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A. V. KOSTOCHKA

Introduction

The Hadwiger number n{G), as one of the interesting topological character-
istics of graphs [1], has attracted particular attention in connection with Had- ‘
wiger’s conjecture that for any graph G its Hadwiger number is not less than
its chromatic number x(G). A special case of this conjecture is the four-color
problem.

Let us recall the concept of the Hadwiger number.

An elementary contraction of a graph G is one of the following operations:

a) removal of an edge;

b) removal of an isolated vertex;

¢) replacement of two adjacent vertices v; and vz by a new vertex vz that is
joined by an edge to every vertex adjacent in G to at least one of the vertices vy
and vs.

We say that a graph G is contracted to a graph H if H can be obtained from
G by a sequence of elementary contractions. The Hadwiger number 7(G) of a
graph G is the number of vertices of the maximal complete graph to which G is
contracted.

A number of authors (see [5]-{7], for example) have been interested in how
small a Hadwiger number a graph with a given mean degree of vertices can have.
Mader (8] showed that for graphs with mean degree of vertices 2k the minimum
Hadwiger number is greater than k/8log, k. The aim of the present paper is to
show that this minimum is a quantity of order k/vInk.

Let us state the problem more precisely.
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16 A. V. KOSTOCHKA

Let D, (respectively, &, x) be a set of graphs with n vertices (n > k) and
with at least kn (respectively, more than kn — (*1')) edges; and let Di (&) =

:o:n n (8"')

Qur aim is to investigate (k) = mingep, 7(G) (the symbol = means “equals
by definition”).

Earlier (see [5], [6], or [8], for example), it was primarily 71 (k) = mingee, 7(G)
that was investigated. The result of Mader [8] mentioned above can be stated
as follows: n1(k) > k/8log, k. However, the quantities n(k) and 71(k) do not
differ in order. Obviously, n(k) > n1(k).

Let us put w(k) = mingg/y(c)>k} 7(G); then Hadwiger’s conjecture is equiva-
lent to the assertion that w(k) > k for all natural numbers k. Wagner (3] showed
that w(k) > 4 + log,((k — 1)/3). From a result of Mader (8] it follows that
w(k) > k/16log, k.

The main results of this paper are the following.

ASSERTION 1. For any sufficiently large k

n1(k) < 2.25k/Vink; | (a)
n(k) < 3.15k/VInk. (b)

THEOREM. For any k > 2
n(k) > n1(k) > 0.064k/VInk + 1.
COROLLARY 1. Forany k>3
w(k) > 0.032k/vIn k.

PROOF. Every k-chromatic graph G contains a color-critical subgraph G” for
which the degree of every vertex is at least k — 1. Therefore, G’ € Dik-1)/2)-
(Here and later [z] denotes the integral part of the real number z.) By the
theorem,

n(G) > n(C') > 0.064(k/2 — 1)/+/In(k/2) + 1 > 0.032K/VIn k.

COROLLARY 2. Hadwiger’s conjecture is true for almost all graphs with n
vertices.

PROOF. It is known [9] that, for almost all graphs G with n vertices, x(G) <
n/lnn. It is also known that, for almost all graphs G with n vertices, |E(G)| >
n?/6. Hence, by the theorem, 7(G) > 0.064n/6+/Inn. For large n we have
0.064n/6v/Inn > n/lnn.

REMARK. The result of Corollary 2 was obtained independently by Bollobas,
Catlin, and Erdds.

COROLLARY 3. Hadwiger’s conjecture is true for almost all graphs with n
vertices and kn edges if n 1s sufficiently large.
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PROOF. It is known ([4], Chapter 16, Exercise 9) that, if k is large, for almost
all graphs G with n vertices and kn edges, x(G) < 3k/logy k. By the theorem,
for any graph G of this class, n(G) > 0.064k/+/Ink. Therefore, for large k we
have n(G) > x(G).

COROLLARY 4.

min _(1(G) +n(G)) = O(n/Vinn),

V(G)|=n
where V(G) 1s the set of vertices of G, and G 1is the complement of G.

PROOF. Suppose that n > 2 and [V (G)| = n. Then the number of edges of ei-
ther G or G is greater than (n/6)n. Therefore, by the theorem, max{n(G),n(G)}
> 10~2n/vInn. On the other hand, putting p = 0.5 in the proof of Asser-
tion 2 (in §1, below), we see that, for almost all graphs G with n vertices,
n(G) < n/vInn. Hence there is a graph Go such that 7(G) = n/vInn is true
for both Go and Gg. Consequently, n(Go) + 7(Go) < 2n/ Vvinn. :

COROLLARY 5. Let v(k) be the smallest Hadwiger number that a k-connected
graph can have. Then v(k) = O(k/VInk). . “

Corollary 5 follows from the obvious inequality 2v(k) > n(k) and a result of
Mader [8] that v(k) < 2n(k).

Let us agree on the following notation. For any graph G let V(G), E(G) and
G denote respectively the set of vertices, the set of edges and the complement of
G. We also put n(G) = |[V(G)| and m(G) = |E(G)|.

If Vo C V(G), let G(Vy) and G\Vy denote the subgraphs of G generated by
the sets of vertices Vo and V(G)\Vo, respectively. If v € V(G), then Ng(v) =
{w € V(G)|(v,w) € E(G)}, sa(v) = |[Ng(v)], and 0(G) = maxyev(c) 3c(V)-

§1. Upper bounds for n(k) and 7, (k)

A pseudocoloring of a graph G with r colors is defined as any partition of V(G)
into subsets Vi, ...,V, such that for any 1 < 1 < j < r there is an e € E(G)
joining V; and V;. The pseudochromatic number 7(G) of a graph G is defined as
the largest r for which there is a pseudocoloring of G with r colors.

A contraction of a graph G onto a complete graph K, can be treated as a
map o: Vo °2° V(K. ), where Vo C V(G). If for each v; € V(K,) the vertices of
the set ¢~ 1(v;) are colored with the ith color, we obtain a pseudocoloring of G
with  colors. Consequently, 7(G) > n(G) for any graph G. Therefore, Assertion
1 follows from the next result.

ASSERTION 2. If k 1s sufficiently large, then
(a) mingee (k) 7(G) < 2.25k/VInk;
(b) mincep(k) T(G) < 315k/\/m

PROOF. Suppose that 0.5 <p < 1 and that G p 1s a random variable whose
admissible values are elements of the set of all n-vertex graphs with numbered

R




18 A. V. KOSTOCHKA

vertices, and Ple € G, ,) = p for every edge e and for different edges these
probabilities are independent.

Let us compute the probability W(ki,...,k,) of the appearance of n-vertex
graphs for which a fixed partition M of the set V(G) into r subsets M1,..., M,
with |M;| = k; (t =1,...,r) is a pseudocoloring. The probability that there is
an edge between M; and M; is 1 — (1 — p)*:*i. Hence,

r—1 4
Uk, k) =[] TI (1-@-pk*).

i=15=t+1

By any method for finding a numerical extremum it is easy to establish that

max (ki ko,... k) =¥ (ﬁ, ro 2) (1= (1= /Y12,
k1+"'+kr=n rTr T
PSS

Since the number of partitions of an n-element set into r subsets is less than
n’, the probability of the appearance of an n-vertex graph G with 7(G) > r does
not exceed

nM(1— 1 —p)" /)y N2 Cexpln-nn - (1-p)"/7r?/3) ()
If for some § > 1/(1 —p) we have r > n/\/logs n then the right-hand side of (x)

does not exceed

n?(1 — p)ioes nli+logs(1-p)
Ipn—- ——— = - )
exp {n nn 3log, } exp {n (lnn STog, 7 >}n:>000

Suppose that p = 2/3 and r > n/\/logs g; n. Then for large n the probability
that 7(Gnp) > r is less than 1073. On the other hand, by the de Moivre-
Laplace theorem, for large n the probability that m(G, ) > n?/3 is greater
than 0.01. Hence there is a graph G, such that n(G,) = n, m(G,) > n?/3, and
7(Gr) < n/y/logs o; n. If n is divisible by 3 and k =n/3, then G, € Dy and

3k 3k\/ln3.01<315_ k

Gn) < < <315 —.
7(Cn) logs 913k Vink Vvink
This proves (b).

Similarly, suppose that p = 8/9 and r > n//logg,n. Then, as above, for
sufficiently large n there is a graph H, such that n{H,) = n, m(H,) > §n?
and 7(H,) < n/+/logg ;n. If n is divisible by 3 and k = 2n/3, then H, € &
and

3k/2__ _3kvln02 .. k

) S =T S vk S P TRE

This proves the assertion.

§2. Idea of the proof of the theorem

The main part of the proof consists in studying contractions of graphs in
which the number of edges is substantially greater than in their complements.
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The main role is played by a function of real variables

n n?
f(nym; B) = nn (Vlnﬁ —ﬁ>~

For any graph G we put f(G;B) = f(n(G);m(G); B). By means of f(G;P)
we shall give lower bounds for n(G). In considering differences of the form

f(G;B) - f(H;B) we need the function

c— =z
n
1+lnc—pfvInc—=

In Lemmas 1-6 we determine analytic properties of the functions f and ¢
that we need in the proof of the later lemmas. Since the proofs of Lemmas 1-6
do not relate to graph theory, they are given in the Appendix.

The key result is Lemma 7 In it we prove that any n-vertex graph G with
comparatively large minimal degree can be contracted to an [n/2)-vertex graph
G' such that the number of edges in G is substantially less than in G. On the
basis of Lemma 7 we show in Lemmas 8 and 9 that, for some B and restrictions:
on the number of edges in G, the graph G can be contracted to a graph H with
fewer edges such that f (H;B) > f (G;B). Using this, in Lemma 10 we prove
that, for graphs G whose complement contains less than 1/13 of the number of
all edges,

@(c;z;ﬁ)i(c—z)- 1 —¢vVlnc+ Bz

n(G) > f(G;1.1).

Moreover, in Lemmas 11-15 we successively derive bounds analogous to those
in Lemma 10 under weaker restrictions on the number of edges in G. We use
Jower bounds for certain values of the function @(c; 2; B), given in the table at
the end of the paper.

The proof of the theorem really consists in reducing the general case to the
case considered in Lemma 15.

LEMMA 1. For any real z > 2 and 8 > 3/5
. r-1-2lnz+28Vinz >0

LEMMA 2. Ifn >4, 2 < 2m < n, and 0.6 < B < /Inn%/2m, then
fln—1,m;B)+12 f(n;m; B), with f as defined at the beginming of §2.

LEMMA 3. Suppose that 2m >n >4 and

2

2 2
06<6< ln—Ti—, E>aZl+ln—7z———B In
m 2 2m

2m
Then

-m — 2ma/n;
b I/ 1

flnym; B) < fln =1 8)

LEMMA 4. Suppose thatc 2 2, $>06,and1 <2< 1+lnc—BvInc. Then
o' (¢;2,8) >0, where ¢ was defined at the beginning of §2.
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LEMMA 5. Supposea >2,32>06,1<z<1+Ilna-pfFVIna, andc > a.
Then ¢l (c; z; 5) < 0.

LEMMA 6. Suppose that g(z) = e*1%/4 + 1.1z — 2% — el1z=2" /4 Then
g(z) > 0 for any z > 1.7.

§3. Lemma on contractions

LEMMA 7. Suppose that k > 6 and that G is an n-vertex graph such that
o(G) < n/k. Then G can be contracted to an [n/2]-vertez graph H such that

27k
(k- 2)3(k - 1)

PROOF. We join each vertex v € V(G) by quasi-edges to those vertices not
adjacent to v that are joined to v by more than 3n/(k —1)(k — 2) paths of length
2. Then any vertex v is incident with no more than n(k — 2)/3k — 1 quasi-edges.
For otherwise the total number of paths of length 2 with v at one end would be -
greater than

om(H) < n2(H).

3n n(k—2) -3k
(k- 1)(k-2) 3k '

However, the number of such paths does not exceed o¢(G)(c(G) — 1) <

n{n — k)/k?, and the inequality

3n n(k —2) — 3k S n(n — k)

k—1)(k-2) 3k k2
is true for any n > k > 6.
Let G’ denote the graph obtained from G by adding quasi-edges. Then
o n  nlk—2) n(k+1) n—1
P Al A R O N A P
(Vs i+ % % 1<
Hence there is a Hamiltonian cycle in G and there is a pairing of [n/2] edges;
that is, in G’ there is a system m of [n/2] pairs of vertices such that the vertices
of any pair are not joined by an edge.
To a contraction of an edge (vy,v2) in G there corresponds in G an identifi-
cation; that is, the replacement of the nonadjacent vertices v; and v, by a new
vertex ¥ that is adjacent to just those vertices that are adjacent in G to both vy

and V2.

Suppose we are given an arbitrary system m of [n/2] pairs of vertices of G,
corresponding to a pairing in G. Identifying the vertices of each pair in G and
rejecting the unpaired vertex if n is odd, we obtain a graph H,. Among the H,
we choose the H = H,., with the fewest edges. Let V(H) = {v;li =1,...,[n/2]}

and suppose that v; is obtained by identifying vy; and v, from V (G). We observe
that

(vi,v;) € E(H) < {(v1s,v15), (14, V25), (v25,v15), (vai, v25) } € E(G).
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We define a fork on a pair of vertices z; and oo of V(G) as a path (21,23, T2)
of length 2 joining 1 and 72 in G. We shall call (z1,x2) the support of this fork.

If (vii,V15)s (v2i,v25) & E(G) (respectively (v1i,v25)s (vai,v15) & E(G)) for
some i1 # 7, 1, J € {1,2,...,[n/2]}, then the (4,7, 1)-transform (respectively,
(1,7, 2)-transform) of H is the graph H}j (respectively, Hfj) corresponding to
the system 7. (nZ,) that differs from T only in the fact that the pairs {v1i,v2:}
and {v1;,v2;} are replaced by the pairs {v14,v15} and {vai,v25} (respectively,
by {vi:,ve;} and {vas,v15}). Each of these transforms will be called a (1,7)-
transform.

The edges of E(G) hinder the existence of certain (1, 7)-transforms. Since any
edge can hinder no more than one transform, every vertex v; € V(H) can occur
in at least n—3-2(n(k+1)/3k— 1) transforms. Let sp(v)=ri (1 <1< [n/2)).
In the (,7,)-transform, ri +7; edges of E(H )\E(Hfj) are destroyed, but new
edges may be formed. By virtue of the choice of H, forany 1<, 7 < [n/2] and
1 < 1 < 2 we necessarily have lE(HfJ)\E(H)\ > 1+

To each edge of E(Hf])\E(H ) there corresponds in G a pair of forks that
has a common support from 7o N ﬂﬁj. Any pair of forks can occur in only.
one transform in the creation of a “new” edge. Consequently, to each (4,7, 0)
transform there correspond :clij > r; + 75 pairs of forks, and any pair of such
forks has a common support belonging to mo. We associate any r; of these pairs
of forks with the vertex v;, and any r; of the remaining a:f;j — r; pairs of forks
with the vertex v;. In all, to a vertex v (1 <1 < [n/2)) there correspond no
fewer than ri(n — (2n(k + 1) /3k) — 1) pairs of forks. Moreover, to each edge
(vi,vj) € E(H) there correspond the pairs of forks

{(v13, V15, V2i) (14, V25, V2i) }
and

{(v17,v10,v25), (V15,020 v25) ]
which do not correspond to one vertex. Hence the total number of pairs of forks
in G on pairs of vertices of o is not less than

[n/2]
_/n(k—Z_) - _ nlk—2) .\, . ,
Z Ti \————_——3’6 - 1) + Zm(H) = (—————-——‘Sk 1> 2m(H) + 2m\H)

n(k — 2)
=2 —_—
m(H) i
On the other hand, since (v15,v25) & E(G") for any 1 < j < [n/2], there are no
more than 3n/(k — 1)(k — 2) forks on {v1;, vq;} and consequently no more than

(%"/ (k—g)(k””) pairs of forks. Hence,

Ul
om(H) -n(k - 2) < [n} 9n (n— (k— 1)(15—2)) ,

1=1

3k 2 - 12k - 22 3
nd
- nl n—1 27k
2m(H) < 5] 5 FEIRG - 2P

This proves the lemma.
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LEMMA 8. LetG be ann-vertez graph. Putc = n?/2m(G) and z = o(G)c/n.
Suppose that ¢ > 85z and z < €V10¢/3¢925. Then G can be contracted to an
[n/2]-vertez graph H such that either f(H;1) > f(G;1) or H = K{n/g).-

PROOF. By Lemma 7, G can be contracted to an [n/2]-vertex graph H such
that E(H) = J or

. n?*(H) c\4 1 z\2 27
1= on(H) 2(7) 5 (1-3) (“?) -
Suppose that E(H) # @. For z/c < 1/8.5 we have (1 — z/c)%(1 - 27/c)® > L.
Hence, c¢; > (c/2)*/81 and
[n/2/EG - 1) _ n(Vine-1)
2/In[n/2] 2vInn
1 n 1
> 2\/111_ < Viney — Vine + §> > i (x/ln(c/3z) —Vinc+ 5)
. n 'lnc—ln3z—lnc+\/ﬁ—~025
"~ 2vInn Vin(c/32) + Vinec—1/2 F—

Thus, it is sufficient to prove the inequality In3z < vInc — 0.25, whlch is equiv-
alent to the condition e¥17¢/3¢%25 > 2 of our lemma.

fH; ) - f(G 1) =

LEMMA 9. Let G be an n-vertez graph. Putc = n?/2m(G) and z = o(G)c/n.
Suppose that ¢ > 13 and z < e1-1Vc /4 Then G can be contracted to an [n/2]-
vertez graph H such that either f(H;1.1) > f(G;1.1) or H = K|, /9.

PROOF. By Lemma 7, G can be contracted to an [n/2]-vertex graph H such
that either E(H) = J or

€= ;;((I;I)) 2 (2)4 217 (1 - g)z <1 ” %)

Suppose that E(H) # @. For ¢ > 13 we have e!1VInc/4c < 1/8.9, and for

¢/z > 8.9 we have
z\2 27 27
-z 20 > 2
(1 c) (1 c ) — 76

Consequently, ¢; > (¢/2)*/76 and

[n/2)(VIne; —1.1)  n(Vinc-1.1)
2+/In[n /2] 2vInn

> 5 —ln ( Vine; - \/lnc+0.55>

__n_ 025n¢ —(Vine - 0.55)*

~ 2vlnn  05yIc +vine - 0.55

n _1nc—lnz——0251n76 Inc+1.1vIn —03025
2vVInn 0.5VIncy + vIne - 0.55

f(H;1.1) = f(G;1.1) =
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Now to prove the inequality f(H; 1.1) > f(G;1.1) it is sufficient to check that
Inz < 1.1vInc — 0.25(1.21 + In76). But since exp {3(1.21 +1n76)} < 4, this

inequality follows from the condition z < et-1VIne /4 of our lemma.

§4. Lower bounds for n(G) expressed in terms of f (G; B)

LEMMA 10. Let G be an n-vertez graph, and suppose that 0 < 2m(G) <
n?/13. Then n(G) > f(G;1.1).

PROOF. It is easy to verify the lemma for n < 13. Let G be a graph with
the smallest number of vertices for which the lemma is false. Then n > 14. We
consider five cases.

Case 1. Suppose that 0 < 2m(G) < n. Then in G there is an isolated vertex
vi. Let H = G\{v1}. By the inductive hypothesis (IH), n(H) > f(H;1.1).
But n(G) = n(H) +1 2> f(H; 1.1) + 1, and by Lemma 2 we have f(H;1.1) +
1 > f(G;1.1). For the rest of the lemma we assume that ¢ = n?/2m(G) and
o(G) = sg(vg) = zn/c.

Case 2. Suppose that 2m(G) > n and z < el-1Vine /4 Since ¢ < n we have

f(G;1.1) < [n/2]. Let H be the graph with [n/2] vertices from the statement

of Lemma 9. If E(H) = @, then 7(G) > [n/2] > f(G;1.1). ¥ m(H) > 0, then,

by Lemma 7, n?(H)/2m(H) > 13, and by Lemma 9, f(H;1.1) > f(G;1.1).

Consequently, by the TH, n(H) > f(H;1.1) > f(G; 1.1).
Case 3. Suppose that 2m(G) > n and
‘ sg(vo) + 0(G\N(v)) 2 n- (1 +Inc - 1.1vV1Inc¢)/c.
Suppose also that v1 € V(G)\N(vo) and $G\N(uo)(v1) = o(G\N(vg)). Then
identifying vo and v; we obtain a graph G’ with n(G') =n —1 and
m(G') = m(G) — sG(v) — $G\N(vo)(v1) < m(G) — 2m(G)/n(1 +Inc—1.1VInc).
It is easy to check that for ¢ > 13 we have 2m(G') < (n — 1)?/13, and, by the
IH and Lemma 3,
n(G) 2 (@) 2 f(G;1.1) 2 f(Gi1.1).
Case 4. The conditions of Cases 1-3 are not satisfied and ¢ > €*8. Consider
G' = G\N(v). Then n(G") = ((c - z)/c) -n and
o(G") < (n/c)(1 +lnc—11VInc - el-1Vine /g),
Let us put k = n(G')/o(G'). Putting z = Vinc in Lemma 6, we have k > c.
Let us apply Lemma 7 to G'. If n(G') is odd, we take vo for a vertex that does
not occur in one of the identified pairs. Taking account of the fact that vg is an
isolated vertex in G’, we find that G can be contracted to an (n(G") + 1)/2}-
vertex graph H such that
n?(H) - 27k n?(H) - 27c

2m(H) < <3753
( )—('—1)2(;(3—-2)3—(6—1)26—2)3
2

{
\
n2(H)- 27 1 \7? S,
<P A - _L <& _
=T (1 17.99> (l 17.99) <@ )
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If m(H) =0, then
n(G) >1(G@) > n(H) > jn(l - 2/c) 2 3n(l ~Inc/c).

Since €28° < ¢ < n, we have

n (1—13—0) >0 (1— \/11—r1_6> > n(% s f(6i10).

Suppose that m(H) > 0. We show that f(H;1.1) > f(G;1.1). In fact,
_ /in(ct/ed) — A
f(G’ 11) > 1 Z/C)( ln(c /6 L. 1) _ TL( Inc 11)

H;1.1) -
A ) 2-2¢/In(n(1 - z/c)/2) 2vInn
ZC\/l_n—n ((c — 2)(vInc — 1 - 0.55) —¢(VIne—1.1))
—QCW ((¢c —In¢)VInc—1+0.55¢+0.55Inc — ¢ Inc)

n —1
> c- +0.55¢ — Ine(vIlpe—1-0.55 ) .
> o & T v (Vias )

Since ¢ > €289, we have

F(H;1.1) = f(G;1.1) > +0.55¢ — ln3/2c+0.55-2.89>

2 \/lnn <1 37+ 1.7

> (0.224c + 1.58 — In*2 ¢) > 0.

2¢ 1nn

From the form of the function f and the fact that f(H;1.1) > f(G;1. 1) it
follows that ¢; = n2(H)/2m(H) > c¢. Then, by the IH, n(H) > f(H;1.1) >
f(G;11).

Case 5. The COIldlthIlS of Cases 1-3 are not satisfied and ¢ € [13,€?59]. Let
us consider G' = G\N(w). As in Case 4, n(G') = ((c — 2)/c)n, and

m(G') < "(G’)é”(GI) e '22)2' " (1 +Ine— LivEe - 2)

If m(G') = 0, then 7(G) > n(c — z)/c 2 F(G;1.1). Suppose that m(G') > 0
Then
c1 =n?(G)/2m(G) > (c—z)(1+lnc—11\/l_rz—z)

We show that f(G’;1.1) > f(G;1.1). In fact,

n<\/; ¢z —11>
c—z 1+lne—-1.1vVIne— =2 '
¢

f(G11) - f(G;1.1) >

2vInn
_ n(Vine— 1.1)
2v/Ilnn
n
- QCM '<P(Ca Z,ﬂ),

where ©(c; z; §) was defined at the beginning of §2.
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By Lemmas 4 and 5, to check that p(c;2;0) 2 0 for ¢ € (13,€2%9] and
2 > el'1VInc/4 it is sufficient to verify it for ¢ = €% and any z < el VI3 /g,
In the table at the end of the paper it is verified for z = 1.45.

Thus, f(G';1.1) > f(G; 1.1) and n(G') < n. From the definition of f we have
n?(G")/2m(G") > ¢ 2 13, and by the IH we have 2(@) > f(G51.1) 2 f(G; 1.1).

This proves the lemma.

LEMMA 11. Let G be an n-vertez graph and suppose that 0 < 2m(G) £
n2/6.2. Thenn(G) 2 5f(G; 1)/6.

PROOF. For n < 7 the lemma is obvious. Let G be the smallest counterex-
ample. If 0 < 2m(G) < n, then there is an isolated vertex vy in G. Since
2m(G) <n -1, and n > 8, by the IH we have

n(@G\{v1}) = 5f(G\{v1}; 1)/6.

But (G) = n(G\{n1}) + 1, and 5f(G\{v1};1)/6+12 5f(G)/6 by Lemma 2.
Thus, 2m(G) = n. '

If 2m(G) < n?/13, then 5(G; 1)/6 < f(G;1.1), and taking account of Lemma

10 we have n(G) > 5f(G;1)/6.

We may thus assume that ¢ € [6.2,13], where ¢ = n?/2m(G) and ¢(G) =
sg(vo) = zn/c. By Lemma 8, for ¢ > 9.4 we necessarily have z 2 eVine (3025,
Otherwise G could be contracted to a graph H with f(H;1) > f(G; 1). Let us
put G' = G\N (o). Then n(G') = (c — z)n/c. Asin Case 3 of Lemma 10, it is
easy to check that it suffices to consider the case

nfc+0(G) <(1+Inc— Vine)n/ec.

Then
n(G") - o(G') < n?(c—z)(1+Inc— Vine — 2)
2 - 2¢2 :
If m(G') =0, then n(G) = (c— z)nfc > 5f(G;1)/6, since z < Inc. Suppose
that m(G") > 0. Then

m(G') <

5 o) - (G
e - /(G5

——

n(c-2) (\ﬁl + 1nccx—/§1-c —z 1) n(vinc—1)

2C\/ljn(c— z) 2vlnn
¢

5n
> ——— ez 1)
T 12¢vIlnn el )

By Lemmas 4 and 5, t0 prove that o(c;z;1) 2 0 for ¢ € [o, b] and for

eVine /302 < 2 < 1+ lnc — Vinc it is sufficient to verify it for ¢ = b and
any z < exp{vina - 0.25}/3. Hence, the corresponding calculations in the

dl
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table confirm the truth of this inequality on the intervals [9.4; 10.1], [10.1; 10.67],

(10.67; 11.2], and [12; 13]. Similarly we consider ¢ € [6.2;9.4]. We merely need to

take account of the fact that, by definition, z > 1. Therefore, f(G’;1) > f(G;1)

and by the IH we have n(G') > 5f(G';1)/6. Hence, n(G) > n(G) > 5f(G;1)/6.
As in Lemma 11, by using the table we can prove the following facts.

LEMMA 12. Let G be an n-vertez graph, and suppose that 0 < 2m(G) <
n?/4.5. Then n(G) > (35/57)f(G;7/8).

LEMMA 13. Let G be an n-vertez graph, and suppose that 0 < 2m(G) <
n?/3.15. Then n(G) > 0.4616f(G;0.75).

LEMMA 14. Let G be an n-vertex graph, and suppose that 0 < 2m(G) <
n?/2.55. Then n(G) > 0.3663f(G;2/3).

LEMMA 15. Let G be an n-vertez graph, and suppose that 0 < 2m(G) <
n?/2. Then n(G) > 0.299f(G;0.6). '

§5. Proof of the theorem

From the results of Mader [8] and Tashkinov (course paper, Novosibirsk State
University, 1976) for k < 5, it follows that the theorem is true for k < 100.
Thus, suppose that k > 100 and that G € & is a counterexample to the theorem
with the smallest number of edges for the given k. If n(G) = k, then m(G) >

k? — (szrl) = (g), which is impossible. Hence, n(G) > k. By the choice of G,

1
m(G) =k -n(G) — <k; > + 1.
Under a contraction of the edge (u,v) € E(G) the number of edges in the result-
ing graph G’ is less than |E(G)\{(u,v)}| by the number of vertices in G adjacent
to both v and v, that is, by the number of triangles containing the edge (u,v).
Hence, if (u,v) occurs in fewer than k triangles, we have

m(G") > m(G)—(k-1)—1=k-n(G)— (k ; 1> +1-k=k-n(G")- <k; 1) +1.
By the IH, we have 7(G’) > 0.064k/+/Ink + 1, and 7(G) > n(G'). Consequently,
every edge of E(G) occurs in no fewer than k triangles. Thus, for any vertex
v the degree of each vertex w € Ng(v) in the graph G(N(v)) is not less than
k. Suppose that min,cv(g) sg(v) = sg(vo) = ak. By what we stated above,
a > 1. Since m(G)/n(G) < k, we have a < 2. Let us put Go = G(N(vg)). Then
0(Go) < ek — 1 — k < ak/2. Consequently, by Lemma 15,

_ Vin(a/(e—1)) -06
=0.299 NET a-k.

n(Go)
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Let ¥(a) = a(y/In{a/(e - 1)) - 0.6); then
2In(a/(a — 1)) = 1/(a - 1) - 1.2y/In(a/(a - 1))
2+/In(a/(a — 1))
Putting v = o/(a — 1), we have 7> 2 and
V(a)=(2ly-~v+1- 1.2¢/In~)/2v/1n 7.

By Lemma 1, ¥'(a) < 0. Hence, taking account of the fact that 1/Vklha
decreases as ¢ increases, we have

V() =

m(2/(2 - 1)) — 0.6

> 0.299 - -2k
n(go) > Tk
0.832 — 0.6 k
> 0999 ——< =" . k > 0.0692——=
= VIn 2k VIn 2k
k 0.0692 > 0.06 k

0.064 - ———=.
—\/ k /1+1/log;100 Vink

but since vo is adjacent to all the vertices of V(Gop), we have n(G) > n(Go) + 1.
This proves the theorem.
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Appendix

PROOF OF LEMMA 1. The assertion of the lemma is true for z = 2, and for
z > 2 we have

(z—1—21na:+2ﬁ\/1na:) -—l—g+———5ﬁl—:;>0
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PROCF OF LEMMA 2. Let us put ¢ = n?/2m. We note that, by hypothesis,
¢ > n. Then
fln—1,m;6) — f(nym; B) +1
—___n_—_l___ ln(n_l)Q—ﬁ (vln —,3)
In(n—1) 2m " ovInn

2_:/:;:”[(1——) (vInc—2/n - \/E+,6+—ﬁ\/l—riﬁ]

v

b ()
22\/155 (x/_—l—n—?~1+i—ﬁ+——\/ln_+ﬂ+ \/E—n)

1
> m(—\/ﬂx—c—1+ﬁ+2\/ﬁ).

Since Inc < 2Inn, n >4, and § > 0.6, we have
—Vine—-1+8+2vVInn> (2-v2)Vinn-04>0.

PROOF OF LEMMA 3. Let us put ¢ = n?/2m, ¢; = (n—1)? /2(m 2ma/n).

Then
f(n— 1;m —2ma/n; ) - f(n;m;B)

2\/__ [(n-1)(VIney — B) —n\/ﬁ_—ﬁ)]

Hence it is sufficient to show that (n—1)v/Inc; > nvInc—fG. From the inequality
for ¢ in the condition of the lemma it follows that

2Inc—20VInc < 2(a—1) < 2(a— 1) - (n — 1)*/(n(n — 2)).

Since = < In(1 — z)~! for any z € (0,1), we have

(n—12%  (n-1)2 C2a—1)\" ~ 1)2 n—2
-1 <
Aa—1) nn-2) " - n - o n-2 nn-fla
2 _ — 132 _ 2 2
<(n—l) -ln(l 1/n)? _(n 1) 21 l/n) n
- n 1-2a/n 1—2a/n) 2m
—1)?
= (m - ) (lnc; —Inc),
that is,
(n—1)*(Inc; —Inc) > 2nlnc - 2fnvine.
Consequently,

(n—1)%lnc; > n?lnc+1nc—20nvine

= (nvInc — B)2 + (Inc — %) > (nvInc - B)?,

as required.
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PROOF OF LEMMA 4. Putting o = 1+Inc—fvincandy = (c—2)/(a—2),

we have
1 1

c—2z L 4 —
@'(c;z;ﬁ)=~\/1na_z+ﬁ—(c—z)——————————c £ ca—zz
24/1n

V a-=z

_y—1-2lny+ 26/Iny
2/Iny '

Since
c—z c—1

v l1+Ilnc—GyInc-z = lnc——ﬁ\/i;a
by Lemma 1 for ¢, 2 and § that satisfy the condition of our lemma we have
y(c; z; 8) > 2. Hence, by Lemma 1 we have ¢ (c; z; 8) > 0.
PROOF OF LEMMA 5. Putting

. cC— 2z
u

- c(1+lnc—ﬁ\/l_r§—z)’

we have

Ce ey c—z
@C(C’Z’ﬁ)_\ﬁl-l—lnc—ﬂ\/ln—c-—z
1o (c—z)(l—ﬂ/Z\/l—rR) /2 In c—z
c(1+lnc—ﬂ\/E_E——z) 1+lnc—fvVInc—=z
—VIne—1/2VIne
1

:M+<1—u<l—2¢%>>/2m‘m”2m

_ nu B 1 B B =
”\/lncu-i-\/:l—ﬁ(l, 2\/1§-v1ncu> u(l 2\/H1_E>/2 o cu.

By Lemma 1, cu > 2. Hence, 1 — 1/2VIncVincu > 0. If Inu < 0, then
©L(c; z; ) < 0. Suppose that u > 1. Then ¢.(c; 2; 8) < 0 is equivalent to

u (1_ 8 > S 2vIncu — 1/vine (+)
Inu 2vIne \/lncu-’r\/ﬁl—c ‘

For any u > 1 we have u/lnu > e. By the condition of the lemma, 1—8/2V1nc¢ >
1/2. Hence, if the right side of (+) does not exceed 4/3 < e/2, then (xx) is true.

Suppose that

2Vincu — 1/Vine > %(\/lnc—%- Vln cu).

Then Vincu > 2vInc/3+3/2v1Inc, Incu > 4lnc/9+6+9/4lnc, and Inu > 6.
But u/lnu >4 foru> ¢8, and since the right-hand side of (¥+) does not exceed

2, (x*) is true.
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PROCF OF LEMMA 6. For £ > 1.7 we have that g(z) > h(z) = e!'1%/4 +
1.1z—2?-0.1, and #'(z) = 1.1e"1* /4+1.1- 2z is a convex downwards function.

Hence, h has no more than one minimum. We observe that
R(2.3)=1.1e2%3/4 4+ 1.1 - 4.6 < 1.1-12.56/4 — 3.5 < 3.46 — 3.5 < 0;
B(2.34) = 1.1e*°74 /4 + 1.1 — 4.68 > 1.1 13.118/4 — 3.58 > 3.6 — 3.58 > 0.

Consequently, it is sufficient to verify that h(z) > Oforz = 1.7 and z € (2.3,2.34].
But A(1.7) = €!87/4 + 1.87 — 2.89 — 0.1 > 6.488/4 — 1.12 > 0. If z € [2.3,2.34),

then
h(z) > e123/4 — (2.34% — 1.1-2.34) — 0.1 > 12.552/4 — 2.34 - 1.24 — 0.1

= 3.138 — 2.9016 — 0.1 > 0.

Translated by E. J. F. PRIMROSE
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