GRAPHS CONTAINING EVERY 2-FACTOR
ALEXANDR V. KOSTOCHKA" AND GEXIN YU?

ABSTRACT. For a graph G, let 02(G) = min{d(u) + d(v) : wv ¢ E(G)}. We prove that
every n-vertex graph G with o2(G) > 4n/3 — 1 contains each 2-regular n-vertex graph. This
extends a theorem due to Aigner and Brandt and to Alon and Fisher.

1. INTRODUCTION

One of the basic results on Hamiltonian cycles in graphs, Dirac’s theorem [8], says that
every n-vertex graph G with minimum degree, §(G), at least n/2 contains a Hamiltonian
cycle. The value n/2 is best possible. Furthermore, the condition 6(G) > n/2 does not
guarantee that G contains each 2-factor. For example, if n = 3k, then the complete 3-partite
graph Kj,_1  r+1 has minimum degree 2k—1 = %" —1 and contains no triangle factor. Corradi
and Hajnal [6] proved that a 3k-vertex graph G with 6(G) > 2k contains k disjoint triangles.
The condition §(G) > 2k cannot be weakened. Aigner and Brandt [1], and independently
Alon and Fisher [2] (for n sufficiently large) extended the Corrddi-Hajnal Theorem as follows.

Theorem 1. If G is an n-vertex graph with §(G) > (2n—1)/3, then G contains each n-vertex
graph H with A(H) < 2.

The square, P2, of an n-vertex path P, is an n-vertex graph G whose vertices can be
ordered vy, vs,...,v, so that v;u; € E(G) if and only if 1 < |i — j| < 2. It is easy to check
that P2 contains every n-vertex graph with maximum degree 2. Fan and Kierstead [10]
proved the following strengthening of Theorem 1.

Theorem 2. Every n-vertex graph G with §(G) > (2n — 1)/3 contains P2.

Ore [16] gave a different sufficient condition for hamiltonicity: he proved that every n-
vertex graph G with
02(G) = min {deg(z) +deg(y)} > n
(@)= _min_{deg(w) + deg(y)}
contains a Hamiltonian cycle. Justesen [11] proved an Ore- type version of the Corradi—
Hajnal Theorem by showing that every n-vertex graph G with o9(G) > 4n/3 contains |n/3]
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disjoint triangles. Enomoto [9], and Wang [18] sharpened this result. In particular, they
proved the following.

Theorem 3. For each positive integer k, every 3k-vertex graph G with o9(G) > 4k — 1
contains k disjoint triangles.

In [15], Theorem 3 was extended as follows.

Theorem 4. Each n-vertex graph G with o2(G) > %” — 1 contains all spanning subgraphs
whose components are isomorphic to graphs in H = {K;, K2,Cs, K, C’;’}

Here K, denotes the graph obtained from the complete 4-vertex graph K, by deleting an
edge, and C';' is the graph obtained from the 5-cycle C5 by adding an edge.
The aim of this paper is to prove the following Ore-type analogue of Theorem 1.

Theorem 5. FEach n-vertex graph G with

4
M 02(0) 2 5 —1
contains every n-vertex graph H with A(H) < 2.

This theorem is also a step toward an Ore-type analogue of a conjecture by Bollobas and
Eldridge [3], and Catlin [5] on packing of graphs (se Conjecture 2 below).

Two n-vertex graphs G and G2 pack if there exist injective mappings of their vertex
sets onto [n] such that the images of the edge sets do not intersect. Equivalently, G; and
G9 pack if GG1 is isomorphic to a subgraph of the complement of G5. This concept leads
to a natural generalization of a number of problems in extremal graph theory, such as the
existence of a fixed subgraph, equitable colorings, and Turan-type problems. In the language
of packing, some embedding problems may sound more natural. For example, let 0(G) =
max{d(u)+d(v) : uwv € E(G)}. Then in the language of packings, the above-mentioned Ore’s
theorem [16] says that every n-vertex graph G with 0(G) < n — 2 packs with the n-cycle Cy,
and our Theorem 5 says that each n-vertex graph G with 0(G) < 2?" — 1 packs with every n-
vertex graph H such that A(H) < 2. Note that while o9 relates to non-adjacent vertices, 0(G)
is a characteristic of edges in G. In [12], this parameter is called the mazimum Ore-degree of
G.

The study of extremal graph packing problems started in the 1970s by Bollobéds and El-
dridge [3], Sauer and Spencer [17], and Catlin [4]. They considered graph packing under
degree constrains. In particular, Bollobas and Eldridge [3], and Catlin [5] stated the follow-
ing BEC-conjecture:

Conjecture 1. If Gy and Gy are n-vertex graphs and (A(G1)+1)(A(G2)+1) < n+1, then
G1 and Gy pack.

This is sharp, if true. Theorem 1 above is the case A(G2) = 2 of the BEC-conjecture.
Csaba, Shokoufandeh, and Szemerédi [7] also proved the conjecture in the case A(Gz) < 3
and n is huge, but otherwise, the BEC-conjecture is wide open.
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The following Ore-type analogue of the BEC-conjecture was posed in [13].

Conjecture 2. If G1 and Go are n-vertex graphs and (0.50(G1) + 1)(A(G2) +1) < n+1,
then G1 and Gy pack.

Thus Theorem 5 verifies the case A(G2) = 2 of Conjecture 2. In fact, we will prove the
slightly stronger result than Theorem 5, which in the language of packing is as follows.

Theorem 6. Each n-vertex graph G such that
(2) 0(G) < —=— -1
packs with every n-vertex graph H such that (H) < 4.

In Section 2 we outline the proof (it will have 6 stages) and give some definitions. In
Section 3, we state several lemmas that are our main tools for embedding a sequence of
graphs into G such that the last graph in the sequence is the desired one. In the same section
we also prove two of the lemmas that have shorter proofs. The longer proofs are postponed
to the last three sections. In Section 4 we show how Stages 2-4 work, and in Section 5 how
Stages 5 and 6 work. In the last three sections, we present the proofs for the lemmas from
Section 3.

2. OUTLINE OF THE PROOF

In this section, we introduce useful notions, and describe the idea of the main proof. We
use and modify the ideas of Aigner and Brandt [1].

Every component of an n-vertex graph H with §(H) < 4, is either a path, or a cycle, or a
K1 3. We will show the following statement which is slightly stronger than Theorem 6:every
n-vertex graph G satisfying (1), contains each n-vertex graph H whose components are in
F = {Kl,KQ,KZ} U {Clj :3 < lj < n}

A double i-lasso (further, simply an i-lasso), D;, consists of a path x1,x9, - ,x; with the
additional edges x1x3 and x;_ox;. For example, Dy = K .

The strategy of our proof is as follows. Let an n-vertex graph G satisfy (1) and let H be
an n-vertex graph whose components are in F. We will first embed into G an auxiliary graph
H; each of whose components has at most 5 vertices, and belongs to {K1, Ko, K3, K, C’;r }.
Then using this embedding and (1), we will step by step find embeddings of graphs that are
closer and closer to H. The first main goal will be to construct embedding into G of a graph
whose components are double lassoes which have the same orders as the corresponding cycle
components of H. Based on an embedding of this graph and Property (1), we will be able
to embed H into G. We do this in several stages.

Stage 1. First, for each component R; of H that is a cycle of length ¢;, we represent ¢;
as the sum of small summands according to the following rules.

(A)If ¢; =0 (mod 6), then £; =6+ --- +6.

(B) If /; =3 (mod 6) and ¢; > 9, then {; =6+ ---+6+ 3.
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(C)If¢;=1 (mod 6), then £; =6+ ---+6+3+4.

(D) If £; =2 (mod 6), then £; =6+ ---+6 +4+4.

(E) If £ =4 (mod 6) and ¢; > 10, then £; =6+ --- + 6 + 4.

(F)If¢; =5 (mod 6) and ¢; > 11, then £; =6+ --- +6+4+4+ 3.

(G) If fj < 5, then fj = fj.

Let Hy be obtained from H by replacing each Cs-component R; of H with C’;’ and replacing
for each £; > 6, the component that is the cycle Cy, with a set M; of disjoint K3-components
and K, -components so that each summand 4 in the above representation of ¢; corresponds
to a K -component, each summand 3 corresponds to a K3, and each summand 6 corresponds
to two disjoint K3s. By construction, H; is an n-vertex graph each of whose component is in
F1 = {Ki1,Ks, K, K3,C{}. By Theorem 4, G contains a copy of H;. We call the graph H;
an initial H-approzimation. (Calling a graph H' an H-approzimation we mean that H' in a
sense does not much differ from H, and will embed into G H-approximations that are closer
and closer to H.)

Stage 2. Starting from an embedding into G of the H-approximation H' = H; with given
sets M;, we will embed into G an H-approximation Hy such that every summand 6 in /;
corresponds to a 6-lasso. We obtain this in steps: Each step starts from an H-approximation
H' embedded into G and finishes with an embedding into G of a graph H” that is obtained
from H' by replacing two K3-components from the same M; in H' with one 6-lasso. We will
say that H” is an H-approximation H" slightly better than H'. As before, the orders of the
components in each M; sum to ¢;.

Stage 3. Starting from the H-approximation H' = Hj with given sets M;, we will embed
into G an H-approximation H3 such that each summand 3 in the representation of an £; > 9
corresponds to a part of a 9-lasso in Hs. Again, we do it in steps: Each step starts from an
H-approximation H' embedded into G and finishes with an embedding into G of a graph H”
that is obtained from H’ by replacing a K3-component and a 6-lasso from the same M; in
H' with one 9-lasso.

Stage 4. Starting from the H-approximation H' = Hjz with given sets M;, we will embed
into G an H-approximation Hy such that the summand 4 and the summand 3 (if both exist
in ¢;) correspond to a 7-lasso. Here, in each step, we embed into G the graph H” obtained
from the starting graph H' by replacing a Ks-component and a K, -component from the
same M; with a 7-lasso. Note that this stage is needed only if ¢/; = 7.

Stage 5. Starting from the H-approximation H' = Hy with given sets M;, we will embed
G an H-approximation Hs such that each cycle C; in H with £; > 6 corresponds to an /-
lasso in Hs. We start from H' = H,4 by replacing each Cgr -component with a Cs-component.
Since H' C Hy, we have an embedding of H' into G. In each step of the stage, given an
embedding into G of an H-approximation H’, we find an embedding into G of a graph H”
that is obtained from H’ by replacing two disjoint lassoes (say of orders z; and 29) from the
same M; with a (21 + 22)-lasso. Recall that we view K as a 4-lasso.
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Stage 6. We start from the H-approximation H' = Hj and in each step from an embedding
of H' into G we obtain an embedding into G of a graph H” that is obtained from H’
by replacing an /;-lasso for some ¢; > 6 with an /;-cycle. By construction, the last H-
approximation embedded into G will coincide with H.

Note that if £; > 6, then before finding an embedding of H into G’ we had an embedding
into G of an H' which is obtained from H by replacing C; with an ¢;-lasso. So, practically
repeating our proof of Theorem 5 one can derive the following slightly stronger result.

Theorem 7. Each n-vertex graph G satisfying (1) contains every n-vertex graph H such that
every component of H is either a cycle, or Ky, or Ko, or a double lasso Dy for £ # 5.

3. BASIC LEMMAS

For two subgraphs X and X’ of a graph F, let Er(X, X’) denote the set of edges connecting
X with X" in F and ep(X,X’) = |[Ep(X, X’)|. For X C V(F) and v € V(F), let dp(v, X) =
erp({v}, X). If the graph F is clear from the context, we will drop the subscript.

In Stages 5 and 6, an n-vertex graph H” is an H-quasi-approximation, if there exists an
H-approximation H’ such that H” is obtained from H’ by replacing a Cs-component with a
Ds-component. In this case, H' is slightly better than H”. A weak H-approximation is either
an H-approximation or H-quasi-approximation.

From now on, G is an n-vertex graph satisfying (1) with a fixed embedding ¥ of a weak
H-approximation H’. When speaking of vertices and subgraphs of H’, we usually will mean
H' as the subgraph of G defined by ¥. By definition, in Stages 2-4, the notions of an
H-approximation and a weak H-approximation coincide.

Given a pair (G, H') a gadget is a 4-element vertex set Y = Y7 U Y5 of H', where the
2-element sets Y7 and Y3 are chosen as follows. If H' is an H-quasi-approximation, then
Y7 consists of the first two vertices and Y5 consists of the last two vertices of the only Ds-
component in H'. If H' is an H-approximation, then each set Y; is formed either by the two
first (or the two last) vertices of a double lasso in H’, or by the two nonadjacent vertices in a
K -component in H'. The component of H' containing Y; will be called the Y;-block, i = 1, 2.
It may happen that the Y7-block and the Ys-block coincide. In this case, Y7 and Y5 contain
the ends of the same double lasso in H'. By default, we will assume that Y7 = {y1,9]} and
Y2 = {y2, 4}

For a gadget Y, a Y-connector Y’ is a 4-element vertex set obtained from Y either (i) by
deleting some y € Y; (where i € {1,2}) and adding some gy adjacent to ¥; —y and Y5_;, or
(ii) by deleting some y € Y7 and 3 € Y5 and adding 2 and 2’ such that z is adjacent to Y7 —y
and 2/, and 2’ is also adjacent to Y5 —1/. The idea of a Y-connector is the following. If Y7 and
Y5 are formed by the first two and the last two vertices in the same double-lasso-component
of H' with vertex set D, then for each Y-connector Y, the graph G[(D —Y) UY”| contains
a cycle with |D| vertices. If the Yj-block with vertex set V; and the Y3-block with vertex set
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Vs are distinct, then for each Y-connector Y’, the graph G[(V; UV —Y) UY’] contains a
double lasso with |Vj| + |Vj/| vertices.

For a path P = (uq,...,u;) and a set Y C V(G) and for 2 < i < k — 1, let d3(u;,Y) =
eq({ui—1,ui,uiy1},Y). The next lemma elaborates Proposition 3 in [1].

Lemma 1. Let H' be a weak H-approzimation embedded into G. Let Y = Y1UY5 be a gadget.
Let P = (uq,...,upr1) be a path of length £ in H' disjoint from Y. Let U = {uy, ..., upi1}.
Assume that the set YUU does not contain a'Y -connector Y’ such that G[Y UU —Y"] contains
a path of length ¢ from uy to upyq.

(c1) If u; € U is adjacent toy € Y1 and y' € Ya, then a vertex y” € Y —{y,y'} cannot be
adjacent (in G) to all of the neighbors of u; in P.

(c2) If d3(u;, Y) > 9, then d(u;,Y) < 2. Furthermore, if d3(u;,Y) > 9 and d(u;,Y) = 2,
then u; cannot have neighbors both in Y1 and Ys.

(c3) If some u; satisfies d3(u;,Y) > 9, then the possible degree sequences of (u;—1,U;, Ui+1)
inY are (4,2,3),(3,2,4),(4,2,4) and (4,1,4).

(¢4) If d3(u;, Y) + d3(uiy1,Y) > 17 for some ¢ and ds(u;,Y) > 9, then the possible degree
sequences in'Y for (wj—1,u;, it1, Uire) are

(47 27 37 3)7 (37 27 47 2)7 (47 17 47 3)7 (47 27 47 2)7 (47 27 47 1)'

Furthermore, the subgraph of G induced by Y U {u;—1,u;, uiyr1,uit2} is one of the graphs in
Figure 1 (up to isomorphism).

Proof of Lemma 1. Statement (cl) is clear, since otherwise G[U —u; + "] contains an ¢-path,
and Y —y” + u; is a Y-connector.

To show (c2), observe that if d(u;—1,Y) + d(uj+1,Y) > 5, then u;—; and wu;y; have a
common neighbor in Y, and if d(u;—1,Y) + d(u;y1,Y) > 6, then u;—1 and u;4+1 have at least
two common neighbors in Y. So, if d(u;,Y) > 3, then we can always find y € Y] and 3y € Y3
such that u; is adjacent to y and 3/, and y” € Y — {y,4'} is a common neighbor of u;_; and
u;+1, a contradiction to (cl). Furthermore, if d(u;,Y) = 2 and w; has neighbors in both Y;
and Ys, then the same argument works.

By (¢2), (¢3) is clear.

Now we prove (c4). By (¢3), (u;—1,u;, u;+1) has one of the four possible degree sequences
in Y. In all these sequences, d(u;+1,Y) > 3 and hence ds(u;+1,Y) < 8 by (¢2). On the other
hand, dg(ui_H, Y) > 17— dg(ui, Y) > 1.

Suppose first that u; and u;19 have a common neighbor y € Y. We may assume that y € Y7.
Since U — u;4+1 + y contains a path of length ¢ and by (¢3) d(u;+1,Y) > 3, u;11 cannot be
adjacent to the vertex in Y7 — y. It follows that d(u;+1,Y) = 3. To have ds(u;,Y) > 9, by
(c2), we need d(u;,Y) =2 and d(u;—1,Y) = 4. So, we have Case (A) in Figure 1.

Suppose now that u; and u;12 have no common neighbor y € Y. By (¢2) and d3(u;,Y) > 9,
for this we need d(ujt+1,Y) = 4. If d(u;,Y') = 1, then to have ds(u;, V) +ds(uit1,Y) > 17, we
need d(u;—1,Y) = 4 and d(u;42,Y) = 3. This is Case (D) in Figure 1. So, let d(u;,Y) = 2.



GRAPHS CONTAINING EVERY 2-FACTOR 7
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FIGURE 1

Then by (c2), both neighbors of u; in Y are in the same Yj, say, in Y7. If d(u;y2,Y) = 1,
then d(u;—1,Y) = 4 and we have Case (F) in Figure 1. Finally, if d(u;42,Y") = 2, then since
u; and u;49 have no common neighbor y € Y, both neighbors of u;42 in Y are in Y5 and we
have one of Cases (B), (C), or (E) in Figure 1. O

Lemma 2. Let H' be a weak H-approzimation H' in Stage 5 or 6. Let Y = Y1 UY5 be a
gadget and F C V(H') be such that H'[F| = C), with k > 5 is a component of H' disjoint
fromY. Let eq(Y,F) > 8k/3.

(a) If k > 6, then there exists a Y -connector Y CY UF such that G[(Y UF) —Y'] contains
a Ck

(b) If k = 5, then there exists a Y-connector Y C Y UF such that G[(Y U F) —Y'] either
contains a Cs or contains the double lasso Ds.

(c) Moreover, if k =5, and H' is an H-quasi-approzimation (and, by definition, Y1 and Ys
belong to the only Ds-component of H'), then G[F U Fi| contains two disjoint 5-cycles.

Proof. Let H'[F] = Cr = (u1,...,u). Recall that ds(u;,Y) = d(uj—1,Y) + d(u;,Y) +
d(uit1,Y). Since eq(F,Y) > 8k/3, there exists ¢ such that d3(u;,Y) + d3(uit1,Y) > 17. By
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flipping the order of vertices in F' if needed, we may assume that d3(u;,Y) > 9. Lemma 1
yields that the possible degree sequences towards Y of (u;—1,u;, ujt1,ui+2) are

(4,2,3,3),(3,2,4,2), (4,1,4,3), (4,2,4,2), (4,2,4,1),

and that G[Y U {u;—1,u;, uj+1, ui+2}] is one of the graphs in Figure 1 (up to isomorphism).

Recall that by default, Y1 = {y1,v;} and Y2 = {y2,y5}. Assume that d; = d(y;, F) >
d(y},F) =d for i =1,2.

Proof of (a): Suppose k > 6. Consider configurations (A), (C), and (E) in Figure 1. In
each of them for any choice of y; € Y7 and ys € Y3, there is a path from y} to 4 via u; and
u;+1. This path will be our Y-connector. Furthermore, the graph G[F U{y1,y2} — {u;, wir1}]
contains a Hamiltonian path from y; to yo, say (y1 = 21,22,...,2k = y2). Observe that
ec({y1,y2}, F — {uj,uip1}) > dy +do — 3 > %k — 3>k —1. So, as in the proof of Ore’s
Theorem, there exists a j such that y12;41,y22; € E(G). Then G[F U {y1,y2} — {w;, wit1}]
has Hamiltonian cycle (21, 22,. .., 2j, 2k, Zk—1, - - -, Zj+1)-

Consider now configurations (B), (D), and (F). If y; = z (or y2 = 2) in Figure 1, then we
obtain a Y-connector and Cj as above. Thus we may assume that z = y] (or z = y4) and
dy > dy (or do > dj). Next, note that if in configuration (B), y2 were adjacent to w;13, then
the above argument with {w;y1,u;4+2} in place of {u;,u;4+1} would yield a a proof again. So
we may assume that you;+3 ¢ F(G) and thus that dy < k — 2 in configuration (B).

We now estimate dy = eq(Y, F) —d} —da—d} in (B), (D) and (F). If we replace {y1,y2} by
{y},v5} in the previous argument, then to have G[F U{y}, y5} — {ui, ui+1}] non-Hamiltonian,
by Ore’s theorem we will have

dj+dy<k—1+3and dy <k—2in (B) and (F),d; +dy <k—1+2and d; <k—1in (D).

Set (i,7) equal to (1,2) in (B) and (F) and equal to (2,1) in (D). Then
8

2 1
> (2 —2k=2k>-k+1.
(3) d > (5 -2k =k > Zk+

Now, Y U {u;, i1} — {yl,y;} contains a Hamiltonian path from g} to y; and so G[F U
{9} — {wi, ui+1}] is Hamiltonian. It follows from (3) that y; is adjacent to two consecutive
vertices of the path I — {u;, u;+1}. So, C, € G[F U {y;,y;} — {ui, uiv1}], as desired.

Proof of (b): Let k = 5. Since eq(Y,Cs) > 14, we have d(u;—2,Y’) > 2 in graphs (A), (D)
and (E), and d(u;—2,Y) > 3 in graphs (B), (C) and (F). We see that in all cases, except (E),
the assertion (c1) of Lemma 1 is violated for some subpath of length 3 in our 5-cycle.

In the remaining Case (E), the sequence of degrees in Y for (u;_o,u;j—1, U, Uiy, Uir2) is
(2,4,2,4,2), and the configuration is as in Figure 2.

Thus we may partition G[Y U F] into a path from Y; to Y3 (non-filled circles in Figure 2)
and the lasso Dj (filled circles in Figure 2).

Proof of (¢): Suppose H' is an H-quasi-approximation (which means that the four vertices
of Y are the vertices of degree 2 in a Ds-component F; of H') and k = 5. Let the fifth
vertex of Fy (adjacent to all vertices in Y') be z. By the proof of Case 2, it is enough to
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(4,2,4,2,2)

FIGURE 2. The case (4,2,4,2,2)

consider the sequence of degrees toward Y for (u;—o, u;j—1, Ui, uit1,u;r+2) equal to (2,4,2,4,2)
and the configuration depicted in Figure 2. If u;_s has a neighbor, say, y; in Y7, then both
G[V(F1) — y1 + ui—1] and G[F + y1 — u;—1] contain 5-cycles. Otherwise, N(u;—2,Y) = Ya.
Then both G[{y1, ¥}, z, ui—1,u;}] and G[{y2, Y%, wi+1, Wit2, ui—2}] contain 5-cycles. O

The proofs of the next three lemmas will be given in the last three sections.

Lemma 3. Let H' be a weak H-approximation in Stage 5 or 6. Let Y =Y, UY5 be a gadget
and F = Dy, with k > 6 be a component of H' disjoint from Y. If eq(Y,F) > 8k/3, then
there exists a Y -connector Y' CY UF such that G[(Y U F) —Y'] contains a Dy.

Lemma 4. Let H' be a weak H-approximation in Stage 5 or 6. Let Y =Y, UY5 be a gadget
and F = K, be a component of H' disjoint from Y. If eq(Y,F) > 11, then G contains an
H -approzimation that is slightly better than H'.

Before stating the last lemma, we need more notions. Let H' be a weak H-approximation.
A half-gadget is a set Z = {21,209} C V(H') formed either the two non-adjacent vertices
of a K, -component or by the two first (or last) vertices of a 6-lasso. For a half-gadget
Z ={z, 22}, a Z-attachment is a 5-element subset W of V(G) whose vertices can be ordered
wy, W, ..., ws so that wy € Z, all the edges wows, wswy, wyws, wsws are in F(G), and either
wy € Z or wiws € E(G) (see Fig. 3).

We will use such attachments in Stages 3 and 4 to find subgraphs of G that contain 7-
lassoes (when the half-gadget is a part of a K, -component of H') and 9-lassoes (when the
half-gadget is a part of a 6-lasso in H').

Lemma 5. Let H' be an H-approximation embedded into G. Let T be the verter set
of a Ks-component of H', and D be the vertex set of a component of H' with H'|D] €
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FIGURE 3. Three examples of Z-attachments. The white vertex on the left
does not belong to the Z-attachment.

{K1, K2, K3,K,; ,Cs, Dg, Do, D7} disjoint from T. Let Z = {z1,22} C V(H') be a half-
gadget disjoint from T'U D and

(4) 1.5e¢(Z, D) + eq(T, D) > 4|D|.

Then ZUT U D contains a Z-attachment W such that G|Z UT U D — W] contains a copy of
H'[D].

4. EMBEDDING SMALL LASSOES

Suppose that we have an embedding ¥ into G of an H-approximation H; whose components
are in {Kl,Kg,Kg,KZ,C;_}. In this section we show how Stages 2, 3, and 4 work. After
these stages, we will have an embedding into G of an H-approximation whose components
are larger: some of the components will be 6-lassoes, 9-lassoes, and 7-lassoes

Stage 2: Embedding of 6-lassoes. Each step of this stage starts from an H-approximation
H'’ embedded into G and finishes with an embedding into G of a graph H” that is obtained
from H' by replacing two Ks3-components from the same M; in H' with one 6-lasso.

Suppose, by way of contradiction, that at some step, we have an embedding ¥ into G of an
H-approximation H' whose components are K;’s, Ko's, K3’s, K, s, Cg”s, and 6-lassoes but
cannot embed into G any slightly better H-approximation. In other words, if H” is obtained
from H’ by replacing two K3-components with a 6-lasso, then H” is not embeddable into G.
Then G has no edges between any two K3-components of H'.

Let some two K3-components of H' in the same set M have vertex sets Cy = {x1, 22,23}
and Ci = {1‘/1,1'/2,%%} By (1),

3
eq(C1UCT, V(G)— (CLuC))) = Z(d(xi) +d(x})) =12 > 302(G) — 12 > 4n — 15 > 4(n — 6).

i=1
So there is D C V(H') such that H'[D] is a component of H' and

(5) ec(CrUC!, D) > 4|D|.
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If H'[D] = K3, then we are done. So, H'[D] € {K1, K2, K; ,C{}. We will show that we can
partition Cq U C{ U D into two subsets Wi and W5 so that G[W1] 2 Dg and G[W2| 2 H'[D].
That would give an embedding into G of a slightly better H-approximation.

This is easy when |D| = 1. If H'[D] = Ka, then eg(Cy UC], D) > 9. We may assume that
eq(C1,D) > 5. Then there exists x € Cy adjacent to both vertices in D. Let X = C; — z
and Z = C{U D + z. Since eq(C],D) > 9 —6 > 0, G[Z] contains Dsg.

Let H'[D] = K, . Then eq(C; UC],D) > 17. Suppose that a vertex z € D of degree 2
in H'[D] has at least two neighbors in C;. In this case, if D — z has a neighbor in C], then
G[C1UD — z] contains a Dg and G[C] + 2] contains a K, . Otherwise, eq(D —z,C;UCT) <9
and hence e (D, C1UCY) < 15, a contradiction to (5). So either of the 2-vertices in H'[D] has
at most two neighbors in C; UC] and thus eq(D,C1UC]) <2-2+42-6 = 16, a contradiction
to (5) again.

Let H'[D] be a 6-lasso. If C; has a neighbor in one of the triangles of H'[D], then C{
has no neighbors in the other triangle in H'[D]. So eq(D,C1 UCT) <9+9 <24 =4|D|, a
contradiction to (5).

Let H'[D] be a 5-cycle (y1,y2,Y3,Ya,ys) with chord yoy5. First we prove that

(6) ec(Cr,{y3,ya}) <3 and eq(C1,{ys,ya}) < 3.

Indeed, if e (C1, {ys,y4}) > 4, then there is a matching of size two connecting C and {ys,y4}.

Thus G[C1 U {ys,ya}] contains a C:, and hence there is no edge between C and {y1,y2,ys}.

Since eq(C1 UCY, D) > 21, all other edges between D and Cy U C are present. In particular,

G|[C + y3 + ya4] contains a C;r and the subgraph of G on the remaining 6 vertices contain a

Dg. Thus, (6) holds.

We may assume that eq(C1, D) > eq(CY, D). Then eq(C1, D) > 11. By (6), eq(C1,{y1,92,v5}) >

8. Let & € C] be either the vertex non-adjacent to y; (if exists), or any vertex adjacent to

both, y2 and ys5. Then G[C; — z + y1] is a K3 and G[D — y; + 2] contains a C . In order to

avoid a Dg in G[C] U Cy — z + 1], eq(y1,C1) = 0 and by (6), eq(C{, D) < 6. On the other

hand, also by (6), eq(C1, D) < 12 and hence e (Cy, D) > 9, a contradiction to (5).

Stage 3: Embedding of 9-lassoes. We start from the H-approximation H' = Hs with given
sets M; obtained at Stage 2. We will finish with an embedding into G of an H-approximation
Hj such that each summand 3 in £; > 9 corresponds to a part of a 9-lasso. Each step of the
stage starts from an H-approximation H' embedded into G and finishes with an embedding
into G of a graph H” that is obtained from H’ by replacing a K3-component and a 6-lasso
from the same M; in H' with one 9-lasso. Suppose that at some step, we have an embedding
U into G of an H-approximation H' whose components are Ki’s, Ka's, K3’s, K, s, Cg”s,
and 6- and 9-lassoes but cannot embed into G any slightly better H-approximation. In other
words, if H” is obtained from H' by replacing a K3-component and a 6-lasso with a 9-lasso,
then H” is not embeddable into G.
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Let T be the vertex set of a K3-component in H' and F be the vertex set of a 6-lasso in
H' containing path (21,...,25) and two chords 2123 and z426.

Let Z = {z1,22}. Then E({z1,22},T) = . So, by (1), 1.5(d(21) + d(22)) + >_,cr d(u) >
302(G) > 4n — 3. Vertices in T'U V(F') contribute at most 6 4+ 6 to ) . d(u) and at most
2-1.5-5=15to 1.5(d(21) + d(22)). So, 1.5eq(Z,V(G—F)—-T)+ec(T,V(G—-F)—-T) >
dn —3 — 12 — 15 > 4(n — 9). Thus for some component of H' with vertex set, say D,
1.5eq(Z,D) + eq(T,D) > 4|D|. Then Z, T and D satisfy the conditions of Lemma 5. By
this lemma, Z UT U D contains a Z-attachment W such that G[Z UT U D — W] contains
H'[D]. Then G[(F — Z) U W] contains a 9-lasso.

Stage 4: Embedding of 7-lassoes. We start from an embedding into G of the H-
approximation H' = Hj with given sets M; constructed at Stage 3. We finish with an
embedding into G of an H-approximation Hy such that to every [; = 7 corresponds a 7-lasso.
In each step, we find an embedding into G of the graph H” obtained from the starting graph
H' by replacing a Ks-component and a K, -component from the same M; with a 7-lasso.

Suppose that at some step, we have an embedding ¥ into G of an H-approximation H’
whose components are Ki’s, Ky's, K3’s, K ’s, Cg”s, and 6-, 7-, and 9-lassoes but cannot
embed into G any slightly better H-approximation. In other words, if H” is obtained from H’
by replacing a K3-component and a K -component with a 7-lasso, then H” is not embeddable
into G.

Let T be the vertex set of a K3-component in H" and F' be the vertex set of a K, -component
in H'. Let Z = {21, 22} be the set of degree-2 vertices in H'[F]|. Then E({z1,22},T) = 0.

As in Stage 3, 1.5(d(z1) +d(22)) + > _,er d(u) > 4n — 3. Vertices in T UV (D) contribute at
most 646 to ), . d(u) and at most 2-1.5-3 = 9 to 1.5(d(z1) + d(22)). So, 1.5eq(Z,V (G —
D)—-T)+eq(T,V(G—D)—-T) >4n—-3—12—-9 > 4(n— 7). Again, as in Stage 3, for some
component of H' with vertex set, say D, ZUT U D contains a Z-attachment W such that
G[ZUT U D — W] contains H'[D]. Then G[(F — Z) U W] contains a 7-lasso.

5. FINAL EMBEDDINGS AND PROOF OF THEOREM 5

Recall that the components of the initial H-approximation H’ at the beginning of Stage 5
are in the set {Kl, Kg, Kg, K4_, 05, D6, D7, Dg}

Stage 5: Embedding of /;-lassoes for all £; > 6. Let k = [;. If M; (recall that M; is the
set of building blocks of some component R; in H) does not consist of a Dy, then it contains
some smaller components which are lassoes. We take pairs of components of H' in the same
M; and try to embed into G the graph H” obtained from H’ by replacing such a pair with
one bigger double lasso. Suppose that at some step, we cannot proceed. Then by Stage 4,
k> 8 and k # 9. Recall that the components in M; now are some double lassoes, and among
them at most two K ’s. Choose two such components with vertex sets Fy and Fy. If H "1F}]
is not a K, , then let Y; be the set of the two degree-2 vertices in one of the end triangles of
H'[F;]. And if H'[F}] is a K, , then let Y; be the set of degree-2 vertices in H'[F;]. By the
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assumption, there are no edges between Y7 and Ys. Thus the degree sum of the four vertices
in the gadget Y1 UY5 is at least 209(G) > 8”3—_6.

Suppose first that for an ¢ € {1,2}, some y € Y; and 3y € Y, have at least §|FZ| -1
neighbors in F;. Then H'[F;] is not a K, and thus is a double lasso D; for some t > 6. We
may assume that Dy consists of the path (x1 = y,x9,...,2¢) with edges x1z3 and x4_oz4.
To avoid a bigger double lasso, 3’ has no neighbors in {x1,z9, 21, 2}. Since 4¢/3 — 1 > t,
there exists j with 4 < j <t — 3 such that yz;,y'z;_1 € E(G). So we have a bigger lasso
(H'[F2 =,y ,xj_1,xj_2, -+ ,y,xj, - ,x), a contradiction.

If there are no such i, y and ¥/, then eq(Y,V(G) — Fy — Fy) > %|V(G) — F — F.
So there is D C V(G) — Fy — F» such that H'[D] is a component of H' belonging to
(K1, Ky, K3, Ky ,Cs,D; : 1 > 6} and eq(Y, D) > 221,

If H'[D] = Ky and D = {z}, then eg(z,Y) > 3. So, = has a neighbor y in ¥; and a
neighbor ¢ in Y3. For 3 € Y5 — ¢/, graph G[Fy U Fy + x — 3] contains a double lasso with
|F1 U Fy| vertices.

If H'[D] = Ky and D = {x1, 22}, then eq({z1,22},Y) > 6. By symmetry, we may assume
that eq({z1},Y) > 3 and in particular that Y7 C Ng(z1). If some y € Y] is adjacent to x,
then G[{y,z2}] = K2 and G[F} U Fy + x1 — y] contains a double lasso with |F} U Fy| vertices.
If N(xz2)NY1 =0, then since eg({z1,22},Y) > 6, we have Y C Ng(z1) and Y2 C Ng(x2), so
we have previous situation with Y; and Y5 switched.

If H'[D] = K3 and D = X = {21,292, 23}, then eq(X,Y) > 9. By symmetry, we may
assume that eq(X,Y1) > 5, Y1 = {y1,¥}}, Na(y1) D X, and |Ng(y;) N X| > 2. Since
eq(X,Y2) > 9 —eq(X,Y1) > 3 and |Ng(yy) N X| > 2, some vertex z € Ng(y)) N X has a
neighbor in Y. So, G[X —x +y1] = K3 and G[F; U F» + 2 — v}] contains a double lasso with
|F1 U Fy| vertices.

If H'[D]isa K, , then eq(Y, D) > 32/3, thus we apply Lemma 4 to get an H-approximation
H". If H'[D] is Dy with k > 6, then e (Y, D) > 8k/3, thus by Lemma 3, there exists a Y-
connector Y’ C YUD such that G[(YUD)—Y"] contains a Di. Thus we only need to consider
the case when H'[D] is a C5. By Lemma 2, there exists a Y-connector Y/ C Y U D such that
G[(Y U D) — Y] either contains a C5 or contains the double lasso D5. If it contains a Cs,
then we are done. So, suppose that G contains the graph H” obtained from H’ by replacing
H'[Fy U F, U D] with a (|F1| + |F2|)-lasso and a 5-lasso F3. Suppose that F3 consists of the
path P = (x1, 9, 23,24, 25) plus edges z1x3 and zsxs. Let Y7 = {1,292}, Yo = {x4, 25}
and Y = Y] UYs. If at least one edge connecting Y; with Y5 is present in G, then we
are done. Otherwise, " is an H-quasi-approximation and 7, cy (g, d(v) > 8n/3 —2 >
8(n — 5)/3 + 11. Since the neighbors in F3 of these vertices contribute only 8 to this sum,
there is a component of H” with vertex set, say, Fj that contributes more than 8|F;|/3 to
this sum.

We now want to show that ¥ U Fj contains a Y-connector Y’ such that G[Y U Fy — Y’]
contains Fy. That would imply that G contains an H-approximation H” that is slightly
better than H’. Repeating the previous argument with the new Y and with F} in place of
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D, we again reduce the problem to the case Fy = (5. In this case, the last statement of
Lemma 2 says that G[F3 U F}y] contains two disjoint 5-cycles.

Stage 6: Embedding of ¢;-cycles for all £; > 6. At the beginning of the stage, every M;
consists of one component, D;,. Suppose that at some step, we have an embedding into G of
an H-approximation H’ but cannot embed any slightly better H-approximation. This means
that for some k > 6, a component H'[F}] of H' is the lasso Dy. Let H'[F}] consist of the
path P = (y1,¥2, -, yx) plus edges y1ys and yx_oyx. Let Y1 = {y1,92}, Yo = {yr—1,yx}, and
Y = Y1 UY,. If G contains an edge connecting Y; with Y5, then we are done. Otherwise,
we repeat the argument for Stage 5 and F; = F» with one additional possible situation for
F: it now can be also a cycle Cy with £ > 6. In this additional situation, Lemma 2 says
that G[F U Cy] contains a Cy and a Cy, which gives up a slightly better H-approximation, a
contradiction to the assumption.

6. PROOF OF LEMMA 3

In this section, we will prove Lemma 3. Lemma 3 states that when there are a lot of
edges between a gadget Y and a lasso Dy, we are able to adjust them so that we will have a
Y -connector and a new copy of D;. Due to the edge density, Y together with some part of
Dy, form a dense subgraph, thus we are able to construct what we need.

Assume that H'[F| = Dy consists of a path (uq,us, ..., u;) with the additional edges ujus
and ug_oug. Let T1 = {uy,ug,us}, To = {up_o,up_1,ur}, and P = {uy,...,ux_3}. Suppose
that the lemma is false.

Claim 1. Fori=1,2, eq(Y,T;) < 8. Furthermore, if eq(Y,T;) = 8, then every vertex in 'Y
has a neighbor in T;.

Proof. Suppose that eg(Y,T1) > 9. Then there exists i € {1,2} such that eq(Y;,T71) > 5,
and eg(Ys_;, {ug,u2}) > 0. By symmetry, we may assume that uijys—; € E(G). Since
eq(Y;, T1) > 5, we can rename vertices y; and y} of Y; so that w1y; € E(G) and (ug, us, y;) is
a triangle. Then (y;,u1,y3—;) is a path in G from Y; to Y3_;, and G[F — u; + y;] contains a
k-lasso, a contradiction.

Now suppose that eg(Y,77) = 8 and that y; € Y7 has no neighbors in 7;. Then the other
three vertices of Y have degree sequence 3,3,2 toward 77 and one of u; and wus, say uq, is
adjacent to all vertices in Y — y;. Let yo be a vertex in Y5 that has 3 neighbors in 77. Then
Y — yo + u; is a Y-connector, and G[F — uj + yo] contains a Dy. O

Claim 2. Let k > 9. Let S1 = Yo d(u;,Y) + 2d(us,Y) + 3d(us,Y) + td(ug,Y) and
So = td(up—6, V) +1d(up—5,Y)+ 2d(up—a, V) + 35, _sd(u;,Y). Then Sy <12 and S < 12.

Proof. Assume that S; > 12. By Claim 1, 32°_, d(u;,Y) < 8.
CASE 1. Y%  d(u;,Y) < 7. Then Bd(ug,Y) + 3d(us,Y) + 2d(ug,Y) > 5, that is,
5d(usa,Y) + 3d(us,Y) + d(ue, Y) > 31.
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If d(ug,Y) = 4, then 3d(us,Y) + d(ug,Y) > 11. Since d(u;,Y) < 4, (¢3) yields that the
degree sequence in Y for (ug,us,ug) is (4,4,0). Then no vertex in Y has a neighbor in T}
(otherwise, we switch this vertex with wuy), and thus Z?:l d(u;,Y) = 0, and it implies that
S1 =32/5 < 12, a contradiction.

If d(uyg,Y) < 3, then 3d(us,Y ) +d(ug,Y) > 16. So d(us,Y) = d(ug,Y) =4 and d(uyg,Y) =
3, a contradiction to (c3).

CASE 2. Y7 ,d(u;,Y) = 8. Then 2d(us,Y) + 3d(us,Y) + $d(ug,Y) > 4, that is,
5d(’LL4, Y) + 3d(’LL5, Y) + d(’LLG, Y) > 25.

If d(ug,Y) < 2, then 3d(us,Y) + d(ug,Y) > 15. Thus d(us,Y) = 4 and d(ug,Y) > 3, a
contradiction to (c3).

If d(ug,Y) = 3, then 3d(us,Y) + d(ug,Y) > 10. So, (c3) yields (d(us,Y),d(us,Y)) €
{(2,4),(3,1),(3,2),(4,0),(4,1)}. In any case, since d(u4,Y) = 3 and d(us,Y) > 2, there is a
neighbor y € Y of us such that Y — y + u4 is a Y-connector. By Claim 1, y has a neighbor
in 77, and hence we may replace u4 with y in the double lasso, a contradiction.

If d(uq,Y) = 4, then 3d(us,Y) + d(ug,Y) > 5. It follows that d(us,Y’) > 1. Again, switch
y € N(us) NY with uy, and we get a contradiction. [

By Claim 1,

(7) oY, P) > g\m - g(ls—ﬁ).

It kK =6, then P = (), and hence eg(Y, P) = 0, a contradiction to (7).

Let k =7, i.e., |P| = 1. Then eq(Y,F) > 19 and eg(Y,us) > 3. By symmetry, we may
assume that y1, y2, and vy are neighbors of us. Then y; and y] do not have neighbors in both
Ty and Th. For the same reason, y) does not have neighbors in both 77 and T5. Hence there
are at least 3 x 3 = 9 non-edges between Y and T3 U To. Thus y) is a neighbor of u4. It
follows that yo does not have neighbors in both 77 and 7. We now have a contradiction to
EG(F 5 Y) > 19.

The next case is k = 8, that is, |P| = 2. Then eq(Y, F) > 22 and eq(Y, {ug,us}) > 6. If
eq(Y,{uq,us}) > 7, then uy and us have at least three common neighbors in Y, and every
common neighbor y € Y of uy and us cannot have neighbors in 77 U T, (otherwise, we may
switch y with ug or us to get a Y-connector and a Dg), thus eq(Y,F) <32—-3-6 =14, a
contradiction. If eq(Y, {u4,us}) = 6, then the common neighbors of us and us in Y have at
least 9 non-edges to 77 U T, thus eq(Y, F) < 32 — 9 — 2 = 21, a contradiction.

If £ =9, then by Claim 2, eq(Y, F) < 24 = 8/3|F|, a contradiction.

Now we let £ > 10. Consider the sum

k=5
1
S=81+2> (d3(ui,Y) +ds(uir1,Y)) + S,
=5
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Observe that S = eq(F,Y) > gk‘. This and Claim 2 imply that Ef:_g’(dg(ui,Y) +
d3(uiy1,Y)) > 6(8/3k —24) = 16(k — 9). Then there exists ¢ with 5 < ¢ < k — 5 such
that d3(u;,Y) + ds(uj+1,Y) > 17. By the symmetry between u; and w;y;, we may assume
that ds(u;, Y) > 9. Now statement (c4) of Lemma 1 yields that one of the six configurations
in Figure 1 occurs.

Consider P as the union of three paths with the vertex sets P, = {uy4,...,u;—1}, Py =

{uj,uiy1}, and Py = {ujyo,. .., ukp_3s}.

Claim 3. Let k > 10. Suppose that vertices y1,y; € Y1 and ya,y5 € Ya are chosen so that
(R1) yiui, vhu;y1 € E(G) and

(RQ} Y1Ui—1, Y2Uij42 € E(G)

Then

(S1) for each 5 < j <i—1, if ujys € E(GQ), then uj_1y1 ¢ E(G), and if uayz € E(G), then
y1 has no neighbors in Ti;

(S2) similarly, for each i +2 < j < k —4, if ujy1 € E(G), then ujp1y2 ¢ E(G), and if
up—sy1 € E(G), then ya has no neighbors in T;

(53) d(yl, P)+d(ye, P)+eq(Y,T1) <i+4 and d(y1, P2) —l—d(y2, P)+ GG(Y, Ty) < k—i+4.

Proof. Suppose first that u;y2 € E(G) and u;_1y; € E(G) for some 5 < j <i— 1. Then by
(R2), the sequence

(T27uk—47uk—57 sy Wi 2, Y2, Uy U1y v ey Ui—1, Y1, Uj—1, Uj—2, - - - 7u47T1)

forms a double lasso of order k in G, and by (R1), Y — y1 — y2 + u; + u;41 is a Y-connector.
The same argument proves the second part of (S1), and a symmetric argument proves (S2).

By (S1), d(y1, P1) +d(y2, P1) < i—3. Moreover, the equality is attained only if i —4 is odd
and y; and yo are both adjacent to wug,ug,...,u;—;. Then again by (S1), y; is not adjacent
to Th. Therefore, by Claim 1, eq(Y,71) < 7. This proves the first part of (S3). The proof of
the other part is analogous. [

Consider configurations (A), (C) and (E) in Figure 1. For each choice of y; € Y; and
y2 € Ys in these configurations, both (R1) and (R2) hold. So, by Claim 3, (S1) and (S2)
hold for each such choice. In particular, if uy (respectively, ujx_3) has a neighbor in Y5
(respectively, Y7), then there are no edges between T and Y (respectively, 75 and Y3) which
yields eq(Y,T1) < 6 (respectively, eq(Y,T2) < 6). It follows from (S1) and (S2) that

eV, F) =eq(Y,{u1,...,ui—1}) + eq(Y, {ui,uis1}) + ec(Y, {uiro, ... ,ur}) <
(242(i—-1)+6+((2+2(k—i—1)) =2k +6.
Since eq (Y, F) > 8k/3, we get 2k + 6 > 8k/3, i.e., k <9, a contradiction.
Consider now configuration (D) in Fig. 1. The set Y —y; — y4 +u; + u;+1 is a Y-connector.

Graph G[F — u; — u;+1 + y1] contains lasso Di_1. So, if v}, is adjacent to two consecutive
vertices in Py or Py, then G[F — u; — u;y1 + y1 + y5] contains lasso Dy, a contradiction. Thus
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d(yh,P1) < (i —4+1)/2 and d(y}, P») < (k —i — 4+ 1)/2. Since yyu; ¢ E(G), we obtain
d(yh, P) < k/2 — 2. Since yju;2 ¢ E(G), we have d(y}, P) < k — 7. Together with (S3) and
the fact that eq({y1,vy2}, Py) = 2 we obtain

eq(Y,F) < (k/2—2)+ (k—T)4 (i +4) + (k —i+4) +2 =5k/2+ 1.

It follows that 5k/2 +1 > 8k/3, i.e., k < 6, a contradiction.

Consider configuration (F) in Fig. 1. The situation here is symmetric to (D). The set
Y — v} — ya + u; + uiy1 is a Y-connector. Graph G[F — u; — u;4+1 + yo] contains lasso
Dy_q. Vertex y| has no two consecutive neighbors on P; and P,. Since yju;ro ¢ E(G),
Ay, P2) < (k—1i—4)/2, d(v},P1) < (i — 3)/2, and hence d(yj,P) < (k — 3)/2. Since
yhui, yhuire ¢ E(G), we have d(yh, P) < k — 8. Together with (S3) and the fact that
ec({y1,y2}, Pp) = 3 we obtain

ec(Y,F) < (k—3)/2+(k—8)+ (i+4)+ (k—i+4)+3=(5k+3)/2,

which yields k£ < 9, a contradiction.

Finally, consider configuration (B) in Fig. 1. Again, the set Y — ¢} — y2 + u; + w41 is a
Y-connector and G[F — u; — u;+1 + y2| contains lasso Dy_1. Since yjuit2,yjui—1 ¢ E(G)
and y; has no two consecutive neighbors on P; and P, we have d(y}, P1) < [(i —4)/2] and
d(yy, P2) < |(k—1i—4)/2]. Since yhu; ¢ E(G), we have d(yh, P) < k — 7. Together with (S3)
and the fact that eq({y1,v2}, Py) = 3 we obtain

8) ec(Y,F) < ([(i—4)/2] + | (k—i—4)/2) +2)+ (k—T)+ (i+4)+ (k—i+4)+3 < 5k/2+2,

which yields k < 12. Furthermore, if £ € {10,11}, then either i = 5 (and hence [(: —4)/2] =
(i—5)/2) or k—i =5 (and hence |(k —i—4)/2] = (k—1i—5)/2). In both cases, by (8),
eq(Y, F) < (5k + 3)/2, which yields k < 9.

7. PROOF OF LEMMA 4

In this section, we prove Lemma 4. Lemma 4 roughly states that if there are a lot of edges
between a gadget ¥ and some component F' = K, then we are able to adjust them to get
a Y-connector and a new copy of K, . We will see that sometimes it is not enough to adjust
only the union of the gadget and K , and we need to consider another component D which
has a lot of edges to Y U F.

Let F = {wy, w2, w3, ws} and H'[F] = K, be such that dg/(w1) = dg(we) = 2 and
ecq(Y, F) > 11. In terms of the complement, this means that

9) (Y, F) <5.

Suppose by contradiction that the lemma is not true for ¥ and F.

Assume first that for some i € {1,2}, w; has neighbors in both, Y7 and Y2. By symmetry, we
may assume that wy is adjacent to y; and yo. If some y € {y],vy5} has at least two neighbors
in {wy, w3, ws}, then G[{y, ws,ws, ws}] contains K, , and ¥ — y + wy is a Y-connector. So,
ea({y1, 95}, {w2, w3, ws}) > 4. By (9), wy has a neighbor in {y},%5}. By symmetry, we may
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assume that yjw; € E(G). Then, as above, y; has at most one neighbor in {ws, w3, w4}
Hence e(Y,F') > 6, a contradiction. Thus we may assume that w; has no neighbors in Y5,
and wy has no neighbors in some Yj, where j € {1,2}.

If j = 2, then again by (9), w; and wy have a common neighbor, say y;, in Y7. Also by (9),
at most one edge between Y7 and {ws, w4} is missing. So, by symmetry, we can assume that
y1ws, yiwys € E(G). Then GV (F) — w4 +y1] contains K, and Y —y; +wy is a Y-connector.
This contradiction proves that j = 1. Furthermore, if wjwy € E(G), then we can switch the
roles of {wy,wy} and {ws, w4} thus forcing ez (Y, H) > 8, a contradiction.

So, from now on, E' = {wiws, w1y2, w1yh, wayr, way;} € E(G). Let F; = FUY. By (9)
and symmetry, we may assume that the only non-edge of G[F}] that is not in E’ (if exists) is
either yjwy or yjws (see Figure 4). So, if the Y;-block is a K, then we can switch the roles

of I’ and this block. This implies that
(10) neither Yj-block nor Ys-block is a K .
Let B; denote the vertex set of the Y;-block, i = 1, 2.

FiGURE 4. The subgraph induced by F} = FUY.

Let S =Y U{wi,wa}. By (2),
> d(v) > 305(G) > 4n — 3.

vES
Since the sum gains at most 24 from the neighbors in F},

(11) eq(S,V(G) — Fy) > 4n — 27 =4(n — 8) + 5.
Therefore, either there exists a component H'[D] of H' such that
(12) GG(S,D) >4’D‘7

or for some i € {1,2} the set D = B; — Y] satisfies (12), or By = By and the set D = B; — Y
satisfies (12).

If H'[D] = K is a component of H and D = {u}, then by (12) there are at least 5 edges
from u to S. So, u has a neighbor in Y; and a neighbor, say y2 in Y. Then Y — 3}, + u is a
Y-connector and {y5} forms a new Kj-component of H' (see Figure 5).

If H'[D] is a Ky-component of H' and D = {uj,us}, then by (12), eq(D,S) > 9 and
so eq(D,Y) > 5. By symmetry, we may assume that eg(u1,Y) > 3. We will construct a
Y-connector without using F', so we may assume that N(u;) D Y] + ya. If ug is adjacent to
some y € Y] + yo, then G[{y,u2}] = K2 and Y — y + u is a Y-connector. Otherwise, since
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FIGURE 5. Partitions with K, K3 and K

eq(D,Y) > 5, we have N(uj) DY and ug has a neighbor y € Y. So, again G[{y,us}] = Ko
and Y — y + uq is a Y-connector.

Suppose that H'[D] = K3 is a component of H' and D = {uq, uz2,us}. By (12), ec(S, D) >
13. If for some i € {1,2}, [DNN(w;)| > 2, then G[D+w;] contains a K , G[{y3—;, w3—i, w3} =
Ks, and Y — y3_; + wy is a Y-connector. Otherwise, eg(Y, D) > 13 — 2 = 11. It follows that
G[D + y1] contains a K, {y}, w1, ws, y5} is a Y-connector, and G[{ws, ws,y2}] = K3.

Suppose that H'[D] = K, is a component of H and D = {u1,ug, u3, us}, where ujug ¢
E(H"). By (12), eq(Y,D) > 4|D| — eq({w1,wz}, D) > 2|D|. Then some u € D has at least
3 neighbors in Y and hence has a neighbor y € Y7 and a neighbor 3/ € Y. Let v € Yo — ¢/.
If eq(Y,D) < 10, then by (12), eq({wi, w2}, D) > 7, and by symmetry we may assume
that eg(w1, D) = 4. Then Y — ¢” + u is a Y-connector, and each of G[F — wy + y”] and
G[D — u + w] contains K . So, suppose that eq(Y, D) > 11. Then repeating our argument
for F', we may assume that the missing edges in E(Y, D) are ujys,u1y), usyi,ugy), and
maybe one more edge. In particular, eg(Y, D) < 12 and hence eg({wi, w2}, D) > 5. If
wouy € E(G), let y be a neighbor of u; in Y7 and 3/ € Y7 —y. In this case, {y2, w2, u1,y} is a
Y-connector, and each of G[F —wsg +y5] and G[D —uy +4'] contains a K, . So, wou; ¢ E(G)
and similarly wyug ¢ E(G). Thus, since eq({wy,ws}, D) > 5, either eg(wy, D — ugy) = 3 or
eg(we, D —uy) = 3. If eg(wy, D —ug) = 3, then let h € {3,4} be such that upy; € E(G) and
let y € Y5 be adjacent to uz and iy € Yo —y. In this notation, {y1,up,usz,y} is a Y-connector,
and each of G[F — wy + 9] and G[{w1,y},u1,u7_p}] contains a K, . If eq(w1, D — uz) < 3,
then eg(wse, D —u1) = 3 and eg(Y, D) = 12, so that the missing edges in E(Y, D) are only
u1y2, u1yh, ugyr, and ugyi. Then {yi,u1,u3,y2} is a Y-connector, and each of G[F —wa + /]
and G[{ws, ), u2,us}] contains a K, .

Before considering the remaining cases, we need two facts.

Lemma 6. Let P = (uy,ug,us,ug) be a path in G — Fy and U = {uy,uz,us,us}. If
(13) ds(uz, S) + d3(us, S) > 25,

then Fy UU can be partitioned into three sets, W1, Wa, and W3 so that Wy is a Y -connector,
G[W3] contains a uy,us-path of length 3, and G[W3] contains a K .

Proof. Case 1: d3(ug, {w1,wa}) + ds(ug, {w1,w2}) > 9. We need two claims.
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Claim 4. Let j € {2,3}.

a) If wiw;_1,wiu;11, wau; € E(G), then y1,ys, and v, are not neighbors of u;.
J i+ j 2 J

b) If wou,;_1, wouis1, wiu; € E(G), then yy,y2, and yb, are not neighbors of u;.
J J+ J 1 2 J

Proof. Let j = 3 (the case j = 2 is symmetric). Suppose that wiug, wyiug, wous € E(G). If
z € Yy is a neighbor of us, then Y — z 4+ w4 is a Y-connector, G[{ws, ws,us, z}| contains a
K, , and (uj,u2,wi,uyg) is a path in G. If yjug € E(G), then Y — ¢} — y2 + ug + we is a
Y-connector, G[{y},ws,ws,y4}] = K, , and (uy, uz, w1, uy) is a path in G. This proves (a).

Suppose now that woug, woug, wius € E(G). Let w = y; and v’ = y| if yyu1 € E(G)
and w = y; and w' = y; otherwise. If z € Y3 is a neighbor of ug and 2z’ € Ys — 2, then
Y —w' — 2+ uz+w; is a Y-connector, G[{w', w3, wy, 2’} = K, , and (u1,u2, ws, us) is a path
in G. If yjus € E(G), then Y — ¢} + wy is a Y-connector, G[{w1,ws, us,y;}] contains a K, ,
and (u1,ug, wy,uy) is a path in G. O

Claim 5. Let h € {1,4}.
(a) If wiug, wiug, waup, € E(G), then either eq(us—p, Y2) = 0 or eq(y], {uz,ug}) = 0.
(b) If wous, wous, wiuy, € E(Q), then either us_py) ¢ E(G) or eq(Ya, {uz,us}) = 0.

Proof. By symmetry, we consider only h = 1. Assume first that wjug, wius, wouy € E(G),
ec(ug,Y2) > 0, and eq(y), {uz,u3}) > 0. Let z be a neighbor of uy in Y. Then Y — ¢y} — 2+
w3 + wy is a Y-connector, G[{y}, w1, us,u3}] contains a K, , and (u1,ws, z,us) is a path in
G. This proves (a).

Similarly, assume that woug, wous,wiu1 € E(Q), usy] € E(G), and eq(Ya, {ua,us}) > 0.
Let z be a vertex in Y3 adjacent to either ug or ug. Then Y —y} —z4+ws+ w4 is a Y-connector,
G[{{#, w2, u2,u3}] contains a K, , and (u1,w;, ¥y}, us) is a pathin G. O

Case 1.1: eg({ug,us}, {wy,we}) = 3. To have ds(uz, {wi,wa}) + d3(us, {wy,ws}) > 9,
we need eg({u1,us}, {wi, we}) > 3. Thus there is a matching of size 2 between {w;, w2} and
{u1,u4}, so by symmetry, we may assume that wjuy, wouy € E(G).

If wyus, wous € E(G), then by Claim 4, y1,y2, ¥4 are not neighbors of us and ug, we have
a contradiction to ds(usz,S) + ds(us, S) > 25. So we assume that either wijus ¢ FE(G) or
wous € E(G) (thus wiug, wous € E(G)). If uywe € E(G) and uqw; € E(G), then again by
Claim 4, y1,y2,y5 are not neighbors of uy and ug, we have a contradiction to (13). Thus,
exactly one of wyus, waus is an edge in GG and exactly one of uqws, uqwy is an edge in G. So,
we have four possibilities.

If wouy,wous € E(G), then by Claim 4 (a), v},y2,y5 are not neighbors of uy. So by
(13), ec(us, Y1),eq(us,Y2) > 1. Let ugys € E(G). Then Y — yb + ug is a Y-connector,
(u1,u2, w2, uq) is a path in G, and Glw1, w3, w4, y5] contains a K .

Symmetrically, if wius, wius € E(G), then by Claim 4 (b), y1,y2, 95 are not neighbors of
ug. So by (13), eg(ug,Y1),eq(uz, Y2) > 1, and we may assume that usys € E(G). Then
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Y — y) + ug is a Y-connector, (u1, w1, us, uq) is a path in G, and Glws, w3, wy, y5] contains a
Ky.

If woug,wius € E(G), then by Claim 4 (b) for j = 3, y1,y2,y5 are not neighbors of us.
By Claim 5 (b) for h = 4, either w1y} € E(G) or eg(uz,Y2) = 0. So, by (13), u1y; € E(G).
Now by Claim 5 (b) for h = 1, either uqy} ¢ E(G), or eg({ug,us},Y2) = 0. So, by (13),
ugy) € E(G) and all other edges in E(S,U) are present. Thus, G[y], us, us, w1 contains a
K, {y1,ws, wyg,y2} is a Y-connector, and (u1,yh, wo, uq) is a path in G.

The last possibility is that wius, wou; € E(G). In this case, by Claim 4 (b) for j
Y1, Y2, Y5 are not neighbors of ug. By Claim 5 (a) for h = 1, either eg(u4,Y2) =

2,
or

S|

ea(yy, {uz,us}) = 0. Since eq(y},{uz,us}) > 0 by (13), we conclude that eg(uq,Y2) = 0.
Now by Claim 5 (a) for h = 4, either eg(u1,Y2) = 0 or ec(y},{u2,us}) = 0. Both cases
contradict (13).

Case 1.2: eq({uz,us}, {wi,ws}) = 4. If both, eq(uy, {w1,w2}) > 0and e (ug, {wr,wa}) >
0, then by Claim 4, eq({ug,us},Y) < 2. This contradicts (13). So, we may assume that
e (ug, {wi,w2}) = 0. Then under the conditions of Case 1, eg(u1, {wy, wa}) > 0.

Case 1.2.1: wywe € E(G). By Claim 4, ugyi, usys, usyh ¢ E(G). By Claim 5, either
ec(ug,Y2) = 0 or eq(y, {uz,us}) = 0. So, by (13), at most one other edge in E(Y,U) is
missing and this edge must either be ujwy or be in E(Y,{u1,us}). If yyus € E(G), then
{y}, w1,us,y5} is a Y-connector, G[{ws, ws, wy,y2} = K4, and (u1,u2,y1,u4) is a path in G.
Otherwise uwyw; € E(G) and hence {y1, ug, wa,y2} is a Y-connector, G[{y}, ws, wa, y5}] = K ,
and (u1, w1, us,us) is a path in G.

Case 1.2.2: wywy ¢ E(G). Then wywy; € E(G). By Claim 4, usy}, uoye, usyh ¢ E(G).
By Claim 5, either usy] ¢ E(G) or eq(Ya, {ug,us}) = 0. So, by (13), usyj ¢ E(G) and at
most one other edge in F(Y,U) is missing. Moreover, the missing edge, if exists, must be in
E(Y,{u1,u4}). Then u; has a neighbor, say z, in Y5. Therefore, Y — y] — z + wy + wy is a
Y-connector, G[{{y], w1, ws, uz}| contains a K, , and (u1, z,u3,u4) is a path in G.

Case 2: d3(ug, {wi,ws}) + d3(us, {wi,w2}) < 8. By (13), d3(u2,Y) + d3(us,Y) > 17. By
symmetry, we may assume that ds(ug,Y’) > 9. Then by Lemma 1, we only need to consider
the 6 configurations in Figure 1 with i = 2.

Note that for each configuration in Figure 1, there exist y € Y7,z € Y5 adjacent to both
up and us. Let ¥’ € Y1 —y and 2’ € Y2 — z. Then in all cases, y'us, zus € E(G).

If woug € E(G), then {y',ug,ws, z} is a Y-connector, G[{wi,ws, wy, 2’} contains a K,
and (u1,y,us,us) is a path in G. Similarly, if wyuy € E(G), then {y;,ws,ws,2'} is a Y-
connector, G[{wy, w3, u2,y;}| contains a K, , and (u1, z,us,us) is a path in G. So,

(14) wous ¢ E(G) and wius ¢ E(G).

Note that in all cases except (E), d3(u2,Y) + ds(us,Y) = 17 and in (E), d3(u2,Y) +
ds(us,Y) = 18. So, by (13), d3(uz, {w1,wa}) + ds(us, {w1,wa}) is at least 7 in Case (E) and
at least 8 otherwise. Thus in the cases other than (E), we do not have other non-edges between
{w1, w2} and {uy,ug, us, us}. Therefore, G[{y, w1, ws, ws}] contains a K, {y', ug, u3,2'} is a



22 ALEXANDR V. KOSTOCHKAT AND GEXIN YU*

Y-connector, and (uq, z, ws,uy) is a path in G. This argument also works for (E) if the miss-
ing edge is incident with wq. If not, then w; is adjacent to both u; and u4 and y is adjacent
to at least one of them. Thus, {y', ug,us, 2’} is a Y-connector, G[{z, wa, w3, ws}] = K4, and
either (uy,y,wy,uq) or (ug,wr,y,uq) is a path in G. O

Lemma 7. Let F5 be a k-lasso-component of H' that consists of a path (uy,...,ux) and edges
uius and ug_ouy, where k > 6. Denote T = {uy,us,us}. Suppose that TNV (Fy) =0 and
eq(T,{wy1,ws}) = 6. If G does not contain an H-approzimation slightly better than H', then
(a) no vertex in'Y — y} has a neighbor in {uy,ug};

(b) if uz has a neighbor in Yz, then y} has no neighbor in {uy,us};

(c) ealY,T) < 4.

Proof. Suppose by contradiction that eq(Ya, {u1,u2}) > 0. By symmetry, we may assume
that you; € E(G). Define y = y; if yyw; € E(G) and let y = y} otherwise. Let v/ € Y1 — y.
Then {ya, u1,w1,y} is a Y-connector, G[{y', w3, wy, y4}] contains a K, , and G[T — u; + wo]
contains a K3. The proof for y; in place of y, is a bit simpler. This proves (a).

Suppose now that eq(y}, {ui,us}) > 0 and eg(us, Y2) > 0. By symmetry, we may assume
that yju; € E(G) and uzyz € E(G). Then {y1, w3, ws, y5} is a Y-connector, G[{y}, w1, u1, u}|
contains a K, and G[T — uj — ug + wa + y2] contains a K3. This proves (b), and (c) follows
from (a) and (b). O

Now we return to the remaining cases of D satisfying (12).

If H'[D] = Cp = (u1,...,uz), k > 5, is a component of H', then consider 3> = S (d3(u;, S)+
d3(uiy1,S)), where indices count modulo k. Then ) = 6eq (S, D) > 24k, and so there exists
1 <i < k such that ds(u;, S) + ds(uj+1,S) > 24, a contradiction to Lemma 6.

Suppose now that H'[D] is a Dy-component of H’ that contains a path (uq,...,u;) and
the edges ujug and uy_ouy for some k > 6. As in the proof of Lemma 3, let T} = {uq, us,us},
Ty = {ug_2,up_1,ux}, and let P denote the path (ug,...,ur_3). We may assume that DUY
cannot be partitioned into a Y-connector and a set W such that G[W] contains Dy, since
otherwise G contains a subgraph slightly better than H’. Thus Claim 1 and Claim 2 hold
true.

If £ = 6, then by Claim 1, eq(Y, T;) < 8 for i = 1,2. Hence eg({wy, w2}, D) > 24—8—8 = 8.
By symmetry, we may assume that eg(wq,71) = 3 and eg (w4, T2) > 2. Then G[T} +w1] = Ky,
G[T» U{wa,ws,y2}] contains a Dg, and Y] + wy + y4 is a Y-connector.

If Kk =7, then by Lemma 3, eq(Y,D) < 18, and so eg({wi, w2}, D) > 28 — 18 = 10. If
ugwy € E(G) and wy has at least two neighbors in 7; for some i = 1,2, then G[T;+w;| contains
a K, G[T3-; U {u4, w2, ws3,y2}] contains a D7, and Y7 + w4 + y5 is a Y-connector. Thus if
ugwy € E(G), then eq(wy, D) < 3 and hence eq({wy,ws}, D) < 743 = 10, a contradiction. A
symmetric argument works for w; in place of wy. So we may assume that ugwy, ugws € E(G).
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Then eq(T1 U Ty, {w1,w2}) > 11, and so for some i € {1,2}, eq(T;,{wi,ws}) = 6. By
Lemma 7, eg(T;,Y) < 4. Then by Claim 1, eg(Y, D) < 4 + 8 +4 = 16, which in turn gives
that eq(Ty U Ty, {wy,ws}) > 29 — 16 = 13, an impossibility.

If £ = 8, then by Lemma 3, eq(Y,D) < 21, and so eg({wi,ws}, D) > 32 —21 = 11. If
eq({wi,wa}, {uq,us}) = 0, then eq(T1 U Ty, {wi,ws}) = 12. Hence by Claim 7, eq(Y,T1 U
Ty) <8, and so eg(Y, D) < 8+2|Y| = 16. Thus in this case, eq({wy, w2}, D) > 32—16 = 16,
an impossibility. If wjuy € E(G) and wy has at least two neighbors in T, then G[T} + ws]
contains a K, , Y — y}| + wy is a Y-connector, and G[T> U {us,u4,y], w1, ws}] contains a
Dg. Repeating this argument with the switched roles of w; and wy and/or of uy and us, we
conclude that if eq({w1, w2}, {us,us}) = j, then eq({wi,we},Th UTs) < 12 — 25, and hence
eq({wi, w2}, D) < 12 — j < 12, a contradiction.

Let £ > 9. As in the proof of Lemma 3, we consider

3
5 1 1
Sy = ;d(ui,s) + Ed(u475) + §d(u5,5) + gd(uﬁ’s)’

k
1 1 5
8y = gilun—6,9) + gd(un—5,9) + cdlup1,8) + D d(wi, 5).

i—k—3
k—4
1
and S =98]+ G Z(d:a(ui,s) + ds(uiy1,5)) + 55
=5

Note that these sums are well defined for k& > 9 and that S' = eq(S,D) > 4k + 1. By
Lemma 6, d3(u;, S) + ds(uit1,5) <24 for 5 <i < k—4 when k > 9. Thus S} + 5, > 37. We
may assume that S7 > 18.5. By Claim 2, Y contributes at most 12 to 5.

If uyw € E(G) and eg(wgz,T1) > 2, then G[T} + ws] contains a K, , {y1,ws,y2,v5} is a
Y-connector, and G[D — T} + {y}, w1, ws}] contains a Dy. Similar statement holds with the
switched roles of wy and ws. So, if eq({wi,wa},us) = j, then eq({wy,ws},Th) < 6 — 27, and
hence S| <12+ (6 —2j) +j - % +2- % +2- %. For j > 1, this expression is less than 18.5, so
J=0. If eg({w1, w2}, T1) <5, then S} <12+ 5+ % < 18.5. Thus, eg({wy, w2}, T1) = 6 and
by Lemma 7, eq(Y,T1) < 4. Then

S{§4+4<g+%+%> +6+2<%+%> <18,
a contradiction.

Thus all cases when H'[D] is a component of H’ disjoint from Fj are considered. Now,
suppose that the Yi-block and the Ya-block is the same component H'[B] of H and D =
B —Y. By the definition of a gadget and (10), H'[B] is a double lasso, say (z1,. .., 2x), where
21 =Y1,22 = Y}, 2k—1 = Y, 2k = y2. By (11), since eq(S,V(G)— F1) > 4n—27 =4(n—8)+5
and for every component F of H' distinct from B, eq(S, Fy) < 4|F|, we have e¢(S,B—Y) >
4(|B] —4)+ 5. Since eg(S,B—Y) <|S||B—-Y|=6|B —Y|, we have k > 7. As in the proof
of the Dirac’s theorem, if for some 3 < i < k—4, z;z; € F(G) and 212,11, then G[B] contains
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Hamiltonian cycle (z1, 22, ..., 2, 2k, 2k—1, - - - , Zi+1), & contradiction. Since z; and zy (and z
and z_1) are equivalent in B, we conclude that eq(Y,B —Y) < 2(1 + (k — 4)). It follows
that eq(S,B—Y) <2(1+ (k—4)) +2(k —4) =2+ 4(k — 4), a contradiction.

Finally, suppose that By # Bs. By (11), for some j € {1, 2},

(15) ec(S, B; —Y;) > 3+ 4(|B;| — 2).

Suppose that H'[B;] is a double lasso (z1,...,2x), where {z1,20} = {y;,¥;}. Similarly to
the previous paragraph, if for some 3 < i < k — 4 and some z € Y3_j, %z € E(G)
and 21241, then G[B; U Bs] contains a double lasso that contains Bs_; and the path
(2, 2iy Zic1y -+ o5 21, Zidt1, Zit2s - - -, 2k). By the symmetry between zo and z1, we conclude that
eq(Y,B; —Y;) <2(1+ (k—2)), a contradiction to (15). This proves the lemma.

8. PROOF OF LEMMA 5

In this section, we prove Lemma 5. Lemma 5 is a technical lemma which handles one
complicated situations in Stage 3 and 4. Roughly speaking, it stated a half-gadget may be
improved to a Z-attachment (which will give us Y-connector) under the given edge conditions.

Assume by contradiction that the lemma fails for some choice of Z, T, and D. Everywhere
in this section we use notation T' = {uq, uz, us}. Because of (4), it will be convenient to give
to every edge in FE(Z, D) weight 1.5 and to every edge in E(T, D) weight 1. Accordingly,
for every A C D and B C T'U Z, we define w(A, B) = eq(A,T N B) + 1.5eq(A,Z N B)
and wg(A, B) = eg(A, T N B) + 1.5e5(A,Z N B). In these terms, (4) can be rewritten as
w(D,T' U Z) > 4|D|, or, equivalently,

(16) wz(D,TU Z) < 2|D|.

If D = {z}, then by (4), = has a neighbor z; € Z and a neighbor in T'. So, DUT —z3_;+x
is a Z-attachment.

Suppose that D = {z1,z2}. By (4), w(D,T U Z) > 8.5. If there is a matching of size 2
connecting D with Z (say, with edges z121 and z9x2), then some vertex of Z (say, x1) still
has a neighbor in T". In this case, D UT — z5 + x7 is a Z-attachment and G[{x2, 22}] = Kj.
Otherwise, at most two edges connect Z with D and hence all edges connecting T with D
are present. Moreover, there is an edge connecting D with Z, say, x1z1. Hence for any c € T',
DUT — c+ x; is a Z-attachment and G[{z2, c}] = Ko.

If H'[D] = K3, then D has a neighbor in Z and thus G[D U Z] is a Z-attachment.

Let D = {1,292, 23,24} and H'[D] = K; with edge zox4 missing. By (4),

(17) w(D,TU Z) > 16.5.

If some = € {z9,z4} has at least two neighbors in 7', then some other vertex in D still has
a neighbor in Z, and hence DU Z — z is a Z-attachment. Suppose now that x2 has exactly
one neighbor in T'. If x9 also has a neighbor z € Z, and 2/ € Z — z, then T + 2z + x4 is
a Z-attachment, and to avoid K, in G[D — z3 + 2/|, 2 has two non-neighbors in D — xs.
In this case, to satisfy (17), x22’ € E(G), but then, as above, z has two non-neighbors in



GRAPHS CONTAINING EVERY 2-FACTOR 25

D — x4, a contradiction to (17). So, w2 has no neighbors in Z. But then, by (17), x4 has
a neighbor in T" and a neighbor in Z, a contradiction, as above. Thus our assumption is
false and eq (T, {x2,z4}) = 0. It follows that at most one other edge between D and T'U Z
is missing. In particular, we may assume that z; is adjacent to all vertices in D and that
zow3 € E(G). Then ZUT — 21 + x3 is a Z-attachment and G[D — x3 + 21| contains a K .

Let H'[D] be a 6-lasso with triangles 77 and T. If T has a neighbor in 7; and Z has a
neighbor in 75_;, then Z U T5_; is a Z-attachment, a contradiction. So w(D,T U Z) < 18 <
24 = 4|D|, a contradiction to (4).

The remaining three cases, when H'[D] € {C, Dy, D7}, need much longer proofs.

Case 1: H'[D] = C:". Let H'[D] be a 5-cycle (y1,y2,y3, Y4, ys) With chord yoys. By (4),

(18) w(D, T U Z) > 20.5.

We start from a sequence of short claims (T1-T9). These claims explain where the edges
between D and T'U Z could be.
Since we assumed that the lemma fails for Z, T, and D, the first statement follows.

(T1) If TU D can be partitioned T U D = Wy UWs so that GIW1] = K3 and G[W2] 2 C,
then eq(Z,W7) = 0.

(T2) If eq(D,T) > 6, then for some y;,y; € D, G[T + y; + y;] contains Cy .

Proof of (T2): Suppose that (T2) fails. Every 5-vertex graph with at least 8 edges contains
Cs. So, if eq(y;, T) = 3 for some y; € D, then eg(yi—1,T) = 0, ec(yit1,T) = 0, and
eq(y;, T) < 1for j =i—2,i4+2. This yields eq(D,T) < 5, a contradiction. So, eq(y;,T) < 2
for all y; € D. Then there are two adjacent y; and y; such that eq(y;, T) = 2 and eq(y;,T) >
1. For these i and j, G[T + y; + y;] contains C5".

(T3) eq(Z,D) <8 and eq(T, D) > 9.

Proof of (T3): By (18), e(D,T) > 20—1.5ec (D, Z) > 5.5. So eq(T, D) > 6, with equality
only if eq(D, Z) = 10. Suppose that eg(D, Z) = 10. In this case, for any 3-vertex subset W
of D, G[W] has an edge, and hence the set ZUW is a Z-attachment. Furthermore, by (T2)
for some two vertices y;,y; € D, G[T + y; + y;| contains C’5+ . So, the lemma holds in this
case. Thus, eg(D, Z) <9 and hence eq(T,D) > 1.

Suppose eg(D,Z) =9. Then for any ¢ € {1,...,5}, ZU{v;—1,v;,v;41} is a Z-attachment.
Since eq(T, D) > 17, for some j € {1,...,5}, G[T+y;+j;j+1] contains C5 . This contradiction
shows that eq(Z, D) < 8 and hence eq(D,T) > 20 — 1.5eq(D, Z) > 8.

(T4) E(T,{ys,ys}) does not contain a matching of size two. As a result, eq(T,{ys,ys}) <
3.

Proof of (T4): Otherwise, T U {ys,y4} contains a C5". By (T1), there is no edge between
Z and the triangle (yi1,y2,ys5). Then eq(Z, D) < 4 and so by (18), eq(T, D) > 15. On the
other hand, by (18), 1.5e¢(Z, D) > 20 — |T'||D| = 5, and hence eq(Z, D) > 4. This means
that all edges between Z and {ys,y4} and between T and D are present. So for any u € T,
G[D — y3 + u] contains a C5” and ZU T — u + y3 is a Z-attachment.
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(T5) T U D has no partition into T' and D' such that G[T'] = K3 and G[D'] D C5 with
TNT'| <1.

Proof of (T5): 1f there is such a partition TU D = T" U D', then by (T1), eq(Z,T') = 0.
It follows that eq(Z, D) < 6, and so eq(T, D) > 12. Since in this case eq(T, {y3,ys}) > 3, by
(T4), we may assume that eg(ys,T) = 0. Hence eq(T, D — y3) = 12. If eq(Z,{y1,y5}) > 0,
then for any u € T', G[T —u+y2+ys+y4] contains a C’;’, and Z+u+y1+ys5 is a Z-attachment,
a contradiction. So eg(Z,{y1,y5}) = 0, and hence all edges connecting Z and {y2,ys3,ys}
are present. Now Z + yo + y3 + y4 is a Z-attachment, and G[T + y; + y5| contains a C’;’, a
contradiction.

(T6) If ec(T,{y1,92,y5}) > 8, then ec(T,{ys,ya}) = 0.

Proof of (T6): Assume by contradiction that eq (T, {y1,y2,y5}) > 8 and that u1y4 € E(G).
Since at most one edge in E(T, {y1,y2,y5}) is missing and we can switch the roles of uy and us,
we may assume that ugy, usys, ugys € E(G). So, if uyys € E(G), then G[{us,y1,y5}] = K3,
and G[{u1, u2, ya,y3,ya}] contains a C5 , a contradiction to (T5). Thus uiy2 ¢ E(G) and all
other edges connecting T' with {y1,y2,ys} are present. Therefore, if yyu; € E(G) for some
J € {2,3}, then we switch the roles of u; and w; and the previous argument works. So,
ec(ys,T) = 1. Furthermore, if y3 has a neighbor u; € T, then we can switch the roles of
y3 and y4 and the roles of yo and ys5: since eg(vs,T) = 3, our argument works. Thus the
last possibility is that E(T,{ys,ya}) = {yau1}. Then eq(T,D) = 9 and so eq(Z,T) > 8.
On the other hand, since G[{y1,u2,u3}] = K3 and G[D — y; + u1] contains a Cg", by (T1),
ec(y1,Z) = 0. It follows that eq(Z, D — y1) = 8, and hence T + y4 + 23 is a Z-attachment,
and G[D — yy + 2o contains a Cy .

(T7) eq(T,D) <10 and eq(Z,D) > 7.

Proof of (T7): By symmetry, assume that eg(ys,T) > eq(ys, T). If eq(T, D) > 11, then
by (T4), ec(T,{y1,y2,y5}) > 8, and so by (T6), eq(T,{ys,va}) = 0, a contradiction to
ec(T, D) > 11.

(T8) 6 < e (T, {y1,92,y5}) < 7.

Proof of (T8): By (T3) and (T4), ec(T, {y1,y2,y5}) > 6. Suppose that eq(T, {y1,vy2,v5}) >
8. Then by (T6), ec(T,{y3,ya}) = 0. By (T3), ec(T . {y1,92,y5}) = 9 and eq(Z, D) = 8.
Since G[T —u1 +y1] = K3 and G[D—y; +u4] contains a Cg", (T1) implies that eg(Z, D—y;) =
8, and hence Z U {y2,y3,y4} is a Z-attachment, and G[T + y; + y5] = K5, a contradiction.

(T9) eq(T,{y3,ya}) < 2. Soea(Z,D) =8, eq(T,{y3,ya}) = 2, and eq(T,{y1,y2,y5}) = 7.

Proof of (T9): If eq(T,{ys,ys}) > 3, then by (T4), eq(T,{ys,ys}) = 3 and exactly one
of y3 and y4 (we may assume y3) is adjacent to all vertices of T'. Suppose first that ys has
no neighbors in T. Then by (T8), ec({y1,y2},T) = 6 and hence G[T + y; — 1] = K3 and
G[D — y; + u] contains a C5 . By (T0), this yields that eg(y1,Z) = 0. On the other hand,
since eq(T, D) =9, by (18), we have eq(Z,D) > 8, and so eq(Z,D — y1) = 8. In this case,
Z U{ys,ys,ys} is a Z-attachment, and G[T + y; + y2] = K5, a contradiction.
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So by symmetry we may assume that u1ys € E(G). Then for j = 2,3, G[{ys, y4,y5 + u1 +
u;j}] contains a Cg, and hence by (T5), G[{ua,y1,v2}] and G[{us, y1,y2}] are not triangles.
Thus eq(T — u1, {y1,y2}) < 2. So by (T8), eq(ys,T) > 2, and we may assume that uoys €
E(G). Repeating the argument with ug in place of uy, we conclude that e (ui, {y1,y2}) < 1.
So, by (T8), ec(ys,T) = 3. It follows that G[{u1,y1,y2}] = K3 and G[{ys,y4,ys, u2, us}|
contains a Cy, a contradiction to (T5).

We now are ready to finish Case 1. If for some 1 < i < 3, eg(ui, {ys,ys}) = 2, then
Gl{ui,ys3,ya}] = K3 and G[{y1,y2,ys5,u3} U (T — u;)] contains a C:, a contradiction to (T5).
Thus by (T9) and (T4), we may assume that ysuy,ysus € E(G). If ysui, ysus ¢ E(G), then
by (T9), all other edges connecting T and {y1,y2,y5} are present. Hence G[{uz,us,y1}] =
K3 and G[D — y; + u;] contains a C5. So by (T0), ec(y1,Z) = 0 and hence by (T9),
eq(Z,D —y1) = 8. It follows that G[Z + y3 + y4 + y5] is a Z-attachment, and G[T + y1 + y2]
contains a Cgr , a contradiction. Thus assume u1ys € E(G).

Now G[u1,us,y3,y4,ys] contains a C5~. Then by (T5), G
some i € {1,2}, usy; € E(Q).

Since usy; ¢ E(G), by (T9), at most one edge is missing in E(T — us, {y1,y2,¥5}). So,
by the symmetry between u; and wug, we may assume that u1yi, uiys, ugys € E(G). Then
G[{u1,y1,y2}] = K3 and G[us,us,ys,ys,ys] contains a Cof, a contradiction to (T5). This
finishes Case 1.

[{us,y1,y2}] # K3, and hence for

Case 2: H'[D] = Dy. Assume that H'[D] contains a path (x1,...,x9) and edges zix3
and z7xg. Let Th = {x1, 22,23} and Ty = {x7,x8,29}. By (16),

(19) we(D,TU Z) < 18,
Claim 6. Fori=1,2, wg(1;,ZUT) > 3.

Proof. Suppose that wg(T1,ZUT) < 2.5. Then eq(Z,T1) > 5 and eq(T1,T) > 7. Thus
by symmetry we may assume that eg(z1,71) = 3 and eg(z2,71) > 2. Let x € {z1,22} be a
neighbor of z;. Since eq(T;,T) > 7, x has a neighbor in T'. Then T+ 2o+ is a Z-attachment,
and G[D — x + z;] contains a Dy, a contradiction.  [J

Claim 7. If eq(Z,T1) > 0 (respectively, eq(Z,Ts) > 0), then eq(x4,T) = 0 (respectively,
ec(z6, T) =0).

Proof. If eq(Z,T1) > 0 and eg(x4,T) > 0, then G[D — T} + T| contains a Dg and Z U T is
a Z-attachment. [

Assume first that eq(Z,Tz) = 0, i.e., wz(Z,T3) = 9. Then by (19), wz(Z,T1) < 189 =9,
ie., eq(Z,T1) > 0. So by Claim 7, eg(x4,T) = 0, and hence by Claim 6,

we(D,TUZ) —we(Z,Ty) —wa(Th, ZUT) —wg(rs, T) <18 =9 -3 -3 = 3.
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In particular, eg(x5,T) > 0 and eq({z4, x5, 26}, Z) > 8. Since at most one edge is missing in

E({x4,x5,26}, Z), by the symmetry between z; and z9, we may assume that x5z1, 422, xg22 €

E(G). Then G[D — x5+ 2] contains a Dy and T+ z; + x2 is a Z-attachment, a contradiction.
So we have eg(Z,T;) > 0 for i = 1,2. By Claim 7, x4 and z¢ have no neighbors in 7'

Claim 8. ’LU@(Tl UTs, Z U T) >9.
Proof. Suppose that
(20) we(T1UT2, ZUT) <9.

Assume first that eg(Z,T1) > 5. Then for i = 1,2, there exists j = j(i) € {1,2} such that
ziz; € E(G) and G[Th — x; + 23—j] = K3. So for i = 1,2, if z; has a neighbor in T', then
T+ zj+x is a Z-attachment, and G[D — x; 4 23| contains a Dy, a contradiction. Therefore,
eq({z1,22},T) = 0. Hence by (20), wg(12,ZUT) < 3, a contradiction to Claim 6. So, by
the symmetry between 77 and Tb, we conclude that eq(Z,T;) < 4 for i =1,2.

Since eg(Ty U Ty, Z) > 4, by (20) we have wg(T1 UT,T) < 3. Thus by the symmetry
between T7 and T», we may assume that eq(T,T1) > 8. If for some i € {1,2}, eq(z;, Z) > 0,
then we can choose some u € T such that G[T —u+z;] = K3 and G[T} +u—z;] = K3. In this
case, ZU (T —u)+x; is a Z-attachment, and G[D — z; + u] contains a Dg. We conclude that
eq(Z,{x1,72}) = 0 and hence wg(T1,Z) > 6. This together with (20) contradicts Claim 6.
g

Claim 8 implies that
we({z4, 25,26}, T U Z) —we({rs,26},T) <18 =9 -6 = 3.

So eg(x5,T) > 0 and e ({4, x5, 26}, Z) > 5. Thus we may assume that eg (21, {z4, 25, 26}) =
3 and eg(zq,{z4,25,26¢}) > 2. By symmetry we may assume that x420 € F(G). Then
T) + x4 + 29 is a Z-attachment, and G[T, UT U {x5, zg, 21 }| contains a Dy, a contradiction.

Case 3: H'[D] = D;7. Assume that H'[D] contains a path (x1,...,27) and edges zix3
and zsz7. Let Th = {x1, 29,23} and Ty = {x5, x6, z7}. By (16),

(21) we(D, T UZ) < 14.

If eg(z4,T) > 0 and eq(Z,T1) > 0, then G[D — Ty + T|] contains a D7 and Z U T} is
a Z-attachment. So by symmetry, if eg(z4,7) > 0, then eq(Z, 71 U T3) = 0, and hence
we(D,TUZ)>1.5-12 = 18, a contradiction to (21). So,

(22) ez, T) = 0.

Claim 9. Fori= 1,2, wg(1;,TUZ) > 5, and if wg(T;, T U Z) =5, then eq(Z,T;) = 4 and
ec(T,T)) = 1.
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Proof. Assume that wg(T1,TUZ) < 5. Then eq(Z, {x1,22}) > 0, that is, for some j € {1,2},
x; has a neighbor in Z. If eq(T1,T) > 8, then since at most one edge in F(77,T) is missing,
we may assume that xjui, xu, x3—jus, x3uz € E(G). In this case, G[D — x; + us] contains
a D7, and ZUT — uz + x; is a Z-attachment. So, eq(T1,T) <7, i.e.,

(23) ZU@(Tl, T) Z 2.

Suppose now that eq(T1,Z) > 5. Since wg(T1,T) < 5, for some j € {1,2}, z; has
a neighbor in 7. Since at most one edge is missing in F(T},Z), we may assume that
xjz1,T3-j22, 2322 € E(G). Then G[D — z; + 2] contains a Dy, and T + z; + z; is a Z-
attachment. Thus eq(T1,2) < 4, ie., wg(T1,Z) > 3. This together with (23) yields the
claim. [

By (21) and (22), wg(T1,T U Z) + wg(T>, T U Z) < 11. So by Claim 9, we may assume
that wg(T1,7T U Z) = 5, and therefore eq(Z,T1) = 4 and eq(T,T1) = 7. Also by (21), (22),
and Claim 9,

w§($4,Z) <14 — w§($,T) — U)@(Tl UT, TUZ)<14-3-10=1,

which means that x421, 2429 € E(G). Since eq(Z,T1) = 4, either z1 or z9 (say z; by symme-
try) has at least two neighbors in 77. Since eq(7,T1) = 7, every vertex in 7} has a neighbor
in T. Then Ty + x4+ 25 is a Z-attachment, and G[T'UT} + 21| contains a D7, a contradiction.
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