COLLOQUIA MATHEMATICA SOCIETATIS JANOS BOLYAI
18. COMBINATORICS, KESZTHELY (HUNGARY), 1976,

DEGREE, GIRTH AND CHROMATIC NUMBER

A.V, KOSTOCHKA

§1.

The following notations will be used throughout: x(G) is the chro-
matic number of a graph G; £ _ is the class of graphs with the maximal
degree of vertices not exceeding o; £¥ isthe class of graphs whose girth
is at least -g; .,Z’i =2¢Nn 2 . :

|x] }and [x] denote respectively the lower and upper integers of X
Ge. x—1<|x]<x and x<[x]<x+ 1).

1t is evident that for any o and g

max x(G)=> max x(G),
Gezé ceedt!

hence the sequence of these maxima becomes constant (depending on 0)

¥(0) = min max Xx(G) after a finite number of steps.
£ Gest

In 1968 Vizing [7] set up the problem: Determine the maximal
chromatic number of the graphs, contained in 5,”2. ' -
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The following question is also of interest: How large is the number
Y¥(0)?

Griinbaum [5] has formulated the conjecture, suggested by the
papers [9], [3], [4], that ¥(0) = 0, if 0= 3.

In [1] and [2] it has been independently shown that for any Ge ff‘;
(0< 4)

‘s
x(G) < l'3_(£4—_2_)15
and, consequently

¥(o) < [—3-(12—2-)] .

Thus, Griinbaum’s conjecture does not hold for o= 7. The present
paper is devoted to proving the following fact. R

Theorem. Let 0=>5, g=7, GE ¥%. Let, further, q= [%] If

some natural number x satisfies the inequalities

m x>|3]+2

—1
2) (_,o—x+l

-1
)'7 > 2 g0+ x- D),
then x(G) < X.
The theorem will be proved in § §2-5.

Corollary 1. If 0> 5 then ¥(0)< |5]| + 2.

nlQ

Proof. It is easy to see that for any ¢>5, and for any natural
number g= 4o+ 2)Ino, x= [—%j + 2 satisfies all the conditions of the

theorem.

Corollary 2. max x(G)< 4.

3
Ger;

For the proof it suffices to verify that the conditions of the theorem
are satisfied for 0=35, g= 35, x=4.
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According to Corollary 1, Griinbaum’s conjecture is not true for
o> 5.

§2.

We only consider x< o — 1, forat x> ¢ the statement of the the-
orem is the weakening of Brooks’ theorem which asserts x(G)< o for
any graph G (€ ¥ ) not containing a complete subgraph with ¢ + 1 ver-
tices.

Assume that the statement of the theorem is not true. Then there ex-
istsa (x + 1)-critical graph G € & i . Let v, € V(G) be chosen and some
colouring f of the vertices of G \{yv,} with x colours be given.

Let f(4), where A& V(G), denote the set {f(»)Iv€E AN{v 1,
and let I(») denote the'set {w € V(G)| (v, w) € E(G)}. We shall call we
€ I(v,) an 0, (vy)-vertex, if fiw) & fl(vy) \{wh. The set of all O, (vy)-
vertices is denoted by O, (¥y).

As G is critical, 10,(¥y)|=>2x—0=> 3.

We propose an algorithm for determining a subset I' of the set
V(G)U E(G) in G. The set T' will play the main role in the proof of
the theorem. The edges of I' will be oriented, some of them in both di-
rections. While constructing I', the edges and vertices, belonging to T,
will be called T-edges and [D-vertices respectively. Further, the edges in
I' will be divided into TI';-edges and TI',-edges. The algorithm will work
in not more than o] V(G)| steps. At the i-th step I'edges and I'-vertices
of i-th level will be defined. Simultaneously, with the construction of I
we shall construct a mapping P, defined on the set of T',-edges with the
values in the set of I'-vertices.

THE ALGORITHM OF CONSTRUCTING I’
Step 0. v, is called a I'-vertex of level 0.

Step 1. Direct each edge (v,,w), where w isa O, (vo)-vertex,
towards w. We call these directed edges T';-edges of level 1, and we refer
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to the O, (v,)-vertices as I-vertices of level 1. There are no I',-edges of
level 1. Go to Step 2. '

Definition. For any natural number i and for each I'-vertex v+ v,
we denote by T,(v) the set of those I'-vertices, which belong to 1(v),
and from which ', -edges of level <i goto v.

Example. If v isan O, (v,)-vertex then T,(v)={y,}.

Definition. For any natural number i> 2 and each I'-vertex v # v,
we denote
0,0 ={weI\(T,_ )V NI fiw) &

i-1

¢ UONT,_ )V w) &we U 0,00}
Example. If v€ O,(v), then

0, ={we I\ {vy} flw) & f(v) \ {w, v, N}

Definition. Let v+# v, bea I"'-vertex. We shall say that the Di(vi-
situation takes place in G, if [fUM\T,_;(mM)I<x-1.

Step k (k> 2).

(a) If for at least one [-vertex. v# v, the Dk_ 1 (v)-situation takes
place, then the algorithm terminates. Otherwise, the algorithm terminates if
no I'-edge of the (k — 1)-th level has been constructed in the (k — 1)-th
step. In all other cases go to item (D).

(b) For each ordered pair of vertices {v,w}, where v# vy, isa
I-vertex of level 1 or 2 or 3...0r k—1), and we€ Ok(v), we direct
the edge (v, w) towards w. We call all such edges the I'-edges of the k-th

level. Go to item (©).

Remark 1. It may happen that some edge is directed in both senses.

(c) Let us consider an arbitrary I'-edge (v,w) of the k-th level
fv)=a, f(w)=B. If there isa I'-vertex u (€ I(v) U I(w)) of level not
—_
exceeding k — g, then we call (v,w) a TI',-edge of the k-th level. Be-
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—
sides, we call (v,w) a I',-edge of the k+th level if for some s (= 2)
there exists in G a directed chain

——
(vl’v:}_}) (V23v3), LR ’(VS*}’VS)

of T',-edges such that v =7, f(v].) € {0, 8} (where 1<j<s) and at
least one of the vertices v;,v,,..., 7 is adjacent to a T'-vertex u' the
ievel of which does not exceed k —q. The vertex u (or u'}, because
of which (V,—M}’) became a I',-edge, will be called the image of (m)
in the mapping P. (If there exist more than one such vertices u or u',
then we choose P((m)) arbitrarily from among them.) We check each
Iedge of level k whether or not it isa I',-edge; if it is not, we call it a
', -edge of level k. Go to item (d).

(d) A vertex ve& V(G) will be called a I'-vertex of the k-th level,
if at least one I',-edge of the k-th level enters it, but no T’ -edge of
lower level. Go to Step k+ 1.

Remark 2. If an edge of G is directed in both directions, it may be
a I';-edge in one direction and a I',-edge in the other. :

If no TI';-edge of the k-th level appears in Step k of the algorithm,
then for any [I-vertex v

T =T, (0, 0p,,00=4,

and at Step (k+ 1) there will not appear any I'-edge of the (k+ 1)-th
level. That is, the algorithm terminates not later than at Step (k+ 1).
Consequently, the aigorithm works in at most 2 - | E(G)| steps.

Later we shall denote the level of the I'-vertex v or that of the I'-
- ¥ . - N . —_—
edge e by Y(»v) or Y(e) respectively. It is clear that Y((v, w)) and
—
Y((w,v)) may be different. .

§3.

In this section we consider some properties of I.

— . — —
©. If (v,w) isa T[-edge, then Y((v,w)H= YW+ 1. If (v,w) is
a T,-edge, then Y((v, w)) > Y(w).
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& ettt BiEar s Lo v Ll it ~E TP adonmn AT
Proof. The first inequality follows from the definition of ['-edges of
R e T wenl T b R . P £ PN & fmerat Z P . | £ -
the k-th level By the definition of D.vertices of lever &, 1hs 1€vel Of any
IR 4 a3 B ~ = 27 - AN =3 a e pran 7 s

T.vertex v is equzl to the minimum of levels of I, -eGges entering intd

p. This implies the second ineguality.
— N . /"“"‘—} . - 7 7 L7 0N
v, wy and {w,u} are I-edges, v+ u and vy = fuj

et ——
I 7 7 S KTl gy 4 1
. -edge, and Y{(r,wi < Y{{w,u} — L.

(EE}. Fog
thern (v, v w; isa

5 Foatr Vil oW =: F wg T R T, g & 514
Proof. Let Y{{w,up=1 K veT, (v}, then u€ a.{y}, and
H £ 4

{w, w) would not be a D-edge of the i-ih level Consegquently, ve T,_, (Vh

That is, {v w} ica I, -edge, and Yy, whr<i— L.

\NTS

The next statement is obvious

(III}. Forany T-vertex v# v, there exists ¢ Ty -edge (w, v} such
that Y(») = Y{(w,v)} > Y(w} + L.

As an immediate corollary of (I} and (IiI} we state:

(IV). Forany D-vertex v the length of the shortest directed chain,
consisting of T';-edges and leading from v, to v, does not exceed Y{(v}.

(V). Thereisno T, -edge of level > I, which terminates at a vertex
adjacent ic v,. '

Proof. Each edge, whose level exceeds 1, and whose end vertex be-

longs to i(vo) is a Fz—edge. By (IV) and since & € %8, its level is at
least g — 2.

(VI). For any directed two-coloured chain (v, V,},{V5, Vgl o

——— . . Y 7 7 . .
R ¢ T o, consisting of T';-edges, the following is true:

Y{v,_ (v s Y y+g-12

Proof. Since the chain is two-coloured, v, hasa colour, and v, #
+ V- Then, according to (EII), there exisisa w€ HER with Y(w) <

P¥nd

< ¥Y{v, } — 1. But, taking into account the definition of I',-edges, #

Y{(v 1 Y )= Y(w)+ g then (v ,_q, v} wilt be a P, -edge.
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The following statement results from the definition of_ the sets O_l.(v)
and the I'-edges of the k-th level ’ '

(VIT). Let veT' \{yy}, f(v)=a. Then forany B+ a there exists
at most one T-edge, going from v to a vertex of colour (. Moreover, if
there exists a vertex w € I(v) such that f(w) = §, (W) is a T-edge and
Y((v, w)) = k, then any vertex u€ Iw)\{w} with flu)= belongs to
T e 1'(v). | ' S

Definition. Let « and p be arbitrary colours. We denote by Gaﬁ
the subgraph of the graph G, spanned by the vertices whose colour is «
and . | :

Definition. Let (ﬂ,_;) be Fl.-edge, f(u)=a,' f) =fB. We denote
by Ga.ﬁ((m) the connected component of the graph G.aB \{(u, )},
containing the vertex u. ' V

From (1), (VI) and (VII) we obtain:

u, and its height does not exceed q — 3; furthermore, any edge of the
tree is a T'|-edge, and is directed towards u. '

Deﬁniﬁon._ For ahy T-vertex v# v, we define theAnotion of | the
wtree by induction with respect to the level of the vertices:

1. If Yv)=1, the.n a v-tree consists of the vertices v,V and of
the T -edge (v, 7).

2. Let the u-tree be defined for each I-vertex u # v, with Y(w)<

< k. We consider a DI-vertex v with Y(»)=k and f(v)= a. Accord-
ing to (III), there exists a u, € T, (). Let fluy)=p4. We choose

, — .
among the initial vertices of the graph Gaa((u0>")) a vertex w in such
a way, that the directed chain, consisting of I';-edges leading in the
: —_—
graph G, ((u, v)) from w to u,, would end ina T';-edge W', ug),
* The root is an arbitrary distinguished vertex of the tree. The height ofa vertex of a rooted

tree is its distance from the root. By (VII), each I‘l-edge of the tree in question is Qitected ’
towards the root u. ’ ’
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having the least level among the edges of G ﬁa((u(}’ v)), entering u,. If

G&;((uo, V) ={uy}, then we take w=u;. From (I) and (II) it follows
that Y(w) < Y(¥). Then all the vertices and @', -edges of the w-tree, all

the vertices and T'; -edges of G Ba((uo, v)), the I',-edge (“_0—’;) and the
[-vertex v belong to the v-tree (and the v-tree consists of these elements
only).

Remark 3. Generally speaking, the v-tree is not unique (since it de-
pends on the choice of the vertices w).

(IX). Let v# vy, be some TU-vertex, and F(v) some arbitrary v-
tree. Then

@ if (LW EFW), WHEFO), u#y, then Y@, ) <
< Y((w, ¥)-

(by F(v) is the directed tree with root v; each edge in F(v) isa
I -edge, its height does not exceed Y(v). Its edges are directed towards
v. The vertex v, is one of the initial vertices of this tree Oniy one i‘l-
edge, belonging to F(v), goes from any of the vertices W€ F») \{v].

Proof. Let us prove this statement by the induction on level v. If
Y(v) = 1, then this statement is obvious.

Suppose that this statement is true for all T'-vertices of the level not
exceeding k—1 and Y() = k. According to the definition of the v-
tree, there exist such I'-vertices u, and w, that F(») consists of ver-

tices and T';-edges of a w-tree and Gﬁa((uO’ v)), and of the I';-edge
(u 0’ ¥) and the vertex V. Since Y(w)< k, for the w-tree (IX) is valid.

We show that no yvertex of G m((uo, 1)), except w, belongs to the w-tree.
Suppose that some vertex u #w lies simultaneously in the w-tree and

—_— . . —_— — ———
in Gﬁa((uO’ v)). Then a directed chain (u,uy), (uy, Uy), -« (U, 1> u)
‘leads from u to u, such that u = uy and f(u].) €{a,pf} (1<j<s).

Besides, another directed chain

(u,y;)a(yl’yz)""s(yr_1>w)7(w;yr+l),-"a(J}I__l)uO)

leads‘ from u to u,. According to (II) and (VI)

- 686 —




(3) Y((uy, < YW +q—2;
—_— —
Y((u u;  N< Y((u;, 14, 9))s i=1,2,...,8—-2;
—_— ————>
Y(Gpm D < XOpy 10 P 0D di=rrt 12,

Besides, according to the definition of the v-tree Y(,_;,wh<
—_—
- < Y((w,¥y,,,)) and in acoordance with the induction hypothesis

I,(())pyi.*_l))gY((yi+13yi+2))’ ,i= 1,2,...,7'—2;
Y((, 7)< Yy, 7,0

However, by (1),
Y= Y@ +1,  Y(@,9,)> Y6 + 1.

Consequently,

Y((u,_,,uy)) = Yw)+s, Y(,_q,4))=YW)+ l .

— ——— —_—
Since Y((uy,V)) = max (Y(»,_,> u) + 1, Y((u,_y» uy) + 11, it follows
from (3) that max {s,/}<q — 3.

So we obtained that there exists in G 2 cycle (u,uy,uy, - -
,¥1,4), the length of which is s+ /. But

NS (IR TR/ ITTERY
s+I1<2(q—-3)<g.

Hence, F(v) is a tree. Verification of the further parts of the statement

does not raise any difficulties.

(X). Let v#y, be a T-vertex. Only the I‘l-edges, belonging to
F(v), are the edges of the subgraph of the graph G, generated by the
vertices of an arbitrary v-tree F(»).

Proof. Suppose that the vertices x and y, belonging to F(v), are
connected by the edge (x,y) € E(G) \ E(F(v)).

Case 1. Let the vertex y lie in the directed chain, leading in F(¥)
—
from the vertex x to the vertex v. The necessary condition for (w,))
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lying in this chain, to be a I, -sdge, is™
—
Y(w, < Y(x)+q-—1L

Taking (IX/a) into account we obtain that G contains a cycle of length
not exceeding 4.

Since the roles of the vertices X and y are symmetric, only the fol-
lowing case remained open.

Case 2. Let u be the first common vertex of the directed chains
in F(v), going from x to 7, and from y to v, u&{x,y} Then let
(u,uy) € F»), fw) = «, flu)= B. According to the construction of F(v)

at least one of the vertices X and y belongs to Gaﬁ((u, u,)). (VI im-

- . - - ——é
plies that at most one of the vertices x and y can liein G, B((u, “1))'

. g —_— iy
Let, for sake of definiteness, ¥ € Gaa((u, uy))- Let (u,, x) (or (uy, u))
denote the last edge of the directed chain in F(v), going from x (from
y,) respectively to u. Then, according to the construction of F@),

V(G i) < Y@ ) — 1, Y(@, i) < Y(@u) - 1.

Since (x,¥y) € E(G), (u,uy) isa I‘l-edge and the directed chain, going
_from y to u, is two-coloured, therefore

Y((u, uy)) < Y(x)+q—1
and (by (VD)
Y(w,u N<YQ)+4q- 2.

According to (IX/a) and (I) the length of the directed chain, going from
x (or from y) to u in F(v), does not exceed q —2 (q — 3, respec-
tively). Thus G contains a cycle with length at most

(q—2)+(q-—3)+1=2q——4<_g.

Hence the proof is complete.

*Suppose the contrary, i.e.
Y((w, ) > Y(x) +q.
Then (w,y) isa I,-edge (by definition, such that u is replaced by x).
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Definition. Suppose that the D, (v)-situation arises for some I"-ver-
tex v# v, and for some natural k¥ in G. Let, further Av) = a. We
define the -trace according to the following rules.

1. If |fU)HI<x~—1, then any v-tree is a v-trace.

2. Suppose that |fI(»)| = x— 1. Then, according to the defini-
tion of the D, (v)-situation, there exists such a colour f that g &
& fUM\ T, (v)). We consider the connected component Gaﬁ(v) of the
graph Gaﬁ, containing the vertex v. Due to (VI) and (VII) Gaﬁ(v) is
a directed tree with root v, whose height does not exceed q¢ — 2. Each
edge of this tree is a I';-edge, and is directed towards v. Let », bean
initial vertex of the tree Gaﬁ(v), with the property that the level of the
last T, -edge (7;_;) in the directed chain leading in the graph G aﬂ(v)
from v, to v, is the least in comparison with the levels of the edges
from Gaﬂ(v), entering v. As v-trace we take all the edges and vertices
of Gaﬁ(v) and of arbitrary v, -tree.

Remark 4. Like the v-tree, the v-trace is not unique either.

XI). Let v# v, be a T-vertex. Then the subgraph of G, gener-
ated by the vertices of any V-trace, coincides with this trace, and is the
root-orientated tree with root v, the height of which does not exceed
Y(v). Each edge of this tree is T'|-edge, and is directed in the direction
of v. Only one T',-edge, belonging to the v-trace, goes from each vertex
of this trace except vertex v. Vertex v, is one of the initial vertices of
this tree.

The proof of (XI) is analogous to that of (X).

Lemma. In the process of constructing T' we do not get D, (v)situ-
ations for any pair v (€T), k. '

Proof. It suffices to show that if for some pair v, k& while construct-
ing I', D (v)-situation arises, then G is x-colourable.

Let F(v) be some v-trace. We define a function A on the vertices
of F(y) according to the following rules. If [fU/(»))I<x—1, thena
olour a & fU(v) U {v}) will be the image of the vertex v for the map-
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ping h. Let | fUe)l=x—1. Letus recall the definitions of the Dk(v)-
situation and the w-trace. All the vertices from F(v), whose _I‘l-edges
enter to v, are coloured with the same colour f, and, besides, this colour
has not been used for the colouring of the vertices from I()\ F(»). ‘Then
we assume that h(v) = B. As about Ah(w) for each vertex w€ F) \{v},
we take the colour of such a vertex w' € F(v), that (m) € F(v). We
define the function f': V(G)~>{1,2,..., x} such that

fw), we V(G)\F);
f'w) = {
hw), weV(G)N F®).

It follows from (XI), that f ' is a correct colouring of the vertices
of G by x colours. Hence the Lemma is proved. -

§4.

Thus, in course of constructing T', for each pair v (€ N, k

C)) LI\ T, N1 =x—1

is fulfilled. Thus (in addition to (D-(VIID) the following statements are
valid for T

(XI1). For any T-vertex v + 7, and for any natural i,j
0,() N T,0) = ¢.

Proof. Suppose W€ Oj(v) N Ti(v), fiw) = a. According to (VII)
all the vertices of colour «, lying in I(») \ {w}, belong to T]._ { (). Con-
sequently, o @ fUM\T .y 1;i-1 1) which contradicts the relation (4).

i+1

XIm). If |T,0)|=a>1, then \ U Oj(v)l >2x—0—2+a.
]:

Proof. We have [ I\ T,(M)|<o0—a,

it+1 '
J'Ez 0,={we I\ T, () | fiw) & fAX) \ (T.(v) U {wh)}

By (4), among the | I(W)\ Tl.(v)l vertices we must come across those of
x — 1 colours. But if not more than o —a elements are coloured by
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x — 1 colours and each colour really occurs, then the number of colours,
used only once is not less than

x—D—-o-a)—x—1)=2x—-2-0+a.
The following statement immediately follows from (4) and (XIII).

(X1V). For any T-vertex v#7, and for any i=1, {T,(M<
<o —x+ 1 holds and, hence,

i+1
U O(V) _
‘l |(x§1) 2x—2—-0+ 1T, _
IT,-(V)I 1 T,(n)I
=1+2x—2—o> x—1

17,001~ o—x+ 1"

§5.

For completing the proof of the Theorem it remains to show that if
the D, (v)-situation never arises in course of constructing T', then the
number of edges in I' unboundedly increases; this contradicts the finite-
ness of G.

Let P be the mapping, defined in the course of constructing the
I, -edges. Now we consider an arbitrary I'-vertex u. Let y € I(u) and

I’ Y(w) be the set of such T ,-edges (v, w) from P~ 1(u), which be-
czme I',-edges because of the fact that they are themselves incident to y,
or because of the fact that the two-coloured chain, consisting of T’ , edges
of colours f(ir) and f(w), passing through y, leads to vertex v. It is

obvious that P~ 1(u) = LIJ( ) Py’ 1 (). The number of I', -edges, entering
yeilu

y, does not exceed o. Besides, acoordirig to (VII), not more than x — 1
directed two-coloured -chains come from y. Moreover, for at least one

I"-edge coming from y, it is necessary that T?_'E(G)l(y) * ¢.
Consequently, for each I'-vertex u, and for each vertex y € I(u)
1Py @)l < max {0, (0 =D+ (x—D}=0+x— 2.
Thus, for any I'-vertex u
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plapi=| U Prla)|<oto+x=2).

y €Iw) y

—_—
It is clear that for each T,-edge (¥, W)€ Pl

Y((, w)) > Y) + q.

Therefore, the number of T',-edges, the level of which does not exceed
k-q
k, is bounded from above by 0(0+ X —2) ZO | V,l, where V, isthe
. 1=

set of the I'-vertices of the i-th level.

Let E; (or E ) be the set of T, -edges (I',-edges respectively) of
the i-th level The set of all T'-edges of the i-thlevelis E;= E U E
Then
k-q

(5) ZnE"|<o(o+x 2)Z|V|

Since X> [92-] + 2, and since for any T-vertex v€& v, G=1,2,..
ITi(v)I > 1, according to (X1, 10; +1(v)l =>2 (v€ Vl.). Consequently,
©  IVi<S1E,l =012

Thus, for every k= 1
k+1 k+1

(7) SEi= 2 | Y o0z
i=1 k j=1
ve U Vi
i=0
\k+1 ‘
U o0.»
j=2 (XIV)
ve U Vv




k k
_ o_x=1 _ "y ®
T o—-x+1 (Z'Ei' ,.=21'Ei|) >
9 _x=L_ (3 |E|-o(+x-2 Z v 9
> 0—x+1[ IE|l—o(c+x—2) 2 |V;l) >
© oo+ x—2 " 3 g+
> 4 (Z Bl - SRR 20 1),

We show that for all k> 1

k+1 k
x=D@-=1
) ig,; PR v by i=21’ |E,l.

: : /1 x=1 ya-1
Since E; # ¢, and, according to (2), Ve (U—X"‘ 1) >1,

x—D@-1)
(c —x+ g > 1.

(We have used that

1 x—1,e-1 x—1
e(o"—x+l) <(a—x+1) ’
1 _ ((x—l)(q—g)q—l)
1 ya-1 (6 —x+ Dg ’
q—l)

(1+
So (8) will imply that the number of T'-edges increases unboundedly,
which contradicts to the finiteness of G. ‘

So, for 1< k<gq inequality (8) immediately follows from (7). Let
now (8) hold for all k<Kk,. Then

kg+1 a -
2 \E| =
i=1
(7) l _5 ko—q+1

0—x+1

(x—1(g —1)
= “o—x+ g ,—21 LB+
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x-1 _
* (0—x+1)(qz—2 IE;l

ko— 1
oo+ x—2) o 7t
- 2 ,-;‘1 'Ei‘)'

By the induction hypothesis

o x=D@-1"%"
J> X9 — |E,| >
-=21,|E’l (6—x+ g i=ZII !

= Dig=1ya-1 5"
x=1D(g—1),4~
>(a=xing) & VB
Consequently,
) kg—q+1
lzl"Ell_E(L'Lz&_—__) Z; |E,| >
= i=
1 (x=1)(g—1) x5
1 x=D@g— _ oo+ x—
> ( ((o—x+1)q) 2 ) ,-=21 |Eil,
| ko .\ ) Fog*1
and, in accordance with (2) %Z 2(0——2)—(:——) 21 |E;1>0
= i=
Thus,
ko+1

» (x=1)ig~1)
A B> =+ Da ,Zl'Ef"

which proves the theorem.

§6.

Remark 5. Using a theorem of Lovész [6] it is easy to prove that
for anyreal a> —; there exist natural numbers g(o) and o(c) such that

for any g>g(a), o> o(w) and G€ £¢

x(G) < ao

The theorem of Lovasz states: if G&€ £ and 01; ...,0, are non-nega-
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n
tive integers such that o+ 1= Z; (o, % 1), then the vertices of G ad-
mit a covering by subgraphs G;,G,,-- > G, such that, forany 1 <i<n,
G,e &, |
1

We remind now the notion, (introduced by V _G. Vizing [8]), of
the prescribed colouring and the upper chromatic number.

Definition. By a prescription for the vertices of a graph G(V, E) we
understand the mapping @ of the set of vertices of G to the set of sub-

sets of natural numbers.

Definition. We say that the colouring f of the vertices of a graph
G satisfies the prescription o, if f(v)€ PO) for each vertex v € V(G).

Definition. The smallest natural number k with the following prop-
erties is called the upper chromatic number W(G) of a graph G: for each
prescription ®, satisfying

() € V(G) = 190)1 > B)

there exists a colouring feo of vertices of G such that fo satisfies ®.
Tt is clear that W(G) = Xx(G). V.G. Vizing [8] has constructed a graph
G, for each k> 2 such that XG) = 2, W(G)= k.

Remark 6. The proof of our Theorem can be applied, practically
without any alterations for the prescribed colourings.

In conclusion I would like to call the reader’s attention to the difficult
and important problem:

To find the best upper estimate for the chromatic number of the
graph in terms of the-maximal degree and density or girth.

Acknowiedgement. I am indebted to Prof. A. Adam for his useful
remarks CONCErning improvements i my mathematical and- linguistic
style.
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