JOURNAL OF COMBINATORICS
Volume 0, Number 0, 1, 2014

Many cliques in H-free subgraphs of random graphs

NoGA ALON* , ALEXANDR KOSTOCHKAT AND CLARA SHIKHELMAN?

For two fixed graphs T' and H let ex(G(n,p),T, H) be the random
variable counting the maximum number of copies of T in an H-
free subgraph of the random graph G(n,p). We show that for the
case T = K,,, and x(H) > m the behavior of ex(G(n,p), K, H)

depends strongly on the relation between p and
_ e(H)—1
mg(H) —maxH/gH7|V(H/)|/Z3 7’0(H’)—2 .

When mo(H) > mo(K,,) we prove that with high probabil-
ity, depending on the value of p, either one can maintain almost
all copies of K,,, or it is asymptotically best to take a x(H) — 1
partite subgraph of G(n,p). The transition between these two be-
haviors occurs at p = n~ /™) When my(H) < mao(K,,) we
show that the above cases still exist, however for 6 > 0 small at
p =n"Ym2(H)+3 gne can typically still keep most of the copies of
K, in an H-free subgraph of G(n,p). Thus, the transition between
the two behaviors in this case occurs at some p significantly bigger
than n—1/m2(H),

To show that the second case is not redundant we present a con-
struction which may be of independent interest. For each k > 4 we
construct a family of k-chromatic graphs G(k, €;) where ma(G(k, €;))

tends to % < mo(Kk—1) as i tends to infinity. This is
tight for all values of k as for any k-chromatic graph G, ms(G) >
(k+1)(k—2)

2(k—1) -

1. Introduction

The well known Turén function, denoted ex(n, H), counts the maximum number of edges in an
H-free subgraph of the complete graph on n vertices (see for example [22] for a survey). A natural
generalization of this question is to change the base graph and instead of taking a subgraph of the
complete graph consider a subgraph of a random graph. More precisely let G(n,p) be the random
graph on n vertices where each edge is chosen randomly and independently with probability p. Let
ex(G(n,p), H) denote the random variable counting the maximum number of edges in an H-free
subgraph of G(n, p).

The behavior of ex(G(n,p), H) is studied in [8], and additional results appear in [18], [13], [11],
[12] and more. Taking an extremal graph G which is H-free on n vertices with ex(n, H) edges and
then keeping each edge of G randomly and independently with probability p shows that w.h.p.,
that is, with probability tending to 1 as n tends to infinity,
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ex(G(n,p),H) > (14 o(1))ex(n, H)p.

In [13] Kohayakawa, Luczak and Rodl and in [11] Haxell, Kohayakawa and Luczak conjectured
that the opposite inequality is asymptotically valid for values of p for which each edge in G(n,p)
takes part in a copy of H.

This conjecture was proved by Conlon and Gowers in [6], for the balanced case, and by Schacht
in [20] for general graphs (see also [5] and [19]). Motivated by the condition that each edge is in a
copy of H, define the 2-density of a graph H, denoted by my(H), to be

ma(H) = max {dH”‘1}

H'CHw(H)>3 | v(H') — 2

The Erdds-Simonovits-Stone theorem states that ex(n, H) = (3) (1 - ﬁ + 0(1)), and so the
theorem proved in the papers above, restated in simpler terms is the following

Theorem 1.1 ([6],]20]). For any fized graph H the following holds w.h.p.

eﬂmmmfn:{“—ﬂél+vmx@pfmp>n4mMn

(1+0(1) (3)p for p < n=t/ma (i)

f(n) _

where here and in what follows we write f(n) > g(n) when hm on) = O©-

Another generalization of the classical Turdan question is to ask for the maximum number of
copies of a graph T in an H-free subgraph of the complete graph on n vertices. This function,
denoted ex(n, T, H), is studied in [3] and in some special cases in the references therein. Combining
both generalizations we define the following. For two graphs T and H, let ex(G(n,p),T, H) be the
random variable whose value is the maximum number of copies of T" in an H-free subgraph of
G(n,p). Note that as before the expected value of ex(G(n,p), T, H) is at least ex(n,T, H)pe(T) for
any T and H.

In [3] it is shown that for any H with x(H) =k > m, ex(n, K, H) = (1 + 0(1))(16;11)(%)7”
This motivates the following question analogous to the one answered in Theorem 1.1: For which
values of p is it true that ex(G(n,p), Km, H) = (1 + 0(1))(’“;11)(%)7”19(2) w.h.p.?

We show that the behavior of ex(G(n,p), K, H) depends strongly on the relation between
mao(Kp,) and mao(H). When ma(H) > mo(K,,) there are two regions in which the random variable
behaves differently. If p is much smaller than n=1/™2(H) then the H-free subgraph of G ~ G (n,p)
with the maximum number of copies of K, has w.h.p. most of the copies of K, in G as only a
negligible number of edges take part in a copy of H. When p is much bigger than n=/"2(H) we
can no longer keep most of the copies of K, in an H-free subgraph and it is asymptotically best to
take a (k — 1)-partite subgraph of G(n,p). The last part also holds when mo(H) = ma(K,,). Our
first theorem is the following:

Theorem 1.2. Let H be a fized graph with x(H) = k > m. If p is such that (Z)p(;ﬂ) tends to
infinity as n tends to infinity then w.h.p.

m

ex(G(n, p), Km, H) = (1+ 0(1))(’21) (775?1)77129(2) for p > n~1/ma(H) pmm:ded mo(H) > ma(K,)
(1+0(1)) (:l p(z) forp < n—1/m2(H) provided mo(H) > ma(Kp)
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Theorem 1.2 is valid when ma(H) > ma(Ky,). What about graphs H with x(H) = k > m as
before but ma(H) < ma(Ky,)? Do such graphs H exist at all?

A graph H is k-critical if x(H) = k and for any subgraph H' C H, x(H') < k. In [15] Kostochka
and Yancey show that if £ > 4 and H is k-critical, then

(k + 1) (k — 2)v(H) — k(k — 3)
elH) 2 { 20k 1) 1 |

This implies that for every k-critical n-vertex graph H,

e(H) =1 _ (k+1)(k—2)n—k(k—3)—2(k—1) _ (k+1)(k—2)

(1) w(H) -2~ 20k —1)(n—2) Ty

Therefore for any H with x(H) = k one has

(k+1)(k—2)
m2(H) > 2(k _ 1)
This implies that Theorem 1.2 covers any graph H for which x(H) > m+ 2, since mo(K,,) = mT'H
When yx(H) = m + 1 the situation is more complicated. Before investigating the function
ex(G(n,p), K, H) for these graphs we show that the case mo(H) < ma(Ky,) and x(H) = m + 1
is not redundant. To do so we prove the following theorem, which may be of independent interest.
The theorem strengthens the result in [1] for m = 3, expands it to any m, and by [15] it is tight.

Theorem 1.3. For every fited k > 4 and € > 0 there exist infinitely many k-chromatic graphs
G(k,¢€) with
(k+1)(k—2)

2(k—1)

This theorem shows that there are infinitely many m + 1 chromatic graphs H with mo(H) <
ma(K ). For these graphs there are three regions of interest for the value of p: p much bigger than
n~Y/m2(Kn) - p much smaller than n=1/™2(H) and p in the middle range.

One might suspect that as before the function ex(G(n,p), K,,, H) will change its behavior at
p = n~ /™) but this is no longer the case. We prove that for some graphs H when p is slightly
bigger than n~/"2(H) we can still take w.h.p. an H-free subgraph of G(n,p) that contains most of
the copies of K,,:

ma(G(k,€)) < (1+¢€)

Theorem 1.4. Let H be a graph such that x(H) =m+1> 4, ma(H) < ¢ for some ¢ < ma(Ky,)
and there exists Hy C H for which 2%5‘3:; =ma(H) and v(Hp) > M(m,c) where M(m,c) is large

enough. If p < n~ 2 +0 for 6 := d(m,c) > 0 small enough and (;fb)p(gl) tends to infinity as n
tends to infinity, then w.h.p.

ex(G(n,p), Km, H) = (1 + o(1)) (T’:L>p<’;)_

On the other hand, we prove that for big enough values of p one cannot find an H-free subgraph
of G(n,p) with (1+0(1)) (Z)p@) copies of Ky, and it is asymptotically best to take a k — 1-partite
subgraph of G(n, p).

As an example we show that the theorem above can be applied to the graphs constructed in
Theorem 1.3.
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Lemma 1.5. For every two integers k and N there is € > 0 small enough such that v(Go(k,€)) > N,
where Go(k, €) is a subgraph of G(k,¢€) for which % = ma(G(k,¢€)).

The rest of the paper is organized as follows. In Section 2 we establish some general results for
G(n,p). In Section 3 we prove Theorem 1.2. In Section 4 we describe the construction of sparse
graphs with a given chromatic number and prove Theorem 1.3. In Section 5 we prove Theorem 1.4
and Lemma 1.5. We finish with some concluding remarks and open problems in Section 6.

2. Auxiliary Results

We need the following well known Chernoff bounds on the upper and lower tails of the binomial
distribution (see e.g. [4], [17])

Lemma 2.1. Let X ~ Bin(n,p) then
1. (X <(1-a)EX)<e “ for0<a<1
2.P(X>(1+aEX)<e =5 for0<a<1
3. P(X>(1+aEX)<e s fora>1
The following known result is used a few times

Theorem 2.2 (see, e.g., Theorem 4.4.5 in [4]). Let H be a fized graph. For every subgraph H' of
H (including H itself) let X denote the number of copies of H' in G(n,p). Assume p is such that
E[Xp/] — oo for every H'C H. Then w.h.p.

Xg=(140(1))E[Xg].
In addition we prove technical lemmas to be used in Sections 3 and 5. From here on for two
graphs G and H we denote by N (G, H) the number of copies of H in G.
Lemma 2.3. Let G ~ G(n,p) with p > n=/"En) then w.h.p.

1. Ewvery set of o(pn?) edges takes part in O(N(G, Km)) copies of Ky,
2. For every € > 0 small enough every set of n~¢pn? edges takes part in at most n_e/gN(G, K,)
copies of Kp,.

Proof. Let G ~ G(n,p) and let X be the random variable counting the number of copies of K,,
on a randomly chosen edge of G(n,p). First we show that E[X?] < O(E%[X]). Given an edge let
{A1,...A;} be all the possible copies of K, using this edge in K, and let |A; N A;| be the number
of vertices the copies share. Let X4, be the indicator of the event A; C G. Then X = )" X4, and
we get that

= (Y Elx4])? = 0™ 2p(3)12)
=ED> Y XaXa)

k=2 |A:NA;|=k

i 2m—k=2,, )+ )+ (m—k)k—1
k=2

Put Sy = an*k*Qp(?)Jr(m;k)Jr(m ME=1 and note that S = O(E2[X]). Furthermore, for any
2 < k < m the following holds Sy/S), = nF~ Qp( )12 o as p > n~Yme(Kn) > p=1/m2(Kk) apnd
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from this
(2) E[X?] < O(E*[X]).

(Note that in fact E[X?] = (1 + o(1))E?[X] but the above estimate suffices for our purpose here)

Let M = N(G, K,,). To prove the first part assume towards a contradiction that there is a set
of edges, Ey C E(G), which is of size o(n?p) and that there exists ¢ > 0 such that there are cM
copies of K, containing at least one edge from it.

On one hand, E?[X] = [M (7)) ﬁ? On the other hand by Jensen’s inequality

E[X?2 > E[X? | e € Eo|Ple € Eg] > (

cM)Q, |Eo| _ (M(TS))Q(CQ e(&) = w(E*[X])

Bol) " e(G) (@) /) ()7 TRl

where the last equality holds as |Fy| = o(e(G)). This is a contradiction to (2) and so the first part
of the Lemma holds.

For the second part assume there is a set Ey such that |Eg| = n~“pn? and the set of copies
of K,, using edges of Ey is of size at least n~/3M. Note that w.h.p. e(G) > inQp. Repeating the
calculation above we get that

n—e/3M ) n_€ M2 ne/?)
R O L 21
nfee(G)) 4 e(G)? 4 w(ETLX])

E[X?] > E[X? | e € Ey]P[e € Fy] = (

which is again a contradiction, and thus the second part of the lemma holds. ]

Lemma 2.4. Let G ~ G(n,p) for p = n~* with —a < —1/mo(K,). Then w.h.p. the number of
copies of K, sharing an edge with other copies of K, is o(nmp(r;)).

Proof. First note that nm*Qp(Tg)_l = (np("”rl)ﬂ)m*2 = n~m=2) for some a > 0. The expected
number of pairs of copies of K, sharing a vertices, where m — 1 > a > 2 is at most

an_ap(r;)Jr(m;a)+(mia)a = nmp(2) . (np 2 )(m—a)

Here we used the fact that np% <1landp<l1.

Using Markov’s inequality we get that the probability that G has more than 2nmp(7;)n_a/ 2
copies of K,, sharing an edge is no more than n=%/2, O

3. Proof of Theorem 1.2

To prove Theorem 1.2, we prove three lemmas for three ranges of values of p using different ap-
proaches. Lemmas 3.1 and 3.2 are stated in a more general form as they are also used in Section 5.
An explanation on how the lemmas prove Theorem 1.2 follows after the statements.

Lemma 3.1. Let H be a fized graph with x(H) =k > m and let p > max{n m;(HJ,n* m2<1Km>} )
Then

ex(G(n, p), Km, H) = (1 + o(1)) (’“T; 1) (k . 1)mp(’§).
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)

N SR
;o m2(Km) } for

some fixed § > 0 and assume nmp(gl) tends to infinity as n tends to infinity. Then

Lemma 3.2. Let H be a fized graph with x(H) =k > m, let p < min{n " T2

m

ex(G(n,p), Km, H) = (1+o(1)) <:@)p(2).

Lemma 3.3. Let H be a fized graph with x(H) =k > m and let nVma(Em)=e < 4y « p=1/m2(H)
where € > 0 is sufficiently small. Then

6.’E(G(n,p), Km7 H) - (1 + 0(1)) <::L>p<?)

Lemma 3.1 takes care of the first part of Theorem 1.2. If mo(H) > ma(K,,) then p~1/m2(H) >
n~1/m2(Kn) and this lemma covers values of p for which p > n~1/m2(H)

For the second part of Theorem 1.2 we have Lemmas 3.2 and 3.3. If ma(H) > ma(K,,) Lemma

—1/ma(K,,)—48

3.2 covers values of p for which p < n and Lemma 3.3 covers the range pl/me(Kn)—e <

p < n~Y/m(H) Choosing € > § makes sure we do not miss values of p.

We mostly focus on the proof of Lemma 3.1, as the other two are simpler. Lemmas 3.1 and 3.2
are also relevant for the case ma(H) < ma(K,,), and are used again in Section 5. For the proof of
Lemma 3.1 we need several tools.

Lemma 3.4. Let G be a k-partite complete graph with each side of size n, let p € [0,1] and let G’
be a random subgraph of G where each edge is chosen randomly and independently with probability
p. If nmp(";) goes to infinity together with n then the number of copies of K., for m < k with each
verter in a different V; is w.h.p.

(14 0(1) (Z) nmp(s).

To prove the lemma, we use the following concentration result:

Lemma 3.5 (see, e.g., Corollary 4.3.5 in [4]). Let X1, Xa,..., X, be indicator random variables for
events A;, and let X =Y, | X;. Furthermore assume X1, ..., X, are symmetric (i.e. for every i # j
there is a measure preserving mapping of the probability space that sends event A; to Aj). Write
i ~ j fori# jif the events A; and Aj are not independent. Set A* = Zm]’ P(A;|A;) for some
fized i. If E[X]| — oo and A* = o(E[X]) then X = (1 + 0(1))E(X).

Proof of lemma 3.4. The expected number of copies of K, in G’ is (1 + o(l))(i)nmp(g) So we
only need to show that it is indeed concentrated around its expectation. To do so we use Lemma
3.5.

Let A; be the event that a specific copy of K, appears in G’, and X; be its indicator function.
Clearly the number of copies of K, in G’ is X = >  X;. In this case i ~ j if the corresponding
copies of K, share edges. We write i N j = a if the two copies share exactly a vertices. It is clear
that the variables X; are symmetric. By the definition in the lemma,
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A" = 3T P(4;]4)

i~j

= YD P4;]4)

2<a<m—1liNj=a

Z (m) (k —a > nm—ap(m;“)Jr(mfa)a
a m—a

2<a<m-1
= of (:1) nmp(3)).

The last inequality holds as nmp@) = nm_ap(m;a)'k(m_“)“ ~n“p(;) and n“p(;) = (np%)“ tends
to infinity as n tends to infinity for a < m. O

IN

To prove the upper bound in Lemma 3.1 we use a standard technique for estimating the number
of copies of a certain graph inside another. This is done by applying Szemeredi’s regularity lemma
and then a relevant counting lemma. The regularity lemma allows us to find an equipartition of any
graph into a constant number of sets {V;}, such that most of the pairs of sets {V;, V;} are regular
(i.e. the densities between large subsets of sets V; and V; do not deviate by more than e from the
density between V; and Vj).

In a sparse graph (such as a dense subgraph of a sparse random graph) we need a stronger
definition of regularity than the one used in dense graphs. Let U and V' be two disjoint subsets of
V(G). We say that they form an (e, p)-regular pair if for any U’ C U, V' C V such that |U’| > €|U]|
and [V'| > €|V|:

AU, V")~ d(U, V)] < ep,

where d(X,Y) = |i(()ﬁ’f,/|)| is the edge density between two disjoint sets X, Y C V(G).

Furthermore, an (e, p)-partition of the vertex set of a graph G is an equipartition of V(G)
into ¢ pairwise disjoint sets V(G) = Vi U ... U V; in which all but at most et? pairs of sets are
(e, p)-regular. For a dense graph, Szemerédi’s regularity lemma assures us that we can always find
a regular partition of the graph into at most ¢(e) parts, but this is not enough for sparse graphs.
For the case of subgraphs of random graphs, one can use a variation by Kohayakawa and Rodl [14]
(see also [21], [2] and [16] for some related results).

In this regularity lemma we add an extra condition. We say that a graph G on n vertices is
(n, p, D)-upper-uniform if for all disjoint sets U1, Us C V(G) such that |U;| > nn one has d(Uy, Us) <
Dp. Given this definition we can now state the needed lemma:

Theorem 3.6 ([14]). For every e >0, tg > 0 and D > 0, there are n,T and Ny such that for any
p € [0,1], each (n,p, D)-upper-uniform graph on n > Ny vertices has an (€, p)-regular partition into
t € [to, T] parts.

In order to estimate the number of copies of a certain graph after finding a regular partition
one needs counting lemmas. We use a proposition from [7] to show that a certain cluster graph
is H-free, and to give a direct estimate on the number of copies of K,,. To state the proposition
we need to introduce some notation. For a graph H on k vertices, {1,...,k}, and for a sequence
of integers m = (my;);jep(m), we denote by G(H,n',m,¢,p) the following family of graphs. The
vertex set of each graph in the family is a disjoint union of sets Vi, ..., Vi such that |V;| = n’ for
all i. As for the edges, for each ij € E(H) there is an (e, p)-regular bipartite graph with m;; edges
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between the sets V; and Vj, and these are all the edges in the graph. For any G € G(H,n', m, €, p)
denote by G(H) the number of copies of H in G in which every vertex i is in the set V;.

Proposition 3.7 ([7]). For every graph H and every 0,d > 0, there exists & > 0 with the following
property. For every n > 0, there is a C > 0 such that if p > Cn=V/™H) then w.h.p. the following
holds in G(n,p).

1. For every n' > nn, m with m;; > dp(n')? for all ij € H and every subgraph G of G(n,p) in
g(H7 ’I’l,, m, G,p),

(3) cyzel I 5% | o).

72
ijEE(H) (')

2. Moreover, if H is strictly balanced, i.e. for every proper subgraph H' of H one has mo(H) >
ma(H'), then

mij

()2

(nl)v(H)'

(4) GH)=0=x0| ]

ij€E(H)

Note that the first part tells us that if G is a subgraph of G(n,p) in G(H,n',m, ¢, p), then it
contains at least one copy of H with vertex ¢ in V.

We can now proceed to the proof of Lemma 3.1, starting with a sketch of the argument. Note
that the same steps can be applied to determine ex(G(n,p),T, H) for graphs T" and H for which
ex(n, T, H) = ©(n*"M) and p > max{n~1/m2(H) p=1/m2(T)}

Let G be an H-free subgraph of G(n,p) maximizing the number of copies of K,,. First apply
the sparse regularity lemma (Theorem 3.6) to G and observe using Chernoff and properties of the
regular partition that there are only a few edges inside clusters and between sparse or irregular
pairs. By lemma 2.3 these edges do not contribute significantly to the count of K,,. We can thus
consider only graphs G which do not have such edges.

By Proposition 3.7 the cluster graph must be H-free and taking G to be maximal we can assume
all pairs in the cluster graph have the maximal possible density. Applying Proposition 3.7 again to
count the number of copies of K, reduces the problem to the dense case solved in [3].

We continue with the full details of the proof.

Proof of Lemma 8.1. A (k—1)-partite graph with sides of size ;™5 each is an n-vertex H-free graph
containing (1 + 0(1))(’“5(%)m copies of K,,. We can get a random subgraph of it by keeping

m

each edge with probability p, independently of the other edges. Then by Lemma 3.4 the number
of copies of K,, in it is (1 + 0(1))(/1@77—11)(%)7;1})(7;) w.h.p., proving the required lower bound on
ex(G(n,p), Km, H).

For the upper bound we need to show that no H-free subgraph of G(n,p) has more than

(I1+0(1)) (k;I) (%)mp(z) copies of K,,. Let G be an H-free subgraph of G(n, p) with the maximum
number copies of K,,. To use Theorem 3.6, we need to show that G is (1, p, D)-upper-uniform for
some constant D, say D = 2, and n > 0. Indeed, taking any two disjoint subsets Vi, V5 of size > nn,
we get that the number of edges between them is bounded by the number of edges between them
in G(n,p), which is distributed like Bin(|Vi|-|V2|,p). Applying Part 3 of Lemma 2.1 and the union
bound gives us that w.h.p. the number of edges between any two such sets is < 2|Vj| - |Vz|p and so
d(V1,V3) < 2p as needed. Thus by Theorem 3.6, G admits an (e, p)-regular partition into ¢ parts

V(G)=ViU---UV,.
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Define the cluster graph of G to be the graph whose vertices are the sets V; of the partition and
there is an edge between two sets if the density of the bipartite graph induced by them is at least
dp for some fixed small § > 0, and they form an (e, p)-regular pair.

First we show that w.h.p. the cluster graph is H-free. Assume that there is a copy of H in the
cluster graph, induced by the sets Vi,...,V, ). Consider these sets in the original graph G. To

apply Part 1 of Proposition 3.7 first note that indeed p > Cn~Y™() Furthermore if ij € E(H)
then by the definition of the cluster graph V; and V; form an (e, p)-regular pair and there are at
least 5p(%)2 edges between them. Thus the graph spanned by the edges between Vi, ..., V() in
G isin G(H, %}, m, ¢, p) where m;; > 5p(%)2, and so w.h.p. it contains a copy of H with vertex 7 in
the set V;. This contradicts the fact that G was H-free to start with.

If the cluster graph is indeed H-free, as proven in [3], Proposition 2.2, since x(H) > m then
ex(t, Ky, H) = (1+ o(l))(k;ll)(ﬁ)m This gives a bound on the number of copies of K, in the
cluster graph. For sets Vi,...,V,, that span a copy of K,, in the cluster graph we would like to
bound the number of copies of K, with a vertex in each set in the original graph G.

To do this, we use Part 2 of Proposition 3.7. Note that we cannot use Lemma 3.4 as we need it
for every subgraph of G(n,p) and not only for a specific one. Part 2 can be applied only to balanced
graphs, and indeed any subgraph of K, is K,,, for some m’ < m and mo(K,, ) = mTH < mTH =
ma(Kp,). As we would like to have a upper bound on the number of copies of K,, with a vertex
in each set, we can assume that the bipartite graph between V; and V; has all of the edges from
G(n,p).

By Parts 1 and 2 of Lemma 2.1, w.h.p. for any V; and V; of size %, |[E(V;, V;)| = (1+0(1))p(%)?.
Thus the graph induced by the sets Vi,...,V;, in G(n,p) is in G(Kp,, 7, m,€,p) where m;; =

(1 + o(1))p(%)? for any pair ij. From this the number of copies of K, in G with a vertex in every

V; is at most (1 + 0(1))p(?)(%)m Plugging this into the bound on the number of copies of K, in

the cluster graph implies that the number of copies of K, coming from copies of K,, in the cluster
is w.h.p. at most

o)) G oG = oy (F ) a9,

It is left to show that the number of copies of K,, coming from other parts of the graph is
negligible.

To do this we show that the number of edges inside clusters and between non-dense or irregular
pairs is negligible. By Chernoff (Part 3 of Lemma 2.1) the number of edges inside a cluster is at
most 2p (nQ/t)t < 2p”72. The number of irregular pairs is at most et?, and again by Chernoff there are
no more than Qp(%)2 - €t? = 2epn? edges between these pairs. Finally, the number of edges between
non-dense pairs is at most 5p(%)2t2 = dpn?.

As e, 6 and % can be chosen as small as needed we get that the number of such edges is o(n?p)
Thus we may apply Lemma 2.3 and conclude that the number of copies of K, containing at least
one of these edges is o(n™p T;))

Therefore, for any H-free G C G(n,p) the number of copies of K,, in G is at most (1 +

0(1))(’“_1)(%)’”]9(7;) as needed. O

m

The proofs of the other two lemmas are a bit simpler.

Proof of Lemma 3.2. As p < n~Y/m2(Kn)=0 we can first delete all copies of K,, sharing an edge
with other copies and by Lemma 2.4 we deleted w.h.p. only o(nmp(g)) copies of K,,. Let H' be
zgf]gj = ma(H). Let e be an edge of H' and define {H;} to be the
family of all graphs obtained by gluing a copy of K,, to the edge e in H' and allowing any further

a subgraph of H for which
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intersection. Note that the number of graphs in {H;} depends only on H’ and m. One can make G
into an H-free graph by deleting the edge e from every copy of a graph from {H;} and every edge
that does not take part in a copy of K,,. As we may assume every edge takes part in at most one
copy of K, it is enough to show that the number of copies of graphs from {H;} is o(nmp(?)).

For a fixed graph J, let X; be the random variable counting the number of copies of J in

G ~ G(n,p). With this notation,

E(Xk,) = 0(n"p(2)) = O(n?p(np™=(Kn)ym=2),

E(Xp,) = O(n’p(npm=H:))r(H)=2),

As mo(H;) > mao(Ky,) and p < n=tme(En) e get npm2(Hi) < ppma(Kn) <« 1. Further-
more as v(H;) > m (otherwise H' would be a subgraph of K,,) we get that (np™2H:))v(H:)=2 =
o((np™>Em)ym=2) and thus E(Xp,) = o(E(Xk, ).

If p is such that the expected number of copies of K,,, the graphs {H;} and any of their
subgraphs goes to infinity as n goes to infinity we can apply Theorem 2.2 and get that Xg, =
1+ 0(1))(:1)]7(?) and the number of copies of H; is w.h.p. (14 o(1))E(Xpy,) = o(E(Xk,,)). Thus
if we remove all edges playing the part of e in any H; the number of copies of K,, will still be
(1+0(1))(2)p(%).

Finally, if the number of copies of some subgraph of H; does not tend to infinity as n tends
to infinity we can remove all of the edges taking part in it, and the number of edges removed is

o( (:1) p(z)) As each edge takes part in a single copy of K,,, we still get that the number of copies
of K, in this graph is (1 + 0(1))(:2)]?(2”')’ as needed. O
Proof of Lemma 3.3. Let n=/m>(Kn)—¢ <« p « p=1/m2(H) and G ~ G(n,p). Let H' be a subgraph

of H for which 2%1%:; = ma(H). We show that if G is made H-free by removing a single edge

from every copy of H' then the number of copies of K, deleted is 0((:;) p(z)) Theorem 2.2 assures

us that the number of copies of K, in G is (1 + 0(1))(:2)1)(1;) and so it stays essentially the same
after removing all copies of H'.
The expected number of copies of H' in G is

EN(G, H')] = 0(n*p(np™H)) " H)=2) = o(n?p).

Thus by Markov’s inequality w.h.p. N (G, H') = o(n?p). If p > n~1/mK») then by Lemma 2.3

deleting all these edges removes only o(nmp(r‘:)) copies of K.
As for smaller values of p, namely p < O(n~1/™2(Kn)) it follows that

EIN(G, H')] = ©(n’p(np™H))"H)=2) < n=Fr2p

for some 8 > 0. By Markov’s inequality w.h.p. the number of edges taking part in a copy of H' in
G is at most n~®n?p for, say, a = g

Since p < O(n~'/"2(Kn)) Lemma 2.3 cannot be applied directly. To take care of this, define
g = n2p > n~Y/m2(Kn) Lemma 2.3 applied to G(n,q) implies that a set of at most n~%gn? edges

takes part in no more than n_‘snmq(g) copies of K,, , where § = §(a) > 0.
The number of copies of K, containing a member of a set of edges in G(n,p) is monotone in
p and in the size of the set. Thus when deleting a single edge from each copy of H' in G(n,p) the

number of copies of K, removed is w.h.p. at most n_‘snmq(?) = n_5+2<7;)5nmp(?). Choosing €
2

small enough implies that the number of copies of K, removed is o(nmp( )) as needed. O
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4. Construction of graphs with small 2-density

In the proof of Theorem 1.3 we construct a family of graphs {G(k,€)} that are k-critical and
ma(G(k,€)) = (1 + €)M, where My, is the smallest possible value of my for a k-chromatic graph.

The following notation will be useful. For a graph G and A C V(G) such that |A] > 3, let d(G2) (A) =
%. By definition, m2(G) = minacy (). |a)>3 dg) (A).

Proof of Theorem 1.3. We construct the graphs G(k,€) in three steps. In Step 1 we construct so
called (k,t)-towers and derive some useful properties of them. In Step 2 we make from (k, t)-towers
more complicated (k,t)-complexes and supercomplexes, and in Step 3 we replace each edge in a copy
of K} with a supercomplex and prove the needed.

Step 1: Towers Let t = t(e) = [k3/e]. The (k,t)-tower with base {voovo1} is the graph Ty,
defined as follows. The vertex set of Ty, is Vo U Vi U ... UV, where Vy = {vg0,v0,1} and for
1 <i<t Vi={vio,vi1,...,vig—2}. Fori=1,...,¢, T},[V;] induces Kj_; — e with the missing
edge v;v;1. Also for i = 1,...,t, vertex v;_1 ¢ is adjacent to v;; for all 0 < j < (kK —2)/2 and
vertex v;_1,1 is adjacent to v; ; for all (k — 1)/2 < j < k — 2. There are no other edges.

RN
Ut,0 Vt,1—U¢,2

vl
s

V2,0 V2,1—7V22

L

V1,0 V1,1—"V1,.2

NS/

V0,0 Vo,1

Figure 1: Ty

By construction, |E(Tj)| =t <(k;1) -1+ (k- 1)) = t% = ([V(Tky)| — 2)%,
that is,
(k+1)(k—2) 1

(5) d%?t(V(Tk,t)) T 2k-1) V(T -2

Also, since for each i = 1,...,¢, [N(v;—11) NVi| < (k—1)/2 and among the [(k — 1)/2] neighbors
of v;_1,0in Vi, v; 0 and v; 1 are not adjacent to each other,

(6) w(Thg) = k—2.

Our first goal is to show that T}, ; has no dense subgraphs. We will use the language of potentials
to prove this. For a graph H and A C V(H), let

pi,a(A) = (k+1)(k —2)|A] — 2(k — 1)|E(H[A])| be the potential of A in H.
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A convenient property of potentials is that if |A| > 3, then
(7) P (A) > 20k +1)(k — 2) — 2(k — 1) if and only if di7 (4) < (5002,

but potentials are also well defined for sets with cardinality two or less.

Lemma 4.1. Let T =T}, 4. For every A CV(T),

(8) if |A] 2 2, then pyr(A) = 20k + 1)(k — 2) — 2(k — 1).
Moreover,
(9) if Vo C A, then prr(A) > 2(k + 1)(k - 2).

Proof. Suppose the lemma is not true. Among A C V(T') with |A| > 2 for which (8) or (9)
does not hold, choose Ay with the smallest size. Let a = |Ay|.

If a = 2, then ppr(Ao) = 2(k+ 1)(k —2) — 2(k — 1)|E(T[Ao]
Moreover, if a = 2 and Vy C A, then Vy = Ap and so E(T[Ay]) =
AQ. So

) > 2(k+1)(k—2) —2(k—1).
(. This contradicts the choice of

(10) a>3.

Let i be the maximum 4 such that AgNV; # 0. By (10), i9 > 1. Let A’ = AgNV;, and o/ = |A'|.

Case 1: ¢/ < k—2and a—d > 2. Since |(Ag — A") N Vp| = |Ao N Vp|, by the minimality of
a, (8) and (9) hold for Ag — A’. Thus,

prer(Ao) > prr(Ag — A) +d' (k 4+ 1) (k — 2) — 2(k — 1) <a’ N <6;/>>

=prr(Ao—A)+d [ —k—2)—2k+2— (k—1)(a' — 1)].

Since k > 4 and @’ < k—2, the expression in the brackets is at least k2 —3k—(k—1)(k—3) = k—3 > 0,
contradicting the choice of Ag.

Case 2: A=V, , and a —a’ > 2. Then o/ = k — 1. As in Case 1, (8) and (9) hold for Ay — A".
Thus,

prr(Ao) = prr(Ao — A+ d'(k+1)(k—2) —2(k — 1) (a’ + (‘;) - 1>

=prr(Ag— AN+ (k—1) [(K* —k—2) —2(k—1) — (k— 1)((k — 1) — 1) + 2]
> prr(Ag — A') + (k= 1)*[(k —2) — (k — 2)] = pr,r(Ag — A'),
contradicting the minimality of Ag.
Case 3: a=ad/,ie., Ag=A'". Then Vj) € Ag and @’ > 3. If a < k — 2, then

a

() o) 2 atk )0 -2) - 200~ 1§

> =al(k+1)(k—2)— (k—1)(a—1)].
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Since the RHS of (11) is quadratic in a with the negative leading coefficient, it is enough to evaluate
the RHS of (11) for a = 2 and a = k — 2. For a = 2, it is 2(k + 1)(k — 2) — 2(k — 1), exactly as
in (8). Fora =% —2, it is

(k=2)[(k+1)(k-2)—(k—1)(k—2-1)] =3k —5)(k — 2),

and 3k —5)(k—2)>2(k+1)(k—2)—2(k—1) for k>4. If a=k — 1, then Ay =V; and
prir(Aa) = a4 1)k = 2) =206 = 1) ( (5] =1) = (6= D5+ )06 = 2) = (= Dk = 2) +2)

=2k—-1*>2k+1)(k—2)—2(k—1).

Case 4: a—a' = 1. As in Case 3, Vo € Ag and @’ > 2. Let {z} = Ay — A’. Repeating the
argument of Case 3, we obtain that pp r(A’) > 2(k + 1)(k — 2) — 2(k — 1). So, if dpa,)(2) < L
then

k—1
pr,7(Ao) > prr(A') + (k + 1) (k —2) —2(k — )——= prr(A") +k =3 > prpr(A),
a contradiction to the choice of Ag. And the only way that dpa,)(2) > %, is that 2 = v;_1, k is
even, and A’ D {vip,. ..,V (k—2)/2}- Then edge v;gv; 1 is missing in T[A’], and hence
/
(12) prr(Ao) = (a' +1)(k+1)(k—2) —2(k—1) ((2) -1+ k/2> .

Since the RHS of (12) is quadratic in o’ with the negative leading coefficient and o« > k/2, it is
enough to evaluate the RHS of (12) for ' = k/2 and o/ =k — 1. For ' = k/2, it is

k+2 k(k —2)
(ke (k= 2) = (k= 1) (4

k—2
—2+k> :T(k2+3k+8).

Since % > 2k for k > 4 and 2k(k—2) > 2(k+1)(k—2) —2(k—1), we satisfy (8). If ' = k—1,
then the RHS of (12) is

k(k+1) (k=2 —(k—D[k-1(k—-2)—24+k =k -2)[k(k+1) - (k—1)2—k+1]
=2k(k—2)>2k+1)(k—2)—2k—1). O

Graph T}, ; also has good coloring properties.

Lemma 4.2. Suppose T}, ; has a (k — 1)-coloring f such that

(13) f(vo,1) = flvop)-
Then for every 1 < i <t,
(14) fvig) = flvip).

Proof. We prove (14) by induction on . For ¢ = 0, this is (13). Suppose (14) holds for i = j < ¢.
Since Vj41 € N(v;0) UN(v4,1), the color f(vj1) = f(vj2) is not used on Vjyq and thus f(vj41,1) =
f(vjt1,0), as claimed. O
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Step 2: Tower complexes A tower complex C}; is the union of k£ copies Tk{t, . ,Tk]it of the
tower T}, ; such that every two of them have the common base VO1 = ... = V" are vertex-disjoint
apart from that, and have no edges between T,’é’t — Voi and le,t — Voj for j # 4. This common base
VO = {vg,0,v01} will be called the base of Cy;.

Lemma 4.1 naturally extends to complexes as follows.

Lemma 4.3. Let C = Cj 4. For every A C V(C),

(15) if |A] > 2, then ppc(A) > 2(k+1)(k—2) —2(k —1).
Moreover,
(16) if A2 Vo, then pr.c(A) > 2(k +1)(k — 2).

Proof. Let A C V(C) with |A] > 2, and Ag = ANV;. Let A; = ANV (T},) if ANV (T} ,)—Vo # 0,
and A; = () otherwise. Let I = {i € [t] : A; Z0}. If [I| <1, then Ais a subset of one of the towers,
and we are done by Lemma 4.1. So let |I| > 2.

Case 1: V) C A. Then for each nonempty A;, |4;] > 3 and by Lemma 4.1, p; c(A;) >
2(k+1)(k —2). So, by the definition of the potential,

pr.c(A) = Zpk,C(Ai)—(m—1)2(k+1)(k—2) > |I|2(k+1)(k—2)—(|1|-1)2(k+1)(k—2) = 2(k+1)(k—2).
icl

Case 2: Vy N A = {wp;}, where j € {1,2}. Then for each nonempty A;, |4;|] > 2 and by
Lemma 4.1, py c(A;) > 2(k 4+ 1)(k —2) — 2(k — 1). So, by the definition of the potential and the
fact that |I| > 2,

pro(A) =Y pro(Ai) = (k+ 1) (k- 2)(|1T] - 1)
iel
> |I|(2(k+1)(k—2)—2(k—1))— (k+1)(k—=2)(|I| -1) = [I|((k+1)(k—2)—2(k—1))+ (k+1)(k—2)

>2((k+1)(k—2)—2(k— 1))+ (k+ 1)(k —2) > 2(k + 1)(k — 2) — 2(k — 1),

when k£ > 4.
Case 3: Vo N A = 0. Then pyc(A) = > ,c; pr,c(As). Since py c(A;) > (k4 1)(k — 2) for every
i€l and |[I| > 2, pr.c(A) > 2(k+1)(k — 2), as claimed. O

Given a tower complex Cyy, let Wy = {vtl’o,...,vf’()} and Wy = {vtlﬁl,...,vf’l}. Then the
auxiliary bridge graph By, is the bipartite graph with parts Wy and W7 whose edges are defined
as follows. For each pair (i,j) with 1 <1i < j <k, if j —i < k/2, then By, contains edge ”g,ovg,p
otherwise it contains edge U%,lvg,o- There are no other edges.

By construction, By ; has exactly (g) edges, and the maximum degree of By, is |k/2]. It is
important that

(17) for each 1 <4 < j <k, an edge in By ; connects {véyo, v,il} with {vio, v{l}.

The supercomplex Sy is obtained from a tower complex C}; by adding to it all edges of By ;.
The main properties of S} ; are stated in the next three lemmas.
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Uﬁo 'U?,l
U?,o Ui?,1
UtQ,O Ut2,1
Utl,o Ut1,1

Figure 2: By

Lemma 4.4. For each (k — 1)-coloring f of Sk,

(18) f(vo,1) # f(vo)-
Proof. Suppose Si: has a (k — 1)-coloring f with f(vo1) = f(vo0). Then by Lemma 4.2,

b )
f(vl%:,l) = f(”i,o) for every 1 < ¢ < k. Thus by (17), the k colors f(vtl’o),f(vf’o),...,f(vlfo) are all
distinct, a contradiction. ]

Lemma 4.5. Let S = Sy with base Vy. For every A C V(S) — Vb,
(19) 1AL > 2, then pes(4) > 20k + 1)(k — 2) - 2(k — 1),

Proof. Suppose the lemma is not true. Let C' be the copy of C}; from which we obtained S
by adding the edges of B = Bj;. Among A C V(S) — Vp with |A| > 2 and py g(A) < 2(k+1)(k —
2) — 2(k — 1), choose Ay with the smallest size. Let a = |Ag|. Let I ={i € [t] : ApN V(Tli,t) #0}.
If |I] <1, then A is a subset of one of the towers, and we are done by Lemma 4.1. So let |I]| > 2.

If a = 2, then

pr.s(Ao) = a(k +1)(k —2) — 2(k — 1)|E(S[Ao])| > 2(k + 1)(k — 2) — 2(k — 1),
contradicting the choice of Ag. So a > 3. Furthermore, if a = 3, then since |I| > 2, By is
bipartite, and v} gvf; ¢ E(S) for any i, the graph S[Ag] has at most two edges and so pg,s(Ag) >
3k+1)(k—2)—2(2(k—1)) >2(k+1)(k—2) —2(k —1). Thus
(20) a>4.

If dgpa,)(w) < k’T for some w € Ay, then

pr,s(Ao —w) < pr.5(Ag) — (K +1)(k —2) + %2(’? —1) = pr,s(A0) +3 — k < pr,s(Ao).
By (20), this contradicts the minimality of a. So,
(21) 6(S[Ag]) > £. In particular, a > 1 + &.
Let E(Ag, B) denote the set of edges of B both ends of which are in Ag. Then since AgNVy = 0,

(22) pr.s(Ao) = pr.o(Ao) — 2(k — 1)|E(Ao, B)| = Y pr.o(Ai) — 2(k — 1)| E(Ao, B)|.
el
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Let [} = {i € I : |AgNV(T},)| = 1} and I, = I — I;. By Lemma 4.1, for each i € Iy,

pr,s(A;) > 2(k+1)(k—2)—2(k—1). Thus if I; = 0, then by (22) and the fact that |E(Ao, B)| < ('),
we have

prs(Ao) > 11120k +1)(k — 2) — 2(k — 1)) — (’;’)2% — 1) = |I|(2k2 — 3k — 3 — |I|(k — 1)).

The minimum of the last expression is achieved either for |I| = 2 or for |I| = k. If |I| = 2, this is
2(2k%* =5k —1) > 2(k+1)(k—2) —2(k —1). If |I| = k, this is k(k* — 2k — 3), which is again greater
than 2(k + 1)(k — 2) — 2(k — 1). Thus || # 0.

Suppose i, € I1,w € A;, w' € Ay andww'” € E(S). Let A’ = Ag—w—w'. By the definition of I,
all edges of S[Ag] incident with w or w' are in E(B). Since A(B) < £, |E(S[A¢])|—|E(S[A])| < k—1.
Thus

pr.s(A) < prs(Ao) —2(k+1)(k —2) + (k — 1)2(k — 1) = pr.s(Ao) — 2k + 6.

But by (20), |A’| > 2, a contradiction to the minimality of a. It follows that for every i € I, each
neighbor in Ag of the vertex w € A; is in some A;j for j € Iy. This implies |E(Ap, B)| < ('Q) - (”21‘).
Together with (21) and A(B) = |k/2], this yields that for each i € I;, the vertex w € A; has
exactly k/2 neighbors in B, and all these neighbors are in A. In particular, |I5| > % and k is even.

Moreover, if i,7 € I}, w € A; and w’ € A, then their neighborhoods in B are distinct, and thus
in this case |Io| > . Since k is even, this implies

(23) > 12
Since the potential of a single vertex is (k + 1)(k — 2),
(21)
prs(Ao) 2 |12k Dk =2)~206-1) - (k4 02 -26-0) - ( (1) = (157) ) 260

The expression —|I1|((k+1)(k—2)—2(k—1)+ (‘2')2(1{: —1) in (24) decreases when |I| grows but
is at most % Thus by (23), it is enough to let |I1]| = |I| — % in (24). So,

s (o) > 110k + 1)k = 2) + 22 (k4 1)k —2) — 20k — 1) = (k= Dk + 217 - )
= —2km+¥ k? — 3k + sz“;’H > —2k2+(k i 2)(3]“; —3k=4) 2(k+1)(k—2)—2(k—1)
for k > 4. ]

Lemma 4.6. Let S = Sy with base Vy. Let A C V(S) and |A| <t +1.

(25) If |A] > 2, then prs(A) > 2(kE+1)(k—2) — 2(k —1).
Moreover,
(26) if A2 Vo, then pys(A) = 2(k + 1)(k — 2).

Proof. Suppose the lemma is not true. Among A C V(S) with |A| > 2 for which (25) or (26)
does not hold, choose Ay with the smallest size. Let a = |Ap|. By Lemma 4.3, S[Ao] contains an
edge ww' in B. By Lemma 4.5, A contains a vertex v € Vy. In particular, a > 3.



Many cliques in H-free subgraphs of random graphs 17

If S[Ap] is disconnected, then Ag is the disjoint union of nonempty A" and A” such that S has
no edges connecting A’ with A”. Since a > 3, we may assume that |A’| > 2. By the minimality of
AQ, pk,s(A/) > 2(l€ + 1)(16 - 2) - 2(16 - 1). AISO7 pkjs(A”) > (k? + 1)(]43 - 2). Thus

pr.s(A0) = pr.s(A) + prs(A”) > 2k + 1)(k —2) —=2(k — 1) + (b + 1)(k — 2) > 2(k + 1)(k — 2),

contradicting the choice of Ag. Therefore, S[Ap] is connected.
Since the distance in S between v € Vp and {w,w'} C V(B) is at least t, a > t + 2, a
contradiction. O

Step 3: Completing the construction Let G = G(k,¢€) be obtained from a copy H of Kj by
replacing every edge uv in H by a copy S(uv) of Sk, with base {u,v} so that all other vertices in
these graphs are distinct. Suppose G has a (k — 1)-coloring f. Since |V (H)| = k, for some distinct
u,v € V(H), f(u) = f(v). This contradicts Lemma 4.4. Thus x(G) > k.

Suppose there exists A C V(G) with

(27) 4] > 2 and |E(G[A])] > 1+ (14 ¢ E5E2 (4] - 2),

Choose a smallest Ay C V(G) satisfying (27) and let a = |Ag|. Since a 2-vertex (simple) graph
has at most one edge, a > 3. We claim that

(28) G[Ap] is 2-connected.

Indeed, if not, then since a > 3, there are x € Ay and subsets A;, Ay of Ay such that AjNAy = {z},
A1UAg = Ay, |A1] > 2, |A2| > 2, and there are no edges between A; —z and Ay —x (this includes the
case that G[Ap] is disconnected). By the minimality of a, |E(G[4;])| < 14+(1 +E)W(|A |—2)
for j =1,2. So,

B = |EGUAD] +1EGAD] <2+ (1+9 P ESD a4 - o
o (14aEEDE=D R DE=2)

20k — 1) -1 @2

contradicting (27). This proves (28).
Let J ={uv € E(H) : AoN (V(S(uv) —u —v) # 0}. For uv € J, let Ay, = Ao N (V(S(uv)).
Since G[Ay] is 2-connected, for each uv € J,

(29) {u,v} C Ay, and G[Ay,] is connected. In particular, |A,,| > 4.
Our next claim is that for each uv € J,

(30) IB(GAw)] < (1+€) S5 (| A - 2).

Indeed, if |Ayy| < t+1, this follows from Lemma 4.6. If |A,,| > t+2, then by the part of Lemma 4.3
dealing with A D Vj,

B < 1B+ EEESD a0 -2 = (5) + S5 2EZD ) -,
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But since t > k3 /e, (2) tw This proves (30).
By (30),

(31) EGLA)] = Y 1B < (1 +oFTUEZD 5=y 1)

wveJ Q(k - 1) uwveJ

Since each A, has at most two vertices in common with the union of all other Ay, >, c 7 (| Aus| —
2) < a—2. Thus (31) contradicts the choice of Ay. It follows that no A C V(G) satisfies (27), which

exactly means that mo(G) < (1+ e)% -

5. The case my(H) < my(K,,)

When ma(H) < ma(K,,) we show that as in the previous case there are two typical behaviors of
the function ex(G(n,p), Ky, H). For small values of p Lemma 3.2 shows that there exists w.h.p. an
H-free subgraph of G(n,p) which contains all but a negligible part of the copies of K,,. For large
values of p Lemma 3.1 shows that w.h.p. every H-free graph will have to contain a much smaller
proportion of the copies of K,,.

However, unlike in the case ma(H) > ma(K,,) discussed in Section 3, the change between the
behaviors for p = n=* does not happen at —a = —1/mgy(H). Theorem 1.4 shows that if p = n=¢
and —a is slightly bigger than —1/mqy(H) we can still take all but a negligible number of copies of
K, into an H-free subgraph. As for a conjecture about where the change happens (and if there are
indeed two regions of different behavior and not more) see the discussion in the last section.

Proof of Theorem 1.4. Let G ~ G(n,p) with p = n~% where —a = —c¢ + § for some small § > 0 to
be chosen later. Let G’ be the graph obtained from G by first removing all pairs of copies of K,
sharing an edge and then removing all edges that do not take part in a copy of K,,. As ¢ is small,
we may assume that —a < —1/mo(K,,), apply Lemma 2.4 and deduce that w.h.p. the number of

copies of K, removed in the first step is o (:1) p@)) In the second step there are no copies of K,
removed, and thus w.h.p. N (G, K,) = (14 0o(1))N (G, K,,). Furthermore, if there is a copy of Hp
in G’ then each edge of it must be contained in a copy of K, and not in two or more such copies.

Let H,,, be the family of the following graphs. Every graph in H,, is an edge disjoint union of
copies of K,,, it contains a copy of Hy and removing any copy of K,, makes it Hg-free. Note that
if G is H,p-free then G is Hy-free.

To show that G is indeed H,,-free w.h.p. we prove that for any H' € H,, the expected number
of copies of it in G is o(1). We will show this for p = n_mM, and it will thus clearly hold
for smaller values of p as well. For every H' the expected number of copies of it in G(n,p) is

O (peH ) pr(H)y = @(n_m21<H)e(H/)Jrv(H/)n‘s'e(H')) and we want to show that it is equal o(1) for any

H. z%g; +mao(H) — 2%2;7712(}[) < 0. We first prove that
AN e(HI) /
d( )— U(H/)>m2(H)+6

for some &' := ¢§’'(m, ¢) and then to finish show that E ;mQ(H) < g(m) for some function g.

Note that every H' € H,, contains a copy of Hy and that Hj itself does not contain a copy of
K, as ma(Hy) < ma(K,y,). The vertices of copies of K,, in H' can be either all from Hj or use some
external vertices. Let E1 be the edges between two vertices of Hy that are not part of the original
Hy and let |Eq| = ey. Furthermore, let V1 U...UV;, = V(H')\ V(Hy) be the external vertices, where
each V; creates a copy of K, with the other vertices from Hy and let |V;| = v;.
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Each edge in Hy must be a part of a copy of K,,,. An edge in E; takes care of at most (g‘) -1
edges from Hy, and each V; takes care of at most (m vi ) edges. From this we get that

e(Ho) gzk: <m N ”i) + 61(<ZL> ~1)
<k m; 1) +e1(<7;> )
<™k + e1).

We will take care of two cases, either e; > e(m—Hz“) or k > ( ) . In the first case let H; be the
graph Hy together with the edges in £;. Then

e(H1) _e(Ho) + e > (14 L)e(Ho)
v(Hy) v(Ho) m? v(Ho)
We can assume v(Hp) is large enough so that HO) / fjggﬂ > (1— 52) and as ma(Hy) is bounded
from below by a function of m, we get that for some 0" := ¢'(m) small enough we get
e(Hl) /
Hy)+ 9"
o) = my(Ho)

Hence w.h.p. there is no copy of H; in G, and thus no copy of H'.
Now let us assume that k > e( 0) and let v = mo(K,,) —mao(H) > ma(K,,) — c. The expression
() +vstm—v)
o

decreases with v;, and as V; creates a copy of K,, with an edge of Hy, we get that

()runw)  (3)1

v; <m — 2 and so —-. It follows that

k3

k Vi k (m) -1 k
(32) Z <2> +vi(m —v;) > Zvi 731 —5 = ZW(TRQ(HO) + 7).

i=0 =0 =0

Every set of vertices V; uses at least one edge in Hy for a copy of K,,, and as there are no two
copies of K, sharing an edge, it follows that:

k
v(H') = v(Ho) + Y _v; < e(Ho) + (m — 1)e(Ho) = m - e(H,).

7=

Combining this with the assumption on k& we conclude

(33) i ks HO)ZU(H/)‘

Finally a direct calculation yields

(34) e(Hp) +e1 >e(Hp) — 1=
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Applying the above inequalities we get

k v

e(H') =e(Hp) + e1 + Z (;) + vi(m — ;)
=0
k k
P a (S i+ 0(Ho) — 2) + Y vy
=0 1=0
k

=my(H)(0(H') —2) + Y vy

1=0
Lo w1~ 2) + 1),

>o(H')(ma(Ho) + 5 7).

The last inequality holds if 2mo(H) < v(H') 5L
for ¢’ := ¢’(m, ¢) small enough,

but this is true as v(Hp) is large enough. Thus,

2m3

e(H")
v(H")

1 1 ,
> mo(Ho) + o3 2 ma(Ho) + ng,(mﬂKm) —¢) > ma(Hp) +0
and again, w.h.p. G will not have a copy of H'.

It is left to show that indeed %mg (H) < g(m). By the definition of H' we get that Eff’
e(Ho)+(m—2)e(Hy) __ _ 1)e(H0)

<
() = (m () As we may assume that v(Hy) is large, it follows that EH) <

ma(Ho)(1+ 1), and as ma(H) < ma(Ky), we conclude that for some g(m) the needed inequality
holds.
O

To finish this section, we show that indeed the theorem can be applied to G(m + 1,¢).
Proof of Lemma 1.5. To prove this we will use the following fact. If § and E are rational numbers
such that 0 < [§ — £ 2| < g2z then p > M. Indeed, assume towards a contradlctlon that ¢ < M, but
then|f—f\—]aq bp\_bq>bM

Let G := Go(m + 1,¢), and take § = % and p Eg ; . By Theorem 1.3 it follows
that [§ — L < e% Choosing e small enough will rnake v(G

0) as large as needed.
O

6. Concluding remarks and open problems

e It is interesting to note that there are two main behaviors of the function ex(G(n,p), K., H)
that we know of. For K,, and H with x(H) = k > m for small p one gets that an H-free
subgraph of G ~ G(n, p) can contain w.h.p. most of the copies of K, in the original G. On the
other hand, when p > max{n~1/m2(H) pn=1/m2(Kn)} then an H-free graph with the maximal
number of K,,s is essentially w.h.p. kK — 1 partite, thus has a constant proportion less copies
of K,, than G.

If mo(H) > ma(K,y,) then Theorem 1.2 shows that the behavior changes at p = n~1/72(H),
but if ma(H) < ma(K,y,) the critical value of p is bounded away from n~1/72(H) and it is not
clear where exactly it is.
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Looking at the graph G ~ G(n,p) and taking only edges that take part in a copy of K,
yields another random graph G|k, . The probability of an edge to take part in G|k, is
—1/mq(H)

m m

O(p - nm_Qp(z)_l). A natural conjecture is that if nm_2p(2) is much bigger than n
then when maximizing the number of K,, in an H-free subgraph we cannot avoid a copy of

m

H by deleting a negligible number of copies of K,,, and when n p(z) is much smaller than
n~Y/m2(H) we can keep most of the copies of K, in an H-free subgraph of G ~ G(n,p). It
would be interesting to decide if this is indeed the case.

Another possible model of a random graph, tailored specifically to ensure that each edge lies
in a copy of K,,, is the following. Fach m-subset of a set of n labeled vertices, randomly
and independently, is taken as an m-clique with probability p(n). In this model the resulting
random graph G is equal to its subgraph G|k, defined in the previous paragraph, and one can
study the behavior of the maximum possible number of copies of K, in an H-free subgraph
of it for all admissible values of p(n).

There are other graphs T and H for which ex(n,T, H) is known, and one can study the
behavior of ex(G(n,p), T, H) in these cases. For example in [10] and independently in [9] it
is shown that ez (n,Cs, K3) = (n/5)% when n is divisible by 5.

Using some of the techniques in this paper we can prove that for p > n~1/2 = p=1/m2(Ks)
ex(n,Cs, K3) = (1 + o(1))(np/5)® w.h.p. whereas if p < n~/2 then w.h.p. ex(n,Cs, K3) =
(15 + o(1))(np)®. Similar results can be proved in additional cases for which ex(n,T,H) =
Q(n') where t is the number of vertices of T'. As observed in [3], these are exactly all pairs of
graphs T, H where H is not a subgraph of any blowup of T.

When investigating ex(G(n, p), T, H) here we focused on the case that T" is a complete graph.
It is possible that a variation of Theorem 1.2 can be proved for any 7" and H satisfying
ma(T) > ma(H), even without knowing the exact value of ex(n,T, H).

In the cases studied here for non-critical values of p, ex(G(n,p),T, H) is always either almost
all copies of T in G(n,p) or (1 + o(1))ex(n, T, H)p*™). It would be interesting to decide if
such a phenomenon holds for all T', H.

As with the classical Turdn problem, the question studied here can be investigated for a
general graph T and finite or infinite families H.

m—2
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