a;}, D|| > 4 > |D|, there is z € V(D) with
D’ = zd'a;z C G. Also W — z contains a 3-cycle C’, so C’, D’ beats C, D by (02).

CASE 3: W = K1V K3 3. Some v € V(D) satisfies ||v, W|| = 6. Thereisnow € W —v
such that w has two adjacent neighbors in R: else a and v would be contained in disjoint
3-cycles, contradicting the choice of C, D. Then |jw, R|| <1 for all w € W — v, because
type(a1) # type(ag). Similarly, no z € D — v has two adjacent neighbors in R. Thus

2+3 < ||, DIl + [{a1, a2}, D|| = | R, D|| = | R, D — | + | R, v[| <2 +3,

so |[{a1,a2},D|| =3, R C N(v), and N(a;) N K33 is independent. By Lemma 2.22 and
the maximality of ||[{a1, a2}, D|| = 3, k = 3. Thus G = Ya, a contradiction. O

Returning to the proof of Lemma 2.23, we have type(a;) = type(az). Using
Lemma 2.22, choose notation so that ajwi,aiws,asw; € E. Then @ has bipartition
{X,Y} with X := {0/, wy,w3} and Y := {a1, as, ws,ws}. The only possible nonedges
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between X and Y are a’ws, a’wys and asws. Let C' := wiRw;. Then R’ := wowswy is
C’-useful. By Lemma 2.22, [[{wa, wa}, C’|| > 3. It is already true that wo,ws € N(wy); so
because @ has no Cs, (say) a’wy € E. Now, let C” := aja’wawsay. Then R’ := aswiwy
is C"-useful; so ||{ag, ws}, C"|| > 3. Again, @ contains no Cs, so a’wy or asws is an edge
of G. Thus @ € {K374,K374 — 6}. O

Proof of Theorem 1.7. Using Lemma 2.23, one of two cases holds:

(C1) For some optimal set C and C’ € Cq, Q¢ = K34 — Zoyo;
(C2) for all optimal sets C and C € Cy, GIRUC] = K3 4.

Fix an optimal set C and C’ € C4, where R = yoa'y with d(yo) < d(y), such that in (C1),
Qc' = K34 — zoyo. By Lemmas 2.22 and 2.23, for all C € Cy, 1 < ||yo,C| < |ly,C|| <2
and ||y, C|| = 1 only in Case (C1) when C' = C’. Put H := RUJC4, S = S(C) :=
Ny)NH,and T =T(C) :=V(H)\ S. As ||y, R|| =1 and ||y, C|| = 2 for each C € Cy4,
S| =142ty =|T|—1.

Claim 2.25. H is a bipartite graph with parts S and T. In case (C1), H = Koy, 41 21,42 —
ToYo; else H = Koy, 11,21,42-

Proof. By Lemma 2.23, |2/, S| = ||y, T|| = ||lyo, T|| = 0.

By Lemmas 2.22 and 2.23, ||lyo, S| = |S| — 1 in (C1) and |lyo,S|| = |S| otherwise.
We claim that for every t € T — yo, ||t,S|| = |S|. This clearly holds for y, so take
t € H—{y,yo}. Then t € C for some C € C4. Let R* := tz'yg and C* := y(C — t)y.
(Note R* is a path and C* is a cycle by Lemma 2.23 and the choice of yy.) Since R* is
C*-useful, by Lemmas 2.22 and 2.23, and by choice of yo, ||t, S| = ||y, S| = |S|- Then in
(C1), H O K¢, 41,20,42—ToYo and woyo ¢ E(H); else H O Koy, 11,2¢,42-

Now we easily see that if any edge exists inside S or T, then C3 + (¢4, — 1)Cy C H,
and these cycles beat C4 by (02). O

By Claim 2.25 all pairs of vertices of T' are the ends of a Cs-useful path. Now we use
Lemma 2.22 to show that they have essentially the same degree to each cycle in Cs.

Claim 2.26. If v € T and D € C3 then 1 < ||v,D|| < 2; if ||v,D|| = 1 then v is low and
for allC € C3— D, ||v,C|| = 2.

Proof. By Claim 2.25, H + zgyg is a complete bipartite graph. Let y1,y2 € T — v and
u € S—xz9. Then R’ = yyuv, R” = youv, and R = y,uys are Cz-useful. By Lemma 2.22,

3 < H{U7y1}7DH ) ||{U,y2}7D|| ) ||{y17y2}7DH < 4.

Say |ly1, D|| <2 < |ly2, D||. Thus
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1< |{v,u1}, DIl = lly2, DIl = llv, DI = [{v,y2}, D[l = lly2, DI| < 2.
Suppose ||v, D] = 1. By Claim 2.25 and Lemma 2.22, for any v’ € T — v,
4k =3 < |{v,v'}, HU(C3 = D)UD|| < 2(2t4 + 1) +4(t3 — 1) + 3 = 4k — 3.
Thus for all C € C3 — Dy, ||[{v,v'},C|| =4, and so ||v,C|| = 2. Hence v is low. O

Next we show that all vertices in 7" have essentially the same neighborhood in each
C € (3.

Claim 2.27. Let z € D € C3 and v,w € T with w high.

(1) Ifzve E and zw ¢ E then T —w C N(z).
(2) N(v)ynD C N(w)ND.

Proof. (1) Since w is high, Claim 2.26 implies ||w, D] = 2. Since zw ¢ E, we see
D' :=w(D — z)w is a 3-cycle. Let u € S — xg. Then zvu = R(C’) for some optimal set C’
with C3 — D+ D' C C'. By Claim 2.25, T(C') = S+ z and S(C') =T — w. If (C2) holds,
then T'—w = S(C') C N(z), as desired. Suppose (C1) holds, so there are xg € S and
yo € T with zoyo ¢ E. By Claims 2.25 and 2.26, d(yo) < (|S]| — 1) + 2t5 = 2k — 2, so yo
is low. Since w is high, we see yg € T — w. But now apply Claims 2.25 and 2.26 to T'(C’):
d(zg) < |S(C")| — 1+ 2t3 = 2k — 2, and z¢ is low. As zoyo ¢ E, this is a contradiction.
Now T —w = S(C") C N(z).

(2) Suppose there exists z € N(v)N D~ N(w). By (1), T—w C N(z). Let w’ € T —w
be high. By Claim 2.26, ||w’, D|| = 2. Now there exists 2’ € N(w)ND~\N(w') and z # 2.
By (1), T—w' C N(2'). As |T| > 4 and at least three of its vertices are high, there exists
a high w” € T — w — w'. Since w”z,w"z’ € E, there exists z”/ € N(w) N D ~ N(w")
with {z,2/,2"} = V(D). By (1), T —w"” C N(Z"). Since |T| > 4, there exists x €
T~ A{w,w',w"}. Now ||z, D|| = 3, contradicting Claim 2.26. O

Let y1,y2 € T — yo and let x € S with z = xg if xoye ¢ E. By Claim 2.25, y;zys is
a path, and G — {y1, y2, z} contains an optimal set C’. Recall yo was chosen in T' with
minimum degree, so y; and ys are high and by Claim 2.26 ||y;, D|| = 2 for each i € [2]
and each D € C3. Let N = N(y1)NJCs and M = JC3 \ N (see Fig. 7). By Claim 2.25,
T is independent. By Claim 2.27, for every y € T, N(y) N|JC3 C N, so E(M,T) = 0.
Since ya # yo, also N(y2) N|JC3 = N.

Claim 2.28. M is independent.
Proof. First, we show

|z, S]] > t4 for all z € M. (2.14)
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Fig. 7. Configuration of G, showing sets M, N, S, and T'.

If not then there exists z € D € C5 with ||z, S|| < t4. Since |M,T|| = ||T,T|| =0,

{y1,2},Csll > 4k — 3 — [[{z, 91}, S| > 4(ta +t3+1) =3 — (284 + 1+ t4)
— ty + Als > 4t

Then there is D' = 2'2{242" € C3 with ||{z,y1},D’|| > 5 and 2’ € M. As |ly1, D| = 2,
|z, D'|| = 3. Since D* := zz'zhz is a cycle, xya2] is D*-useful. As ||z1, D*|| = 3, this
contradicts Claim 2.26, proving (2.14).

Suppose zz' € E(M); say z € D € C3 and 2/ € D' € C3. By (2.14), there is u €
N(z)NN(Z')NS. Then zz'uz, y1(D — z)y; and y2(D’' — 2’)y, are disjoint cycles, contrary
to (01). O

By Claims 2.25 and 2.28, M and T are independent; as remarked above E(M,T) = (.
Then M UT is independent. This contradicts (H3), since

|G| =2k +1=3t3+4ta+3—-2(ts+ta+1)+1=t3+2t4+2=|MUT| < a(G).
The proof of Theorem 1.7 is now complete. O

3. The case k = 2

Lovész [20] observed that any (simple or multi-) graph can be transformed into a
multigraph with minimum degree at least 3, without affecting the maximum number
of disjoint cycles in the graph, by using a sequence of operations of the following three
types: (i) deleting a bud; (ii) suppressing a vertex v of degree 2 that has two neighbors
x and y, i.e., deleting v and adding a new (possibly parallel) edge between x and y; and
(iii) increasing the multiplicity of a loop or edge with multiplicity 2. Here loops and two
parallel edges are considered cycles, so forests have neither. Also K, and K, denote
simple graphs. Let W} denote a wheel on s vertices whose spokes, but not outer cycle
edges, may be multiple. The following theorem characterizes those multigraphs that do
not have two disjoint cycles.

Theorem 3.1 (Lovdsz [20]). Let G be a multigraph with 6(G) > 3 and no two disjoint
cycles. Then G is one of the following: (1) Ks, (2) W, (3) Ksg|—3 together with a
multigraph on the vertices of the (first) 3-class, and (4) a forest F' and a vertex x with
possibly some loops at x and some edges linking x to F.
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Fig. 8. Theorem 3.2.

Let G be the class of simple graphs G with |G| > 6 and o2(G) > 5 that do not have
two disjoint cycles. Fix G € G. A vertex in G is low if its degree is at most 2. The low
vertices form a clique @ of size at most 2—if |Q| = 3, then @ is a component-cycle, and
G — @ has another cycle. By Lovasz’s observation, G can be reduced to a graph H of
type (1-4). Reversing this reduction, G can be obtained from H by adding buds and
subdividing edges. Let Q' := V(G) \ V(H). It follows that Q@ C Q'. If Q' # Q, then Q
consists of a single leaf in G with a neighbor of degree 3, so G is obtained from H by
subdividing an edge and adding a leaf to the degree-2 vertex. If Q' = @, then Q is a
component of G, or G = H 4+ @ + e for some edge e € E(H,Q), or at least one vertex of
Q subdivides an edge e € E(H). In the last case, when |Q| = 2, e is subdivided twice by
Q. As G is simple, H has at most one multiple edge, and its multiplicity is at most 2.

In case (4), because §(H) > 3, either F has at least two buds, each linked to z by
multiple edges, or F' has one bud linked to z by an edge of multiplicity at least 3. This
case cannot arise from G. Also, 6(H) = 3, unless H = K5, in which case 6(H) = 4. Then
Q@ is not an isolated vertex, lest deleting @ leave H with 6(H) > 5 > 4; and if @) has a
vertex of degree 1 then H = Kj5. Else all vertices of (Q have degree 2, and ) consists of
the subdivision vertices of one edge of H. We have the following lemma.

Lemma 3.2. Let G be a graph with |G| > 6 and o2(G) > 5 that does not have two disjoint
cycles. Then G is one of the following (see Fig. 8):

a) K5 + K2 ;

b) K5 with a pendant edge, possibly subdivided;

c) Ky with one edge subdivided and then a leaf added adjacent to the degree-2 vertex;

d) a graph H of type (1-8) with no multiple edge, and possibly one edge subdivided once
or twice, and if |H| = 6 — i with i > 1 then some edge is subdivided at least i times;

(
(
(
(
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(e) a graph H of type (2) or (3) with one edge of multiplicity two, and one of its parallel
parts is subdivided once or twice—twice if |H| = 4.

4. Connections to equitable coloring

A proper vertex coloring of a graph G is equitable if any two color classes differ in size
by at most one. In 1970 Hajnal and Szemerédi proved:

Theorem 4.1 (/9]). Every graph G with A(G) + 1 < k has an equitable k-coloring.

For a shorter proof of Theorem 4.1, see [17]; for an O(k|G|?)-time algorithm see [16].

Motivated by Brooks’ Theorem, it is natural to ask which graphs G with A(G) = k
have equitable k-colorings. Certainly such graphs are k-colorable. Also, if k is odd then
K, 1, has no equitable k-coloring. Chen, Lih, and Wu [2] conjectured (in a different form)
that these are the only obstructions to an equitable version of Brooks’ Theorem:

Conjecture 4.2 (/2]). If G is a graph with x(G), A(G) < k and no equitable k-coloring
then k is odd and Ky C G.

In [2], Chen, Lih, and Wu proved Conjecture 4.2 holds for k = 3. By a simple trick,
it suffices to prove the conjecture for graphs G with |G| = ks. Combining the results of
the two papers [13] and [14], we have:

Theorem 4.3. Suppose G is a graph with |G| = ks. If x(G),A(G) < k and G has no
equitable k-coloring, then k is odd and Ky C G or both k > 5 [13] and s > 5 [14].

A graph G is k-equitable if |G| = ks, x(G) < k and every proper k-coloring of G
has s vertices in each color class. The following strengthening of Conjecture 4.2, if true,
provides a characterization of graphs G with x(G), A(G) < k that have an equitable
k-coloring.

Conjecture 4.4 ([12]). Every graph G with x(G),A(G) < k has no equitable k-coloring
if and only if k is odd and G = H + Ky, i, for some k-equitable graph H.

The next theorem collects results from [12]. Together with Theorem 4.3 it yields
Corollary 4.6.

Theorem 4.5 (/12]). Conjecture 4.2 is equivalent to Conjecture 4.4. Indeed, for any ko
and ng, Conjecture /.2 holds for k < ko and |G| < ng if and only if Conjecture 4.4 holds
for k <ko and |G| < nyg.

Corollary 4.6. A graph G with |G| = 3k and x(G), A(G) < k has no equitable k-coloring
if and only if k is odd and G = Kj 1, + K.
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We are now ready to complete our answer to Dirac’s question for simple graphs.

Proof of Theorem 1.3. Assume k > 2 and §(G) > 2k — 1. It is apparent that if any of (i),
(H3), or (H4) in Theorem 1.3 fail, then G does not have k disjoint cycles. Now suppose
G satisfies (i), (H3), and (H4). If ¥ = 2 then |G| > 6 and §(G) > 3. Thus G has no
subdivided edge, and only (d) of Lemma 3.2 is possible. By (i), G # K5; by (H4), G is
not a wheel; and by (H3), G is not type (3) of Theorem 3.1. Then G has 2 disjoint cycles.
Finally, suppose k > 3. Since G satisfies (ii), we see G ¢ {Y1,Y2} and G satisfies (H2).
If |G| > 3k + 1, then G has k disjoint cycles by Theorem 1.7. Otherwise, |G| = 3k and
G has k disjoint cycles if and only if its vertices can be partitioned into disjoint Kj3’s.
This is equivalent to G having an equitable k-coloring. By (ii), A(G) < k, and by (H3),
w(G) < k. Then by Brooks’ Theorem, x(G) < k. By (H4) and Corollary 4.6, G has an
equitable k-coloring. O

Next we turn to Ore-type results on equitable coloring. To complement Theorem 1.7,
we need a theorem that characterizes when a graph G with |G| = 3k that satisfies
(H2) and (H3) has k disjoint cycles, or equivalently, when its complement G has an
equitable coloring. The complementary version of o3(G) is the mazimum Ore-degree

0(H) := max,yep(m)(d(@) + d(y)). Then 6(G) = 2|G| — 02(G) — 2, and if |G| = 3k and
02(G) > 4k — 3 then 0(G) < 2k + 1. Also, if G satisfies (H3) then w(G) < k. This would
correspond to an Ore—Brooks-type theorem on equitable coloring.

Several papers, including [10,11,19], address equitable colorings of graphs G with
6(G) bounded from above. For instance, the following is a natural Ore-type version of

Theorem 4.1.
Theorem 4.7 (/10]). Every graph G with 0(G) < 2k — 1 has an equitable k-coloring.

Even for proper (not necessarily equitable) coloring, an Ore-Brooks-type theorem
requires forbidding some extra subgraphs when 6 is 3 or 4. It was observed in [11] that
for k = 3,4 there are graphs for which 0(G) < 2k + 1 and w(G) < k, but x(G) > k + 1.
The following theorem was proved for k > 6 in [11] and then for & > 5 in [19].

Theorem 4.8. Let k > 5. If w(G) <k and 0(G) < 2k + 1, then x(G) < k.

In the subsequent paper [15] we prove an analog of Theorem 1.7 for 3k-vertex graphs.
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