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The Nonexistence of Certain Generalized
Friendship Graphs

A. V. KOSTOCHKA

A graph G is called a px-graph, if any two vertices in G are connected by a unique
path of length k, where k > 1. Obviously, p;-graphs are the complete graphs. The
py kraphs were described in [3]. Kotzig [4] has conjectured that there exists no Pr-
graphs for all k > 3. In the same paper he noticed certain properties of p,-graphs
aid the nonexistence of pi-graphs for 3 < k < 8. In survey [1] it was proved that
for k > 3 any pe-graph G (if it exists) must have the following properties:

(i} G is an edge-disjoint union of (k+ 1)-cycles, and contains no other (k+1)-
cycles.

(i) Any two (k + 1)-cycles of G have at least three common vertices. In
particular, G is 2-connected.

(iii) Any two (k + 1)-cycles of G have at most k — 1 vertices in common.

(iv) For any v € V(G) the parity of a number of (k + 2)-cycles, containing v, is
equal to the parity of degs v/2.

(v) (k+1)-cx41 = (k+2)-crsz(mod 4), where ¢; denotes the number of i-cycles
in G

In this paper we will prove that besides (i)-(v) any px-graph G has the following
properties:

(vi) ex+1 2 3, and, by (v), foreven k cpyq > 4.
(vii) Any two (k+ 1)-cycles of G have at most k — 2 common vertices.

(viii) Let C be the longest cycle of G. Then k+5 < |C| < (4k~86)/3. In particular,
k=21

B S F R T e e S B

L, e R P B T




342 A. V. KOSTOCHKA

1. Definition and notation ' it

For any path P (cycle C) the notation |P| (|C|) denotes the number of edges of
P (of C). If v and w are the vertices belonging to the path P, then the term vPw
denotes the segment of P connecting v and w. Similarly, the record vPywPoyFPav
denotes the cycle which contains the paths vPyw, wPay, yFav.

{

4

Following W. T. Tutte [6], for a cycle C of a connected graph & and a vertex v j N
y =

not belonging to C we define the C-bridge containing v as the spanning subgraph
of G generated by the edges (z,y) for which in G — V(C) there is a path between
v and {z,y} NV (G - C).

Tt
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2. Some properties of p;-graphs o
|

Theorem 1. For any pi-graph G we have |E(G)| > 2(k + 1). &
Proof. Suppose E(G) = E(F,) U E(F;), where Fy, Fy are the (k + 1)-cycles. 8
Due to (iii) there exists v € V(F,) — V(F2). According to (iv) there exists a
(k + 2)-cycle C), containing v. Let w be a vertex of C) with deggzw = 4. By g &
{iv), there exists a (k + 2)-cycle C; # C}, which contains w. Denote n; = |{v €
€ V(G); deggv = 2}|, v, = {veE Cyjldeggu =21}, 1=1,2; =12 1If #

z € Vi3 NVig, and 21, 23 are the neighbours of z, then there exist two k-path:

—{z} and C; —~ {z}, connecting z; and z;. Hence V;;NVi2 =6, |[Vi1|+|Vi2| = :
! and 2k+ 4= Icll + |C2l = IV11|+ |V21] + |V].21 -+ tvzzi S ni +2n2. On the other -
hand, 2k + 2 = |E(G})| = ny + 2n2, a contradiction. B e

We shall use below the following

Theorem. (of Thomason [5]) Let H be a multigraph. One can divide E(H) into b
two cycles. For any edges ¢1,e2 € E(H) the number of decompositions of I2(11) i
into two cycles such that e¢; and e; belong to different cycles, is even; the numba: :
of decompositions of E(H) into two cycles such that ey and ex belong to the same 58
cycle, is even, too. In particular, the number of partitions of E(H) into two cyclen
is at least four. W g

Proposition 2. Let C, and C2 be edge-disjoint cycles of pk-_gragb G, and |O'|
+|C2] = 2k + 1. Then there is at most one bipartition {Cy,Cz} of the graph
H = C,UC; such that |G| =k or |C2| =

Proof. Suppose that H = C; UC, = CaUC,, |[C\|=|Ca| =k, |E(H)| > 241 |
Then C; (as well as Cy) contains more than half of the number of vertices of deyran
2in H. Hence, there exists a vertex v € V(C3) NV (C,) such that deg, v = 2. Ous

can choose v so that a neighbour w of v is adjacent to four vertices:v, wy uy,m; =
At least one of the edges (w, w;) (let it be {w, w;)) belongs to E(C,)NE(Cy). Iy, i



NONEXISTENCE OF CERTAIN FRIENDSHIP GRAPHS 343

() - {{w,wy)} and Ca — {{w, w)} are the (k — 1)-paths between w and wy, not
{untnining v. Consequently, there exist two paths of length k, which connect v and
by, W

Proposition 8. Any two (k + 1)-cycles of the px-graph G have at most k — 2
vommon vertices.

froof.  Suppose that Fy and Fz are (k + 1)-cycles, W(F) o V()| 2
- k 1. Then, by (11]), lV(Fx) nV(Fz)l =k—1. Let H=F, v Fa, {”1:”2} =

V(F) - V(F), {vs, 04} =V (F2) — V(F;). Due to the Theorem of Thomason
Usere exists a bipartition {C}, C2} # {F1, F2} of E(H) such that v, € C1,v3 € Ca.
1y construction, |Ci| = k—1+[V(C.-)ﬂ{vl,ug,us,m}\ e {kk+1,k+2}, i=12
Since ‘Cl| ?‘-’ E+1 7’-‘ lCz', {'Cﬂ, !Cgi} = {k,k + 2} Let, for deﬁniteness,
{vs,v2,04} € V(Ci). Then there is a bipartition {C3,Cs} # {Fy, F2} of E(H)
wnch that vy € Ca, wvg € Cy. As above, {ICs},1Cs1} = {k + 2, k}; but this contra-
Jicts Proposition 2. B

I’roposition 4. Any pi-graph G contains a cycle C with |C} 2 k+5.

Proof. Suppose the contrary. First assume that for some edge-disjoint cycles Cy
and O3 we have

‘Cl' + lCzl =2k + 4. (1)

Due to the theorem of Thomason there is at least four edge-decompositions of
il = C, U C, into two cycles. The possible pairs of length of these cycles are:
a) {k+4,k}, b) {k+3,k+ 1}, ¢} {k+2,k+2}. lf all the vertices of H have degree
four, then only the case c} is possible. So every vertex v € V{H) lies in at least
8 - (k + 2)-cycles, and, therefore, a certain pair {(v,v1), (v, v2)} of edges lies in at
least two (k+2)-cycles. Le.,, there is at least two k-paths between vy and v;. Thus,
/I contains a vertex u of degree two. Since G is pr-graph, the case b) takes place
4t most once. By Proposition 2, the case a) takes place at most once, too. Hence

the vertex u lies in at least two (k + 2)-cycles. But this is impossible, and (1) is
not true.

Let Fi, ..., Fe be all (k+1)-cycles of G. By Theorem 1, t > 3. We may assume
that if there are vertices of degree two in the graph Fy Uz U Fa, then those are in
Fs.

The possibilities for lengths of cycles of 2-decompositions of H = FyUF; are:
a) {k+1,k+1}, b) {k+2, k}, c) {k+3,k—1},4d) {k-+4,k—2}. Due to Proposition
2, the possibility b) takes place at most once. The same is true for possibility a).
If we come across the possibility c), then the (k+ 3)-cycle together with F; satisfy
(1), a contradiction. So, there is a 2-decomposition H, = C1 U C,, where C is a
(k + 4)-cycle.

Case 1. |V(H;)| > k +4. Then there is a vertex v € V(H,) —V(Ci). By the
construction of Hy, degy v= 2. Consider Hp = Cy U F3. Due to the choice of Fy

P ———_v L S L

R ———

i




344 A. V. KOSTOCHKA

a) b)

Figure 1.

and v, [V(Cy) NV (Fs)| < k, and the number n, of vertices of degree two in Hj
is more or equal to ((k + 4) — k) + ((k + 1) — k) = 5. Since G has no £-cycles for
£ > k+5, there are at least three decompositions of H into cycles of length k 4 3
and k + 2. For every such decomposition the number of vertices of degree two in
H,, belonging to the (k+ 2)-cycle of this decomposition is equal to (ny — 1)/2. As
n, > 5, some vertex of degree two in Hz lies in at least two (k + 2)-cycles. But
this is impossible.
Case 2. IV(H1)| =k + 4. Let {01,02,03} = V(Fl) -—V(Fg), {04,05,1)5}

= V(F,) — V(F1). Due to the theorem of Thomason there is a decomposition of
H, into cycles Cs and C, such that v; € Cs, v4 €Cy {C5,Ci}# {F, F3}
Since (1) is impossible, we have {iCah1Cul} = {k +2,k}. Let |G| = k+ 2
Therefore, either vs € Cs or vg € Ca. Let vg € C3. Then, due to the theorem
of Thomason there is a decomposition of H) into cycles Cg and Cg such that
v € 0 v € Ce, {05, Cg} F# {Fl,Fg}. We have {leLtCel} = {k + 2,&2)
again, which contradicts Proposition 2. B

3. Forbidden configurations

Below by G we denote a pi-graph. In accordance with [2] the configuration in
Fig. 1a) is said to be a monocle, if the cycle C is even. We call the configuration In
Fig. 1b) a *-monocle, if the cycle zPyyPaz is even. The configurations in Fig. 2a) ¥
and 2b), where y # 2, u # v, and the cycle yPrzPsy, uPsuPgu are odd, me
called a binocle and a T binocle, respectively. -
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Figure 3.

Similarly, the configurations in Figs. 3a) and 3b), where the cycle yPyuPsvPyzPey
is even, are called f-monocle and g+ -monocle,resp. The configuration in Fig. 4,
where the cycle ViPyvgPsvsFPeuny is even, is said to be a wheel with rim
vy Pyva Psu3 Psvy and centre z.

Lerama 1. [1,2] If G contains a monocle (see Fig. 1a) and
] < 2k, (M1)

then |C| + 2|Py| < 2k - 2.
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6
% P,
v
Figure 4.

Lemma 1 implies:
Lemma 2. If G contains a *-monocle (see Fig. 1b)) and
(M+1) |Pg] + | Ps] < 2k,
then |P;| + | Ps| + 2|P1| < 2k.

Lemma 8. Let G contain a binocle {see Fig. 2a)), which satisfies the following
conditions:

(B].) ngl + IP3| + 2|P4.l + lPsI + |P5[ < 2k;

(B2) |P5| < |Pa| + |Ps| + [ Pels |Pa| < | Pal + | Ps| + | Pel-
Then 2IP1| + 2‘P4‘ + ngI + ]Pgl + IPs] + lPsl < 2k-12.

Proof. By definition of a binocle, |P2| + |Ps| + |Ps| + |Pe| is even. U (B2) is
true, then one can choose the vertex v so that the path Py = vPsuPyzPay and
P = vPguPyzPsy have the same lengths. According to (B1), |Pr| = |Ps] < k.
Since in this situation |Py| + |Py| must be less than k, lemma is valid. ®

Since for the validity of (B2) it suffices that |Ps| + | Pe| 2 |Psl + | Pal, Lemma

3 implies

Lemma 4. Let G contain a ¥ -binocle (see Fig. 2b}) and
(B*1) |Py| + | Ps| + 2| Pl + | Ps| + |Pe| < 2k.
Then 2\P| + | P3| + |Ps| + 2| Pa| + | Ps| + |Pe| < 2k.

Lemma 5. Let G contain a 6-monocle (see Fig. 3a)), which satisfies the following

conditions:

(61) |Py| + |Ps] + | Pal + | Ps| < 2k,

e
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_ |P2| < |Ps| + |Pal + | Psl, | Ps| < | P2 + | Psl + [Pyl (62)
% Then 2“’1. + 1P2| + ngl + |P4l + lP5‘ + 2‘P6‘ < 2k—2.

Proof. If (82) is true, then one can choose the vertex v so that the paths
|y  vPyzPsuPyy and Pg = vPsuPsz Psy have the same lengths. By (61) and

f.omma 2, we have | P;| + | Pa|+ | Psl+ | Ps|+ 2| Ps} < 2k, and hence |Pr| = |Ps| < k.
 ‘['he condition that G is a px-graph implies P+ [P)ck-1. 0

Since for the validity of (62) it suffices that |Ps| + |Ps| 2 |P2| + |Psl, the
fullowing lemma is true.

Lewma 6. Let G contain a 8% -monocle (see Fig. 3b)} and

| P2} + | P3| + | Py] + | Ps} < 2k. (#*1)
Then 2|P4] + | P2l + | Ps| + | Psl + | Ps| + 2| Pg| < 2k.

Lemma 7. Let G contain a wheel (see Fig. 4} and

|Py| + | Ps| + | Pe| < 2k. (W1)
Then 2|Py| + 2| P2| + 2| Ps] + Pl + [Ps| + |Pe| < 2.

Proof. Let |Ps| = max{|P4|,|Ps|, Psl}. Then by deleting the edge of P, incident

with z, we obtain a g-monocle with the lens vy Pyvo Psvs Pva, which satisfies the
conditions of Lemma 5. B

4. The nonexistence of very long cycles in G

We assume below that E(G) = Ui_, E(F;), where Fi’s are (k + 1)-cycles.
Lemma 8. G contains no cycles with length exceeding 2k.

Proof. Let C be the shortest of even cycles with the length > 2k. First suppose
that
the ends z and z of the path Py with |P;| < k divide C into

two segments P and P3, whose lengths have the same parity
as | Py| (see Fig. 5.) (2)

One can assume that |Pz| < |Pa|. If |P1] + |Pa| < 2k, then, by Lemma 2,
2|Ps| + |Py| + |P2| < 2k. But |C| > 2k + 2. Thus, |Pi|+ |P2| > 2k and, due to
minimality of |C], we have |Py] > |Ps|. However, |P1] € kand |Ps| 2 |C}/22 k+1,
a contradiction.
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Figure 5. Figure 6.
Now suppose that
| (3) the graph F; N C is not connected for some 1.

Then one of the situations represented in Figs. 6a), 6b) takes place, where
C = zP, Py Ps Pez and the path zPyzPayPau i8 contained in Fy.

Case 1. The situation represented in Fig. 6a) takes place (it is possible that
z = y andfor z = u). Since gituation (2) is not the case, the cycles zP1zPez and
yPyuP,y are odd. I |Py] + |Pa} < |Pal + | Ps|, then, due to the choice of C, thd
length of the cycle C1 = 2P,z PayPauPsz does not exceed 2k. Bat then, by lemmn
2, |Cil + 2 max{|Ps!, | Psl} < 2k, violating the inequality |C| > 2k. Therefore,

e

(4) \Py| + | Pa) 2 |Pal + |Ps|.

pE——

Since |C| > 2k, by Lemma 4, 2k < 2|P2| + |Pi} + | Pl + |Ps] + |Pal- Considering
parity we deduce that

1 e’

2k+2 < 2|P,|+]P1\+\P5\+\P3\+|P4| = 2(1P11+|P2\+1P3|)+(\P4\+|P6\-\Pnl'|"nn-

By (4), we obtain k+1 < |Pil+|Pal + |P3). Hence k+1= \Py)+ | Pal + | Pal,x =
¥ and |C| = |Pdl + | P2l + | Pl < | P} + |Pal + |Psl=k+1,8 contradiction.

Case 2. The situation of the Fig. 6b) takes place. Similarly to Cnse i
the cycles Ca = J:PlngyPgI and Cs = yPsuPssz are odd. Thus, the uys
H cles Cy = mngPauP;,zP;:: and Cs5 = zP;nguPayP..z are even. By Leminh f
s |Cql > 2k, |Cs| > 2k. Hence, due to the choice of C, |C| < IC4l, |C1 < 1t
il Consequently,

\Py} + | Psl 2 |Psl + |Pel, [Py} +{Psl 2 |Pal + | Psl,
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Figure 7.

and |C| < 2(| Py} +1P5]) S 2k, contradiction. Thus, if E(F;NC) # §, then FNC
In a path.

There is a vertex v € V(C) such that (v,v1) € E(C) n E(F),(v,v2} €
¢ E(C)n E(F;) for some j # i. Let w be the first vertex of Fi N Fy, met when
moving on F; — E{C) from v (see Fig. 7.). By the Property (ii) such a vertex does
exist. In Fig. 7. F; = vPywP;zPsv, Py C F;. At least one of three cycles of F;U Py
n even. This even cycle together with the path C'— (Ps — {v}) contradicts Lemma
I. So, in G there are no even cycles of the length £ > 2k.

Let C be an odd cycle in G with [C| > 2k, and Py be a path, internally-
disjoint from C whose endvertices = and z lie in C (such a path exists). In Fig. 5,
C = zP,zPsz. One of the cycles C; = tP,zPyz,C2 = zPyzPsz (let it be Cy) is
cven. As noted above, |Ci| < 2k, violating Lemma 2.

Corollary 9. The conditions (M1), (M*1), (¢ 1), (¢*1), (W1) of Lemmas 1, 2, 5,

6, 7 are always true in G.
H °'

Figure 8.

Tf the cycles C; and C3 in G are vertex-disjoint, then due to biconnectedness
of G, there are vertex-disjoint paths P, and P; from Cj to C3 (see Fig. 8.). Using
this fact and Lemma 8, we can prove, similarly to Property (ii) (see [1], Proposition

6) the following lemma.

P 3
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a) b)
Figure 9.

Lemma 10. Let G contain cycles C, and C3 with v(C1) nV(C3)| € 1. Then
|C1| + |Cal < 2k —2. Moreover, if |Ca| is even, then |G| £k+1— 1Cal/2.

cycle of G and |C| 2 (4k—5)/3. Then the degree of every

Lemma 11, Let C be a
very C-bridge is 2 path).

vertex v € V(G) - V(C) is equal to 2. {or equivalently, ¢

Proof. First suppose that there is a C-bridge, which has
common with C. Then C contains a subgraph represented in Fig. 9a). As far as

G iz Eulerian, deggv 2 4. Therefore, at least one of the situations represented in
Fig. 9b),9¢c) takes place (in Fig. 9c) w = 2 is possible). By Lemma 10, the cycle
oP'wP"v in Fig. 9¢) is odd. Thus, ‘n either case the configuration of Fig. 9a) takes

where at least one of the cycles

more than two vertices

place,

Cl = vPlzP4yng, 02 = ngyPezPav, 03 = UP32P52P10

o more than half of E{C). Let us assume for definiten
| < |C\/2. Consider the wheel witli

is even and contains B anm,
that we have obtained that |C,| is even and | Pa
the rim C, and the centre 2. By Lemma 7,

2k > 2|Ps| + 2\Pe) + 21Ps] -+ [Pl + [Pl + 1Pal 2 (2lC] - [Py +4 2 31C1/2 4 4

Therefore, |C| < (4k — 8)/3, 3 contradiction to the Lemma’s condition.

Thus, every C-bridge has exactly two vertices with € in common.
v € V{(G) — C,deggv 2 4,v €
path z) P17z be a segment of F; (see Fig. 10a)),
of C U Py, which we meet, going from v on Fy
have one of the configurations of Fig. 10b), 10¢c)

not occur). In the former case at least one of the cycles

vPyy Prv, vPaya Prv, vPyy1 Prya Pav

lnﬂlr

F; n F;. By Lemma 10, |F;nC| 2 2. Let the
and let y1,y2 be the first verlicaa

in two different directions. Thon we
(the configuration of Fig. 9a) doas

gy e

e e
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a) b) c)

Figure 10.

{s an even cycle, contradicting together with C to Lemma 10. In the latter case
#hllier ut least one of the cycles

Cy =vPy1Piv, Cs=vPspPv

ls oven (Lhis contradicts Lemma 10), or, by Lemma 3, |C4|+|Cs| = 2k+1. However,
by construction, |Cy| + 1Cs| < (IRl - 1)+ (|F;l-1) <2 =

Lomma 12. Let C be a cycle of the maximal length in G, and let the paths
I',, I, be C-bridges, arranged as in Fig. 11b) (possibly, z = u and/or z = y). Lei
|| = k+8, &2>2 and let the cycle C, = PyyP,zPsuP,z be even. Then, if

max{|Ps|, |Psl} < |P1| + | Pzl + min{|Ps}, | Psl} (5)

then |Ps| + |Ps| 2 |P1| + | Pa| + 26.

Figure 11.

Proof. We may assume that |Py| > |Pal,|Ps| 2 |\Ps, o Cc Fr. Hz=y,2=1,
then, since P, and P, are C-bridges, we have P, N F; = {z,u}. But in this case
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PuF isa +_monocle with the lens zPuP;z. This contradicts Lemma 2, since
|Py| 2 |P2l. Therefore, |Ps| > 1, z# y. Dueto (5), the vertex v opposite to y on
C, belongs to P,. If y =z, then the paths zP,uPsz Py and £ Pay have the same
length. Hence, by adding edges of Pe — {u} and Pa— {2z} one can make from these
paths two k-paths, which connect the same pair of vertices. We argue similarly if
0 = u. If v € Py — {u,z}, then we have a f-monocle with the lens C;, the crack Pe
and the handle Py — {z}. But then, by Lemma 5,

ok — 2 >2\Ps| + 2|1Ps| — 2+ |Pi| + \ P2l + \Po} + | Ps} =
=2|C| -2+ (1P} + P2l — |Ps) = |Psl) =
=2k —2+26+ ‘Pl‘ + ‘Pg‘ - ‘Pa‘ = lPsl ]

Lemma 13. Let C be a cycle of the maximal length in G, C = k + 6§, and the
paths P, and P; be C-bridges. Denote by £(P:) one of the segments into which P;
divides the cycle €, i=1,2. Then 1e(P + [E(P2) 2 26 + |Py| + | P2l

Proof. Due to the maximality of |C|, we may assume that
(6) \B| < [(P)| S 1C1/2 = 1,2

It |Pu 4 16(P)| is even, then by Lemma 2, [€(P)] + IPi] +20C1 le(P) < 25
whence |¢£(P1)] 2 26+ |Py), and, by (6}, the Lemma is true. Thus, we may Suppose
that |P:| + |€(P:)] is odd fori=1,2.

Case 1. The paths Py and P, are arranged as in Fig. 11a), &(P) =
= a:PayP.;z,&(Pg] = yPyzPsu. Then the cycle zPyyPauPsz P12 is even, and, by
Lemma 6,

2k > 2|Pe| + 21| + |P3| + | Ps| + |P|+ |P2| = 2(k+ 68) + |Pu)+ |Pa| - |\ Ps| - | Ps).

Case 2. The paths Py and P, are arranged as in Fig. 11b), £(P) = Pa
g(Pz) = Pa. Since at least one of the three cycles of CU P; is even, then, duc to
(6) and Lemma 2, we have 2|P;| + |C] < 2k, i = 1,2. Therefore, if [Pl < 1P%,
then 2k = ‘P1| + lel + lC] pd |Pll + ‘Ps\ + 2lP3l + ‘Pg‘ + ‘Pd Thus, by Lemina 4,

2k > 2{C| + |P| + | Pal = |Pal — | Pel = 2k + 26 + |Po] + | Pal = 1 Pal = [Pel:

Due to (6), only the following case is not considered.

Case 8. The path Py and P, are arranged 2s in Fig. 11b), g(P) = 1w
E(Py) = yPyzPsuPsz. Then the cycle C, = 2 PuPszPayPsz is even. By (8},
|\P} > |C1f2= (k+6)/2. Therefore, the T-monocle C1 U P, contradicts to Lemma
2. :

Let C be a cycle of the maximal length in G, and let the path P be a C-
bridge, £(P) be a segment into which the set {z,y} = PNC divide C. If the cyclo
C, = zPyé(P)z is odd, then for every ¢ € E(P) we mark the vertex opposite to 4
on C by the mark e. Since |&(P)] 2 | P, only the vertices of C — P will be marked,

We do so for every pair of paths {P, ¢(P)}, where P is a C-bridge and T4E L&)
is odd.
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Lemsma 14. Let C be a cycle of the maximal length in G, |C| = k+6,8 = (k—5)/3.
Lot n vertex v € V(C) be marked by the marks ey{e1 € Py) and ez{es € F;), where

%, Iy are C-bridges. Then the configuration in Fig. 11a) is impossible and in
\oufiguration of Fig. 11b) we have v ¢ P U Ps and | P3| + |Ps| 2 26 + |Py| + | Psf-

I’roof. Suppose that the configuration of Fig. 11a) takes place and v € P,. By
the rules of marking, the cycles C, = gPzPyyPaz and Cz = uPyyPyz Psu are odd.
‘Fherefore, the cycle zPizPsuPayPsz is even and, by Lemma 6,

2k > 2| Ps| + 2| Pu| + | Pol + | P2l + | Ps| + [ Ps]- (7)

Hince v is opposite to ¢; on Cy, then |Py|+ |2Pyv| > | P3| + |yPav}. Similarly, in Cs
wa have |Py| + lyPyv| > |Ps| + |2Pyv]. Summing up these inequalities with (7), we
duluce 2k > 21C|, a contradiction.

Now let the configuration of Fig. 1ib) take place.

Case 1. v € Pa. Since v is marked by ¢, and ez,
”’2] + ]yP3v| > ‘Psl + IPGI + l::PsUL lP]_l + |IP30| > ‘Pq,' -+ |P5| + lyPgu].

‘'hug, we have the inequality |Pi] + |Pz| > 2|Ps] + |Pa] + |Psl, violating the
maximality of |C].

Case 2. v € Py Let | P3| > |Ps|. As above,
1P2] + [yP4v| > !ZP4U|, lP1| + !P{,i -+ lZP4U| > lPal + |yP41J|

Summing up these inequalities, we obtain |P1|+ | P2] + | Ps} > | Ps| and, by Lemma
12, |Ps| + |Ps) 2 26+ |Py| + P2 ®

‘Theorem 5. The length of any cycle of G is not greater than (4k — 6)/3.

Proof. Suppose that C is a cycle of the maximal length in G, |C] = k+ 6,
§ > (k — 5)/3. By Lemma 11, every C-bridge is a path.

Case 1. |C)| is odd. Every C-bridge P divides C into two segments ¢(P) and
w(P), where |o(P)| + |P| is odd, |¥(P)| + |P| is even. Since G is Eulerian, there
are at least two C-bridges. Therefore, by Lemma 13, there is a C-bridge P such
that |@(P)| > 6 + |P|. Due to Lemma 2, W(P)| + |P| + 2|e(P)| < 2k, whence
|$(P)] > |P|+ 28. So, |C] = le(P)| + |¥(P) > 36 + 2|P|, and § < k{2 — 1. By
Proposition 4, § > 5. Thus, by Lemma 13, there is at most one C-bridge Fp such
that

Bl =1, le(Po)l<3. (8)

If such P, exists, denote Gy = G — E(Po), otherwise let G1 = G. By Theorem
1, |E(G))]| - |C| = 8k + 31— (k+ k2~ 1) > 3k/2 > |C|. Hence thereis a
vertex v € V(C), which received at least two marks of edges of E(G,) — E(C).
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According to Lemma 14 we may assume that the configuration of Fig. 11b) takes
place, where v € Py, p(P2) = Py, ©(P1) = zPsyPszPsu. Then the cycle zPjuPsz
is even and, by Lemma 2, |Pg] > 26 + |P1|. Due to Lemma 14, |Ps| + |Ps} 2
26 -+ | Py} + | Pal, whence § + k = |C| 2 | Paj + (26 + |Pa} + | Paf) + (26 + | P1]) and
§ < (k— |Pil — 2|P1| — |P2l}/3. Due to the maximality of |C], |Pa] = le(P2)| 2
> | P2 + 1. Since Pz # Po, and (8) is not true for Pz, |P2| + |Py| 2 5. Therefore,
§ < (k—5-2|P)/3< (k—T)/3.

Case 2. |C| is even. Let P; be a set of C-bridges P such that P divides C into

segments of the same parity as P. Let P, be a set of other C-bridges. We show
that

> lel<2

PEP;
First suppose that the C-bridges P and P, from P; are arranged as in Fig. 11a)
and |Ps| + |P4] < |Ps| + | Pe|. Lemma 7 implies
2(1P2] + | Ps| + | Pel) + || + | Ps] + | Pl < 2K,
3|Cl/2 < 2k - 2|Py| - |P2|, 1O} < (4k — 6)/3.

Let now the paths P, and P, from P; be arranged as in Fig. 11b), and
|Ps| > |Ps|. Then, by Lemma 12, either |P3] 2 |Pi| + | P;| + | Ps| + 1 and, since the
cycle zPyuPsz Py Pz is even, we have | P3| 2 4, or |Ps|+|Ps| = |Pi|+|Po| 428 2 4.
In each case | Ps|+ |Ps| > 4. Due to Lemma 2, | Py} 2 |Pa| +26, |Pe| = 1P| +26.
Therefore, k+6 = C > |P2|+ 26+ {Pi|+26+4 > 46+6,and § < {k—8)/3. Thus,
if (9) is not true, P, = |Pi], where |Py| 2 3. Denoting by &(Pi) the shortest of the
segments into which P; divides C, we have (according to Lemma 2)

|Py| + |€(P) +2(IC) — [£(P1)]) < 2k,

|Py| + 3|C|/2 < 2k, |C| < 2(2k - |P|}/3 < (4k — 6)/3.
So, (9) is true. Hence, by Lemma 8,

S P> 3(k+1) - 10|~ . IP|28k+3-2k-22k+1
PEP, Plehy

Since every edge lying on some C-bridge from P, marks two vertices of C, there is ;
a vertex v € V(C), marked by at least two edges. Let v be marked by ¢; € E(P) 3
and e; € E(P;). Due to Lemma 14, we may suppose that the configuration of ¥
Fig. 11b) takes place, where v € Py and | P3| + |Psl 2 |21l + | P2| + 25. By Lemma
13, |Pg| + |Py| = 26 + |Pi) + |Pz]. Thus, 6§ + k = |IC] > 46 + 4,6 < (k- 4)/3.
But then Y_pep, 1P| 2 3{k+1) - |C] — 2 > {C|, and there exists a vertex wV(C)
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‘that w Is murked by at least three marks. Due to Lemma 14, the situation of
§ 14 thkea pluce, and

| 1]+ | Pol 2 26 + |Pi| + | Pal, | Ps| + | Pe| > | P2l + | Ps| + 26.
lsnunn 13, Ple] + |Py| > 26 + |P1| + | Ps|. Thus,
k+6=|C| 266 +2(|P1| + |Pe| +|Pa]) 285+ 6

d &< (x-6)/5.
Tlie T'heorem is proved. W

Figure 12.
L8 i
W, k E (Corollary 6. There are no py-graphs for 3 < k < 20.
“m Proof. Suppose that there exists a pi-graph G, and C is a cycle of the maximal
"~ leagth in G, |C| = k+ 6. By Proposition 4, § > 5. Due to Theorem 5,

§ i< (k-6)/3. Hencek>21. W

IRemark. Developing the ideas of [3] it can be shown that there are no pi-graphs
for 3 < k < 30.

2
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