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AN ALGORITHMIC ANSWER TO THE ORE-TYPE VERSION
OF DIRAC’S QUESTION ON DISJOINT CYCLES IN MULTIGRAPHS

H.A. KIERSTEAD*, A.V. KOSTOCHKA', T. MOLLA, AND D. YAGER}

ABSTRACT. For the N P-complete problem on the existence of k disjoint cycles in an n-
vertex graph G, Corradi and Hajnal in 1963 gave sufficient conditions: For all £ > 1 and
n > 3k, every (simple) n-vertex graph G with minimum degree §(G) > 2k contains k disjoint
cycles. The same year, Dirac described the 3-connected multigraphs not containing two
disjoint cycles and asked the more general question: Which (2k — 1)-connected multigraphs
do not contain k disjoint cycles? Recently, Kierstead, Kostochka and Yeager resolved this
question. In this paper, we sharpen this result by presenting a description that can be
checked in polynomial time of all multigraphs G with no k disjoint cycles for which the
underlying simple graph G satisfies the following Ore-type condition: dg(v)+dg(u) > 4k—3
for all nonadjacent u,v € V(G).

Mathematics Subject Classification: 05C15, 05C85, 05C35, 68R10.
Keywords: Disjoint cycles, polynomial-time algorithm, Ore-type conditions, minimum de-
gree.

Dedicated to Gregory Gutin on the occasion of his 60th Birthday

1. INTRODUCTION

For a multigraph G = (V, E), let |G| = |V, |G| = |E|, 6(G) be the minimum degree
of G, and a(G) be the independence number of G. For a simple graph G, let G denote
the complement of G. For multigraphs G and H, let G U H denote the multigraph with
V(GUH)=V(G)UV(H) and E(GUH) = E(G)U E(H). For disjoint graphs G and H,
let GV H denote G U H together with all edges from V(G) to V(H).

Let K(X) be the complete graph with vertex set X, and K;(X) = K(X) indicate that
| X| =t.

The problem of finding the maximum number of disjoint cycles in a graph is N P-hard,
since even some partial cases of it are:

Theorem 1 ([7], p. 68). Determining whether a 3n-vertex graph has n disjoint triangles is
an N P-complete problem.

On the other hand, Bodlaender [I] and independently Downey and Fellows [5] showed that
this problem is fized parameter tractable:

Theorem 2 ([1,5]). For every fized k, the question whether an n-vertex graph has k disjoint
can be resolved in linear (in n) time.

*Research of this author is supported in part by NSA grant H98230-12-1-0212.

tResearch of this author is supported in part by NSF grant DMS-1600592 and by grants 15-01-05867 and
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Since the general problem is hard, it is natural to look for sufficient conditions that ensure
the existence of “many” disjoint cycles in a graph. One of well-known results of this type is
the following theorem of Corradi and Hajnal [2] from 1963:

Theorem 3 ([2]). Let k € Z*. FEvery graph G with |G| > 3k and 6(G) > 2k contains k
disjoint cycles.

The hypothesis 6(G) > 2k is best possible, as shown by the 3k-vertex graph H = K 1 V
Koi_1, which has §(H) = 2k — 1 but does not contain k disjoint cycles. The proof yields a
polynomial algorithm for finding k& disjoint cycles in the graphs satifying the conditions of
the theorem.

Theorem [3| was refined and generalized in several directions. Enomoto [6] and Wang [16]
generalized the Corradi-Hajnal Theorem in terms of the minimum Ore-degree o5(G) =

min{d(z) + d(y) : vy & E(G)}:

Theorem 4 ([6],[16]). Let k € Z*. Fvery graph G with (i) |G| > 3k and
(1.1) 09(G) > 4k — 1

contains k disjoint cycles.

Kierstead, Kostochka and Yeager [11] refined Theoremby characterizing all simple graphs
that fulfill the weaker hypothesis 6(G) > 2k—1 and contain k disjoint cycles. This refinement
depends on an extremal graph Yy i where Yy = Kp, V(K UK;) and Yy s+(Xo, X1, Xo) =
Kn(Xo) V (Ks(X7) U Ky(X3)).

FIGURE 1.1. Yhts, shown with h =3 and t = s = 4.

Theorem 5 ([11]). Let k > 2. Ewvery simple graph G with |G| > 3k and 6(G) > 2k — 1
contains k disjoint cycles if and only if:
(i) a(G) <|G| =2k,
(it) if k is odd and |G| = 3k, then G # Yxxx; and
(111) if k =2 then G is not a wheel.

Theorem {4 was refined in a similar way in [II] and [10] (see Theorem [16] in the next
section).

Dirac [3] described all 3-connected multigraphs that do not have two disjoint cycles and
posed the following question:
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Question 6 ([3]). Which (2k — 1)-connected multigraph{] do not have k disjoint cycles?

Kierstead, Kostochka and Yeager [12] used Theorem [f to answer Question [] (see Theo-
rem (14| in Section 2). The goal of this paper is to resolve the Ore-type version of Question @
for multigraphs in an algorithmic way. In Theorem [17| we describe all multigraphs G that do
not have k disjoint cycles and for any two nonadjacent vertices x and y in the underlying
simple graph G, we have dg(x)+dg(y) > 4k — 3. Using this description we construct a poly-
nomial time algorithm that for every multigraph satisfying the conditions of Theorem
either finds k disjoint cycles or shows that there are no such k cycles.

In the next section, we introduce notation and discuss existing results to be used later
on. In Section 3 we state our main results, Theorem [I7] and Theorem [I§]. In the next four
sections, we prove Theorem [I7], and in the last section prove Theorem [1§].

2. PRELIMINARIES AND KNOWN RESULTS

2.1. Notation. For every multigraph G, let V; = Vi(G) be the set of vertices in G incident
to loops, and V5 = V5(G) be the set of vertices in G — V} incident to strong edges. Let
F = F(G) be the simple graph with V(F') = V5 formed by the multiple edges in G — V;. We
will call the edges of F/(G) the strong edges of G, and define o = o/(F') to be the size of a
maximum matching in F'. Let G denote the underlying simple graph of G, i.e. the simple
graph on V(G) such that two vertices are adjacent in G if and only if they are adjacent in
G. Let G* denote the result of making all edges of G strong. For e ¢ E(G), let G + e denote
the graph with V(G +e) = V(G) and E(G + e¢) = E(G) U {e}. For a path P € {P, P}
with PN G = (), let sd(G, e, P) be the result of subdividing e with P.

Recall that K;(X) = K(X) denotes the complete with vertex set X where | X| =t. If we
only want to specify one vertex v of K; we write K;(v). Similarly, K(Y, Z) is the complete
Y, Z-bigraph. We also extend this notation to the case that Y is a graph. Then K(Y,Z7) is
K(V(Y),Z)UY.

A set S = {wo,...,vs} of vertices in a graph H is a superstar with center vy in H if
Ng(v;) = {vo} for each 1 < i < s and H — S has a perfect matching. For a maximum
matching M, set W =W (M) =V(M),V' =V (M) =V~W,and G' = G'(M) = G[V'(M)].
If |F| =2 then G'(M) = G'(M’) for all perfect matchings M and M'.

For v € V, we define s(v) = |N(v)| to be the simple degree of v, and we say that
S(G) = min{s(v) : v € V} is the minimum simple degree of G. Similarly, SO(G) =
min{s(v) + s(u) : v,u € V,v # u and uv ¢ E(G)}. Let ¢(G) be the maximum number of
disjoint cycles contained in G.

We define Dy, to be the family of multigraphs G with S(G) > 2k — 1 and DOy, to be
the family of multigraphs G with SO(G) > 4k — 3. For a graph G € DOy, call a vertex
v € V(QG) low if dg(v) < 2k — 2. Let DY be the set of simple graphs in Dy. Let B, = {G €
Dy, : ¢(Q) < k}, BY = DY N By, BY(e) be the set of graphs in B, whose only strong edge is e.
Let BO, = {G € DOy, : ¢(G) < k} and BOY be the set of simple graphs in BOy.

If G € DOy is an n-vertex multigraph and a(G) > n — 2k + 2, then for any distinct
v1,v2 in a maximum independent set I, s(vi) + s(v2) < (2k —2) + (2k — 2) < 4k — 3.
Thus a(G) < n — 2k + 1 for every n-vertex G € DOy; so we call G € DOy, extremal if
a(G) =n—-2k+ 1. If G € DOy is extremal, and v; and vy are distinct vertices in a

IDirac used the word graphs, but in [3] this appears to mean multigraphs.
3
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maximum independent set I, then s(vy) + s(v2) < (2k — 1) + (2k — 1) = 4k — 2. Since
SO(G) > 4k — 3, this means that for some v € {vy,v2} we have s(v) = 2k — 1 and I is
exactly V(G) — N(v). Thus to check whether G is extremal it is enough to check for every
v € V(G) with s(v) = 2k — 1 whether the set V(G) — N(v) is independent.

A big set in an extremal G € DOy, is an independent set of size a(G). If I is a big set in an
extremal G € DOy, then since SO(G) > 4k —3, each but one vertex v € I is adjacent to each
w € V(G)—1, and one vertex in I may be not adjacent to one vertex in V' (G)—1. On the other
hand, if x is a common vertex of big sets [ and J, then s(z) < |G| —|[IUJ| < 2k—1—|J—1|.
Hence for every y € I — x, s(z) + s(y) <4k —2—|J —I|, and so |J — I| < 1. Furthermore,
if |[J —I| =1 and there is 2’ € JN I — x, then s(x) + s(2') < 2(n —a(G) — 1) =4k — 4, a
contradiction. Thus in this case a(G) = 2. This yields the following.

Let G be extremal. If |G| > 2k + 1 then every two big sets in G are disjoint. If

(2.1) |G| =2k +1, sets I,J C V(QG) are big and x € I N J, then s(z) = 2k — 2.

2.2. Gallai-Edmonds Theorem. We will use the classical Gallai-Edmonds Theorem on
the structure of graphs without perfect matchings. Recall that a graph F'is odd if |F| is odd,
and that o(F) denotes the number of odd components of F. For a graph ' and S C V(F),
the deficiency def(S) is o(F' — S) — |S|. Next, def(F') := max{def(S) : S C V(F)}. For
each graph F, def(F) > 0, since def(()) = o(F) > 0.

Theorem 7 (Gallai-Edmonds). Let F' be a graph and D be the set of v € V(F) such that
there is a maximum matching in F' not covering v. Let A be the set of the vertices in
V(F) — D that have neighbors in D, and let C = V(F) — D — A. Let Fy,...,F} be the
components of F[D]. If M is a mazimum matching in F, then all of the following hold:

a) M covers C' and matches A into distinct components of F[D].

b) Each F; is factor-critical and has a near-perfect matching in M.

c) If 0 # S C A, then N(S) intersects at least |S| + 1 components of F[D].

d) def(F') = def(A) = k — |A|.

We refer to (D, A, C) as the Gallai-Edmonds decomposition (GE-decomposition) of F.

2.3. Results for D;. Since every cycle in a simple graph has at least 3 vertices, the condition
|G| > 3k is necessary in Theorem . However, it is not necessary for multigraphs, since
loops and multiple edges form cycles with fewer than three vertices. Theorem [3| can easily
be extended to multigraphs, although the statement is no longer as simple:

Theorem 8. For k € Z*, let G be a multigraph with S(G) > 2k, and set F = F(G) and
o =/ (F). Then G has no k disjoint cycles if and only if

(2.2) V(G| = IVi(G)] — 2/ < 3(k — [Vi] — ),
ie., [V(G)| +2[Vi] + o < 3k.

Proof. If (2.2)) holds, then G does not have enough vertices to contain k disjoint cycles. If
(2.2) fails, then we choose |V;| cycles of length one and o' cycles of length two from VUV (F).
By Theorem [3] the remaining (simple) graph contains k — |Vi]| — o disjoint cycles. O

Theorem [§] yields the following.
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Corollary 9. Let G be a multigraph with S(G) > 2k — 1 for some integer k > 2, and set
F =F(Q) and o = d/(F). Suppose G contains at least one loop. Then G has no k disjoint
cycles if and only if |V(G)| + 2|Vi| + o/ < 3k.

Since acyclic graphs are exactly forests, Theorem 5| can be restated as follows:

Theorem 10. For k € Z*, let G be a simple graph in Dy. Then G has no k disjoint cycles
if and only if one of the following holds:
) |G| < 3k —1;
B) k=1 and G is a forest with no isolated vertices;
v) k=2 and G is a wheel;
0) a(G)=n—-2k+1; or
€) k>1is odd and G = Yy k-

Dirac [3] described all multigraphs in D that do not have two disjoint cycles:

(@
(
(
(
(

Theorem 11 ([3|). Let G be a 3-connected multigraph. Then G has no two disjoint cycles
if and only if one of the following holds:

(A) G = K4 and the strong edges in G form either a star (possibly empty) or a 3-cycle;
(B) G = Ks;

(C) G = K5 — e and the strong edges in G are not incident to the ends of e;

(D) G is a wheel, where some spokes could be strong edges; or

(E) G is obtained from Ks -3 by adding non-loop edges between the vertices of the (first)
3-class.

Going further, Lovasz [14] described all multigraphs with no two disjoint cycles. To state
his result, let a bud be a vertex incident to at most one edge. Also, let W,, = K; V C, be
the wheel and W = W,, U K(V(K;),V(C)) be the wheel with strong edges for spokes.
Similarly, let K;n_?, = K3V K,_5 be the n-vertex multigraph obtained from Ks 3 by
adding strong edges connecting all pairs of the vertices of the (first) 3-class. Then, each
multigraph described by Theorem (A) above is contained either in W3 or in K3 ;.

Lovész [14] observed that any connected multigraph can be transformed into a multigraph
with minimum degree at least 3 or a multigraph with exactly one vertex without affecting the
maximum number of disjoint cycles in it by using a sequence of operations of the following
two types: (i) deleting a bud; (ii) replacing a vertex v of degree 2 that has neighbors = and
y (where v ¢ {x,y} but possibly z = y) by a new (possibly parallel) edge connecting x and
y. He also proved the following;:

Theorem 12 ([I4]). Let H be a multigraph with §(H) > 3. Then H has no two disjoint
cycles if and only if :
(L1) H = K5;
(L2) H C W|+G‘ .
(L3) H C Ky JG|-37 °T
(L4) H is obtained from a forest T and vertex x with possibly some loops at x by adding
edges linking x to T'.

Say that a multigraph G has a 2-property if the vertices of degree at most 2 form a clique
Q(G) (possibly with some multiple edges). Let G € DO, with no two disjoint cycles. Then
G has a 2-property. By Lovasz’s observation above, G' can be transformed to a multigraph

5
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H that has exactly one vertex or is of type (L1)—(L4) by a sequence of deleting buds and/or
contracting edges. Note that if a multigraph G’ has 2-property, then the multigraph obtained
from G’ by deleting a bud or contracting an edge also has. Thus, H and all the intermediate
multigraphs have 2-property. Reversing this transformation, G can be obtained from H by
adding buds and subdividing edges. If H has exactly one vertex and at most one edge, then
any multigraph with 2-property that can be obtained from H this way has maximum degree
at most 2. Hence G is either a K; for i < 3 or forms a strong edge. If §(H) > 3, then the
clique @ := Q(G) cannot have more than 2 vertices: by the definition of Q(G), |Q| < 3,
and if |@| = 3 then @ induces a K3-component of G and 6(G — Q) > 3; thus G — @ has
another cycle. Let Q' := V(G) N\ V(H). By above, Q@ C Q'. If Q' # @, then @ consists of
a single leaf in G with a neighbor of degree 3, so GG is obtained from H by subdividing an
edge and adding a leaf to the degree-2 vertex. If Q' = @, then @ is a component of G, or
G = H 4+ Q + e for some edge e € E(H,(Q), or at least one vertex of () subdivides an edge
e € E(H). In the last case, when |Q| = 2, e is subdivided twice by Q.

In case (L4), because 6(H) > 3, either T" has at least two buds, each linked to x by multiple
edges, or T has one bud linked to x by an edge of multiplicity at least 3. So this case cannot
arise from G. Also, §(H) = 3, unless H = Kj, in which case 6(H) = 4. So @ is not an
isolated vertex, lest deleting @ leave H with §(H) > 5 > 4; and if () has a vertex of degree 1
then H = Kj5. Else all vertices of () have degree 2, and () consists of the subdivision vertices
of one edge of H. This yields the following characterization of multigraphs in G € DO, with
no two disjoint cycles.

Set Z; = {z1,...,2}, and define Sg = K(Z5) U 212y, Sq = sd(K(Z5), 2122, ) U zy, and
S5 = sd(K(Zs), 2122, zy) (See Figure [2.1).

21 z1 z1 x

T ) “ y Y
25 <2 Z5 2 5 =2
24 23 24 z3 Z4 <3
(a) Graph Sg (b) Graph Sy4 (c) Graph Ss

FIGURE 2.1. Graphs S3,S4, and Sy

Theorem 13. All G € BO, satisfy one of:

(Y1) G C Ss, the graph obtained from Ks by attaching a new subdivided edge;
(Y2) G CSy=sd(Ks,e,x)+y+zy;

(Y3) G =sd(Ks,e,xy);

(Y4) G C H', where H = WE{|—1 and H' € {H,sd(H,e,x),sd(H,e, xy)};
(Y5) G C H', where H = K;|H|73 and H' € {H,sd(H,e,x),sd(H, e, xy)}.

By Corollary [9], in order to describe the multigraphs in Dy, not containing k disjoint cycles,
it is enough to describe such multigraphs with no loops. Recently, Kierstead, Kostochka,
and Yeager [12] proved the following:
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Theorem 14 ([12]). Let k > 2 and n > k be integers. Let G be an n-vertex graph in Dy
with no loops. Set F = F(G), o = (F), and k' = k — . Then G does not contain k
disjoint cycles if and only if one of the following holds:

(a) n+ o < 3k;

(b) |F| =2d (i.e., F has a perfect matching) and either
(i) k' is odd and G — F = Yy y x, Or
(i) K =2 <k and G — F = Ws;

(¢) G is extremal and either
(i) some big set is not incident to any strong edge, or
(it) for some two distinct big sets I; and I, all strong edges intersecting I; U1 have
a common vertex outside of 1;Ul; and if v € I;N1; (this may happen only if k' = 2),
then v s not incident with a strong edge;

(d) n =2a’ + 3K, k' is odd, and F has a superstar S = {vy,...,vs} with center vy such
that either
(i) G — (F—=S+v) =Ywqww, or
(i) s = 2, vjvg € E(G), G— F = Yw_1xx and G has no edges between {vy, vy}
and the set Xo in G — F;

(e) k=2and W, CGCW} ;

(f) K =2, |F|=2d4+1=n—-5, and G — F = Cs.

2.4. Results for DOj. Theorem {4 can be restated as follows.

Theorem 15. For k € Z*, let G be a simple graph with SO(G) > 4k — 1 and |G| > 3k.
Then G has k disjoint cycles.

Theorem [12| implies a description of graphs in DO, with no two disjoint cycles. To state
it, we need some notation.
The next theorem summarizes the results of [11] and [10].

Theorem 16. For k,n € Z" with n > 3k, let G be an n-vertex simple graph in DOy. Then
G has no k disjoint cycles if and only if one of the following holds:

(S1) k=1 and G is a forest with at most one isolated vertez;

(52) k =2 and and G satisfies the conditions of Theorem [13};

(S3) a(G) =n —2k+1;

(S4) k =3 and G = Fy (see Fig.[2.9);

(S5) k =3 and G = Fa where Fa is obtained from the complement ¥ of the graph Os (see
Fig. by adding an all-adjacent vertex;

(56) k =3 and G is the graph Fs in Fig.[3.5;

(87) k >3, n =3k, a(G) <k, and x(G) > k;

(S8) k> 3,n =3k, and G C Yy ak—s for some odd 1 < s <2k —1;

(Sg) k Z 3,71 = 3l€, and G = Yk—1,1,2k~



FIGURE 2.2. Graph F;.

237 Remark. The result of Rabern [15] (see also [9, [13]) implies that if (S7) holds then k < 4.

238 3. MAIN RESULTS

239 Our first main result describes the loopless multigraphs in DO), with no k disjoint cycles.
240 Our second main result uses this description to construct a polynomial-time algorithm that
241 for every G € DO, either finds k disjoint cycles in G or proves that GG has no k such cycles .

Y W

Y, w X 2 w X Y2 w X

¥y Wa % 3 2 2 Y; Wa %

F X, Yy B *3 F; X3
FIGURE 3.2. Graphs F3 and B and multigraph F5.
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FIGURE 3.3. Graphs O4 and F4.

Theorem 17. Let k > 5 and n > k be integers. Let G be an n-vertex multigraph in DOy
with no loops. Set F' = F(G), o = (F), and k' = k —d'. Let (D,A,C) be the GE-
decomposition of V(F) and let D' = V(G) — V(F). If G does not contain k disjoint cycles
then one of the following holds:

(Q1) n < 3k —da;
(Q2) 3k — o/ <n <3k —d +1, |F|=2d (ie., F has a perfect matching) and either
(Q2a) G —F is one of the graphs described in (S6)-(59) of Theorem[16 with k' in place
k, or
(Q2b) 2 < k' < 3.
(Q3) n>2k+ 1, G is extremal and either
(Q3a) some big set is not incident to any strong edge, or
(Q3b) for some two distinct big sets J and J', all strong edges intersecting J U J" have
a common vertex outside of JU J', and any vertex x € J N J" (if exists) has no
strong neighbors;

(Q4) n=3k—a' +1, |D'|=9 and |F| —2a' € {1,3};

(Q5) n=3k—d, k' <4 andn’ = 3K;

(Q6) n=3k—d, |D'| =7 and |F| —2¢/ = 2;

(Q7) n=2k+1 and k' = 1.

(Q8) n>2k+1,n=2a"+3k =3k — o, and o/ <1+ (|A| +|C])/2.

(Q9) n = 3k — o/, and G has a vertex x € D' of degree k + o — 1 such that for each
mazximum matching M in F, the set N(x) — V(M) is independent, and F has a
mazimum matching M* such that V(M*) C Nlz|;

(Q10) n > 3k — o/, a(G) < n—2k, k' =2, and either n’ =6 or all of n' =7, |F| = 2d/
and G' = Fy.

Theorem 18. There is a polynomial time algorithm that for every multigraph G € DOy,
either finds k disjoint cycles in G or shows that G has no k disjoint cycles.

4. PROOF OF THEOREM : SIMPLER CASES

Suppose G does not have k disjoint cycles and that none of holds.

Among the maximum matchings in F', choose a matching M such that

(i) a(G — W) minimum, where W = V(M) and

(ii) modulo (i), the sum of simple degrees of the multigraph G — W is maximum.

Then |M| = o/, G’ := G—W is simple, and SO(G’) > 4k —3 —2a’' = 4k’ —3. So G’ € DOy
Let n' :== |V(G")| =n — 2.

9
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If |G'| = 3K’, then G’ is quite dense, so sometimes it will be convenient to consider the
complement of G. For v € V(G), let N(v) = V(G) — N[v] and d(v) = [N(v)| =n—1— s(v).
When |G| = 3K', we have n = 2k + k" and thus the inequality d(v) + d(u) > 4k — 3 can be
written as

(4.1) d(v) +d(u) <2k +1 forall vu ¢ E(G).

Since G’ has no k' disjoint cycles, either n’ < 3k’ or one of (S1)—(S9) in Theorem 16| holds
for G’ with &’ in place of k. If n’ < 3k’, then holds. So suppose n’ > 3k’

The following observation will be sometimes helpful.

Lemma 19. Ifu € D — V(G'), then F' has a mazximum matching M' and G’ has a vertex
w such that M U M’ has a component that is a w,u-path in F' and every other component
of M U M’ is a single edge. In particular, the set of vertices of G not covered by M’ is

V(G') —w+ u.

Proof. By the definition of D, F' has a maximum matching M; not covering u. Consider
M U M. Every component of it is a single edge or an even cycle or a path of an even length.
Since u is not covered by M, it is an end of a path P in M U M;. The other end, say w, of
P must be not covered by M, i.e., w € V(G'). Furthermore, the intermediate vertices in P
are not in V(G’), since they are covered by M. Let M’ be obtained from M by switching
the edges along the alternating path P. Then M’ satisfies the lemma. [

CASE 1: n > 2k+1 and (S3) holds for G', i.e. a(G') =n'—2k' 4+ 1. So G’ is extremal.
Let J be a big set in G'. Then |J| =n"—2k'+1=n—2k+1 > 3. So G is extremal and
J is a big set in G. If|(Q3a)| fails then some w € J has a strong neighbor v. Let vu be the
edge in M containing v. In F, consider the maximum matching M’ = M — vu + wv, and
set G = G — V(M’). By the choice of M, G” contains a big set J’, and J’ is big in G.
Since w ¢ J and n — 2k +1 > 3, implies J' N J = 0 (possibly, v € J'). If[(Q3b)| fails
then there is a strong edge xy such that x € JU J' and y # v. Moreover, by the symmetry
between J and J', we may assume x € J'. Let yz be the edge in M containing y. Since M
is maximum, z # u. Let M"” = M’ — yz + xy. Again by the case, G — V(M") contains a big
set J”. Similarly to above, since w,z &€ J” and n > 2k + 1, implies that J” is disjoint
from JUJ'. Son’ > 3|J|. But n’ > 3k" and thus |[J| =n' -2 +1>n'—2n'/3+ 1, a
contradiction.

CASE 2: (S4) holds for G/, i.e. k' =3 and G' = Fy (see Fig. 2.2). Since for i = 1,2
and 1 <j <8, i#j, z;2; ¢ E(G') and dev(x;) + der(z5) = 9 = 4k" — 3,

(4.2) each vertex of G’ is adjacent in G to each vertex in V(M).

If some vu € M is such that v has a strong neighbor z; € V(G’) — x; — x9, then by ,
uzy, ury € E(G). Then the k — k' — 1 2-cycles in M — uv together with cycles vz;v, uzizou
and two disjoint 3-cycles in G' — x; — x5 — z; form k disjoint cycles in G. Similarly, if
some vu € M is such that v has a strong neighbor z; € V(G’), say vz is a strong edge,
then by (£.2), uzs,uzs € E(G). So the k — k' — 1 2-cycles in M — uv together with cycles
VIV, UT9 20U, 23242523 and 2gz7282¢ form k disjoint cycles in G. Thus (b) holds.
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CASE 3: (SH) holds for G', i.e. k' = 3 and G' = F5 which is obtained from the
complement F}, of O5 by adding a vertex ¢ adjacent to all vertices in % (see Fig. . Since
each of the vertices 1, 9, 3,1, ..., ys has degree 5 in Fy and is not adjacent to z; or z5 of
degree 4, and since 5+ 4 = 4k’ — 3, similarly to (4.2)) we get

(4.3) each vertex of G’ —t is adjacent in G to each vertex in V' (M).

Suppose some vu € M is such that v has a strong neighbor w € V(G’) — t. Then we find
k disjoint cycles in G as follows. Certainly, we include into the set all kK — k' — 1 2-cycles in
M — uv and the 2-cycle vwwv. The remaining k' = 3 cycles will depend on the choice of w.
By symmetry, we may assume that w € {z1,y1, 21}

(i) If w = x4, then by we can take uy,xou, wysziw and Y3w3ys20Y3.

(ii) If w = yy, then we can take uysxiu, wz120w and YsraysTrsys.

(ili) If w = 21, then we take uyxiu, wysrow and ysrsys22ys.

Thus if G’ = Fa, then either or holds.

CASE 4: (S6) holds for G, i.e. ¥ =3 and G’ = F3 in Fig. B.2] So, n’ =9 and [(Q5)
holds.

CASE 5: (S7) holds for G, i.e. k' > 3, |G| = 3k, a(G") < K, and x(G’) > k’. Since
|G’| = 3K', (#.1)) must hold. Since x(G’) > k’, G’ contains an induced subgraph Gy such that
G is a vertex-(k’ + 1)-critical graph. By (4.1)),

(4.4) for every zy € E(Gy), the sum of the degrees of z and y in Gy is at most 2k" + 1.

The (k' + 1)-critical graphs satisfying (4.4) were studied recently. If &’ > 5, then by results
in [8] and [I5], Go = Kj+1, which means o(G") > k' + 1, a contradiction to the case. If

k' <4, then holds.

5. PROOF OF THEOREM [17], CASE 6: k' =1

In this section, we consider the case that (S1) holds for G’, i.e. k' =1 and G’ is a forest
with at most one isolated vertex. Since k > 4, there are strong edges zz, 2’2, 2"2" € M.
Call a vertex v low if dg(v) < 2k — 2.

Case 6.1: n > 2k+1 and G’ has at least two non-singleton components, say H; and H,.
Then n’ > 4. For i = 1,2, let P; be a longest path in H;, and let u; and w; be the ends of P;.
As SO(G) > 4k — 3, at most two edges between W and {uy, usz, w;,ws} are missing in G.
So we may assume that at most one edge between {z,z} and {uy, us, w;, ws} is missing in
G. By symmetry, we assume that among these edges only zu; could be missing in G. Then
the o — 1 strong edges of M — zz and the cycles zusws and zuyw, form k disjoint cycles in
(G, a contradiction.

Case 6.2: n > 2k + 1 and G has a unique non-singleton component H, and this H is
not a star. Let P = yq,...,y; be a longest path in H. Since H is not a star, t > 4. Then
y1 is a leaf in G’, and either dg (y2) = 2 or ys is adjacent to a leaf | # y;. Let ¢} = yo if
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dy(y2) = 2 and y; = [ otherwise. Similarly, either de(y;—1) = 2 or y,_; is adjacent to a leaf
' #y. Lety, =y if dy(y,—1) = 2 and y; = I’ otherwise. Since 11y}, viy: ¢ E(G) and
G € DOy,

the number of missing edges between {y1,y),yr,y;} and W in G is at most
(5.1)  q+r, where ¢ = {y1, .} N {y2, ye-1}| and r is the number of low vertices in

{v1, vi, v ur}

Since ¢ <2, r <2 and |[M| > 3, for some edge ab € M at most one edge between {a, b} and
{v1, ¥}, v, y;} is missing in G. So we get a contradiction as at the end of Case 6.1.

Case 6.3: n > 2k + 1 and the unique non-singleton component H of G’ is a star. Let x
be the center of this star. Then J = V(G') — x is a big set and |J| =n’ —1 > 3. So we have
Case [Tl

Case 6.4: n =2k + 1. Then|(Q7)| holds.

6. PROOF OF THEOREM [17]: CASE 7: G' C Yy cow—c AND k' > 2

In this section we consider the case that (S8) holds for G', i.e. n' = 3k" and G' C Yy ¢ ox/—c
for ¥’ > 3 and some odd 1 < ¢ < K. If ¥’ < 3, then |(Q5)[ holds. So below in this section we
assume
(6.1) K > 4.

We view V(G') in the form V(G') = X UZUY, where | X| =¢, |Z| =2k —¢, |Y|=F,Y
is independent and there are no edges between X and Z. First, we digress a bit:

Lemma 20. Lett > 2 and € € {0,1}. Let H be a graph with V(H) = RU Q such that
IRl =2t+¢, |Q=3t—|R|=t—¢, and let yo € Q. If

(1) each u € R has at most one nonneighbor in H and

(2) each y € Q — yo has at most 1 + € nonneighbors in R and

(8) yo has at most 2 nonneighbors in R and has only 1 + € nonneighbors if t = 2.

then H contains t vertex-disjoint triangles.
Proof. Using induction, note the lemma holds for ¢t = 2. If ¢ > 3 then H has a triangle
T = yoz129y0 With 21, 20 € R. By induction H' := H — T has t — 1 disjoint triangles. [

Since n’ = 3k’, we will often use (4.1)). Since each y € Y has k¥’ — 1 nonneighbors in
Y, (4.1) yields

(6.2) IN(y) = Y|+ |N@)-Y| <3 forally,y €Y.
By (6.2),
(6.3) there is yo € Y such that |[N(y)| < 1 for every y € Y — y.

Since each x € X has 2k’ — ¢ nonneighbors in Z and each z € Z has ¢ nonneighbors in X,
by (4.1)) we may assume that

(6.4) IN(z)NW|<1and N(z) NW = Z for each z € X,
and
(6.5) IN(2) — X| <1 for each z € Z, and if ¢ = k' then G[Z] = K...

12
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Lemma 21. Let G' C Yy cow—c for k' > 4 and an odd ¢ < k'. Suppose there are w € D’
and uw € W such that F' has an M -alternating u, w-path P

(A) If w € Y U Z, then u has no neighbor in' Y — w or no neighbor in X.

(B) If w € X, then u has no neighbor in'Y" or no neighbor in Z.

Proof. Let M’ be the matching obtained from M by switching edges on P. Then
W(M')=W(M)—w+u. Set t = (2k' —c—1)/2. Since 1 < ¢ <k’ and is odd, by (6.1)),

(6.6) |Z| =2k —c>band k' —1>1t>2.

Arguing by contradiction, we assume the lemma fails and construct k£ disjoint cycles.
Case 1: w € Y U Z. Since (A) does not hold, v has a neighbors € X and y € Y — w.
Pick y € N(u) N Y — w with s(y) minimum. Then for y, defined in (6.3]), we have

(6.7) if yo €Y —w —y, then you ¢ E(G), and so by (6.2), |[N(yo) N Z| < 2.

By (6.4), T := uryu C G. Set e := 0 if w € Z; else € := 1. Partition Y —y —w as {Q,Q}
so that |Q| =t —¢, |Q| = %, and yp € QU {w,y} if ¢ > 1. Sot > 3, if yy € Q. Regardless,

by (6.3), (6.5) and (6.7), @ and R := Z —w satisfy the conditions of Lemma 20l Thus QUR
contains t disjoint triangles. By (6.4, (X — z) U Q) contains % disjoint triangles. Counting
these K — 1 triangles, T, and k — k' strong edges of M’ gives k disjoint cycles.

Case 2: w € X. Since (B) fails, there are z € N(u) N Z and y € N(u) NY. Our first
goal is to show there is an edge with ends in N(u) NY and N(u)NZ. If N(u) " N(z) # 0
then we are done. Else, by (6.5), N(z)NY =Y —y=N(u)NY. Let yy €Y —y. By
applied to y and ¢/, |[N(y) N Z| < 2. By applied to v and 3/, [N(u)N Z| < 2. By (6.6),
|Z| > 5, so there is 2/ € ZN N(u) N N(y), and we are done.

Pick zy € £ with y € N(u) NY and z € N(u) N Z so that s(y) is minimum. Then for yq

defined in (6.3)), using (/6.2]),
(6.8) if yo € Y —y then [N(yo) N (Z — 2)| < 2,

since you ¢ E(G) or yoz ¢ E(G). B B
Partition Y — y as {Q, @} so that |Q| =1, |Q| = %, and yo € Q+yifc>1. Sot > 3,

if yo € Q). Regardless, by (6.3]), (6.5) and , @ and R := Z — z satisfy the conditions of
Lemma Thus Q U R contains ¢ disjoint triangles. By (6.4)), (X — w) U Q contains <%

2
disjoint triangles. Counting these k' — 1 triangles, T', and k — k' strong edges of M’ gives k

disjoint cycles. [

Lemma 22. Let G' C Yy cow—c for k' >4 and an odd ¢ < k'. Then |DNW| < 2.

Proof. Suppose u € DN W. Then there is a matching M and vertex w, € V(G’) such
that W(M') = W(M) 4+ w, — u and there is an M, M’-alternating path from u to w,. By
Lemma 21} u has no neighbors in Y — w, or in X or in Z.

By degree condition , there is at most one u € D N'W with no neighbor in X or no
neighbor in Z: otherwise for any z € X and z € Z we have the contradiction

{z,z}, W|| < 4a’ — 2 and so s(z) + s(z) < 4k' — 2+ 4a' — 2 < 4k — 4.

Similarly, there is at most one v € D N W with at most one neighbor in Y: otherwise, as
k' > 4, there are two y,y € Y with

{y,v'}, W| < 4a’ —4 and so s(y) + s(y') < 4k' + 40’ — 4 < 4k — 4.
13
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Thus [DNW|<2. O

Lemma [22] yields that [W| < 2+ |A| +|C|. Thus holds.
7. PROOF OF THEOREM [17]: CASE 8: ' C Yy 112k AND k' > 2

In this section we consider the case that (S9) holds for G', i.e. n’ =3k and G' C Yyr_11 21
for ¥ > 3. We view V(G') = {z} UZUY, where |Z| =2k, |[Y| =k — 1, Y is independent
and there are no edges between x and Z. If k¥’ < 3, then holds. So as in Section @, we
assume (6.1)).

Since n’ = 3k’, we will often use (4.1)). Since each y € Y has k' — 2 nonneighbors in
Y, (4.1)) yields

(7.1) IN(y) = Y|+ |N(@)—-Y|<5 forallyy €Y.

This in turn yields:

(7.2) at most one y € Y has at least three nonneighbors in V(G) — Y; call it yo, if exists.
Since z is not adjacent to any of the 2k’ vertices in Z, by

(7.3) N(z)=V(G)—Z —x and N(z) = V(G) — z — z for each z € Z.

If x has a strong neighbor vy with the M-mate ugy, then we construct k disjoint cycles in
G as follows. First, take the o strong edges in M — vgug + vox. By , G[Z] = Ky and
each y € Y 4 uq is adjacent to all of Z. So, we take k' 3-cycles each of which contains one
vertex in Y + ug and two vertices in Z. This contradiction shows that x € D’.

Suppose does not hold. Since x € D', d(x) = k+ o' — 1 and M can play the role of
M* in the definition of , this means F' has a maximum matching M’ such that

(7.4) there are uy,us € V(G) — V(M') — Z with wyuy € E(G).

Similarly to the proof of Lemma [19] for i = 1,2 the symmetric difference M/AM’ contains
a path P; of an even length an end of which is u;. Since the other end w; of P; is not
covered by M, w; € V(G') N D. Also by definition, none of the vertices in G’ is an internal
vertex in P;. In particular, « ¢ V(P;). Let M"” be the maximum matching in F' such that
MAM" = PlUP,. Then V(G)—V(M") = V(G")—{wy, wa }U{uy, us}. If {wy, we}NZ| =4
and |[{wy, we} NY| = ly, then we can renumber the vertices in Z — {wy, we} and Y — {wy, wy}
as 21, ..., %k—tys Y1,-- - Y'—1—0, and construct k£ disjoint cycles in G as follows. Take the
k — k' strong edges in M”| then take the cycle zujusz and for j = 1,... k' — 1 —{y take the
cycle (y;, z2j-1, 225). Finally, if fy > 1, then |Z —{z1,..., 2o00—1-¢y), w1, w2 }| = 3ly, then we
simply take fy triangles in the remaining complete graph G[Z — {21, ..., Zogr—1-ey), W1, W2 }].

Hence holds.

8. PROOF OF THEOREM [17]: CASE 9: (S2) HOLDS FOR G’

Notation. WE NEED TO DECIDE WHERE THIS GOES. PROBABLY BEFORE THE
THEOREM 13.

CHECK STATEMENT OF (Y4) AND (Y5) AND THEN CHANGE THEOREM 13.

WE USE W = W(M) NOT V(M). WHEN WE DEFINE W (M) we should say, "Let
W = W (M) be the set of vertices of G that are saturated by M." I RECOMMEND W NOT

V’. SOMETIMES WE ALSO USE V/(G").
14
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(Q7) AND (Q10) ARE NOT USED.

In this section we consider the case that (S2) holds for £’ and G, i.e., n’ > 3k" and k' = 2
and G’ satisfies one of (Y1)—(Y5) from Theorem If " = 6 then holds, so assume
n>7 Ask>5 |M=d=k—-FK >3.

Define a vertex v € W to be i-acceptable if |[N(v) N W/| > 2a’ — i, acceptable if it is 1-
acceptable, and good if it is O-acceptable. Let u,v € W with uv ¢ E. If i and j are minimum
natural numbers such that u is ¢-acceptable and v is j-acceptable, then

(8.1) 1+ < dG/(u) + dG/(U) — 5.

Case 9.1: G’ satisfies (Y1), i.e., G’ C S3. Asn/ > 7and G' € DO,, G' € {S3,S3 —x21}.
Regardless, by x and z; are acceptable and the other vertices are good, so there is
ab € M with ax € E. Thus G has k disjoint cycles, azya, bzyzsb, 21292321 and |M — ab|
strong edges, contradicting G € BO,,.

Case 9.2: (' satisfies (Y2), i.e., G’ C S4. Asn/ > 7 and G’ € DO, G' = S,. By (8.1),
all vertices except = are good, and z is 2-acceptable. As |M| > 3, there is an edge ab € M
with ax € E. Again, G has k disjoint cycles, axya, bziz5b, 24292324, and |M — ab| strong
edges, contradicting G € BOy.

Case 9.3: (G satisfies (Y3), i.e., G' = S5. By (8.1)), all vertices are acceptable. As
|M| > 3, there is an edge ab € M with |(N(a) UN (b)) N {2, 22, 2,y}| > 7. Choose notation
so that at worst bz; ¢ F or bx ¢ E. Then az za, bzoyb, 23242523 and |M — ab| strong edges
yield k disjoint cycles, contradicting G € BOy..

Case 9.4: (' satisfies (Y4), ie., G' € {H,sd(H,e,x),sd(H,e,xy)}, where Wig—1 C
H C Wy 4 Sett =[H|—1 Let H have center vy and rim v;...vw, and let Wi =

W UK*({vg,v1}) be the result of adding a parallel edge. Since G’ is simple, we may assume
H e {W,W\'}. If G’ # H then let e = vyw be the subdivided edge. Asn’ > 7, t > 4.

Case 9.4.1: t =4. Then G’ = sd(H,viw,zy). By (8.1)), va,vs3,v4, 2,y are all good, and
vy is acceptable (even if vyv; is strong). Thus there is an edge ab € M with av; € E. Then
G contains k disjoint cycles avqvia, bryb, vovavsvy and o — 1 strong edges, contradicting

G € BO;.

Case 9.4.2: t = 5. The subdividing vertex z exists. By , the subdividing vertices
and vs, vy, v5 are all good, vy is acceptable, and v is 2-acceptable. As |[M| > 3, there is an
edge ab € M with avy,bvy € E. Then there are k disjoint cycles vgv4v5v9, aviza, busveb, and
|M — ab| strong edges, contradicting G € BOj,.

Case 9.4.3: t > 6. By (8.1), the rim vertices vs, vy, v5, vg are all acceptable. As |M| > 3,
there is an edge ab € M such that avsvsa and busvghb are cycles. Let C' be the smallest
cycle containing vg, v1, v (and any subdividing vertices). Then there are k disjoint cycles C,
avsvsa, busvgb and o/ — 1 strong edges, contradicting G € BOy.

Case 9.5: G’ satisfies (Y5), i.e., G € {H,sd(H, e, x),sd(H, e, zy)}, where

K37‘H|—3(K Zt) —¢ C H - K;}:|H\—3 and Y = {yl; Y2, y3}
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Asn' >7,t>2 If a(G') > n' — 2K + 1 then holds by Case 1. So assume the

subdividing vertex x exists in G'.

Case 9.5.1: e = ypy;, where {h,i,7} = [3]. Since a(G') < n’ — 2k and Z + z is
independent, e is subdivided twice. As dg/(x) = 2, every vertex of Z is adjacent to every
vertex of Y (and no other vertex of G’). Thus G’ = sd(H, e, zy) and the vertices of Z+z+y
are all good.

Suppose t = 2. As y;x ¢ E, y; has a neighbor, say y;, in Y. Since d,, <5 and ypy ¢ E,
implies yj, is 2-acceptable. As |M| > 3, there is an edge ab € M with av, € E. Thus
there are k disjoint cycles aypzia, bxyb, 2oy,y;22, and o’ — 1 other strong edges, contradicting
G € BO.

Suppose ¢ = 3. Then de (y;) < 5. By (8.1), y; is 2-acceptable. As |[M| > 3, there is an
edge ab € M with av; € E. Thus there are k disjoint cycles avjzia, bryb, 2oyn23y;22, and
o/ — 1 strong edges, contradicting G € BO,..

Otherwise t > 4. Then there are k disjoint cycles axya, bz1y122b, 23Yy224y323, and o’ — 1
other strong edges, contradicting G € BOy.

Case 9.5.2: e € E(Y,Z;). Now H is simple. Say e = y;2; and € = y/'2'. If ¢ ¢ E(H)
then ¢’ # y;. By degree conditions 2’ € F, so 2/ = 2z1. As zz;,212; ¢ E for i > 2, (8.1
implies all vertices of Z — z; and all subdividing vertices are good, z; is acceptable, and z;
is good if ¢’ ¢ H.

Case 9.5.2.1: t = 2. Since n' > 7, G' = sd(H, z1y1,zy). As a(G') <n' =2k, Y + x is not
independent. So there is an edge y,y;, where [3] = {h,4,j}. By B.1), all of z,y, 21, 25 are
good, and all of y1, 32, y3 are acceptable. So there is an edge ab € M with ay; €¢ E. If j =1
then there are k disjoint cycles ayizaa, bryb, z1y2y321, and o/ — 1 strong edges; else j # 1
and there are k disjoint cycles ay;zia, bryb, zoypy;22, and o — 1 strong edges. Anyway this
contradicts G € BO,..

Case 9.5.2.2: t > 4. Let ab € M with a € N(z1). If t > 5 then there are k disjoint cycles,
azyxa, bzoyr 230, 24y225y324, and o — 1 strong edges, contradicting G € BO,. Else t = 4.
Since dg/(y2) < 6 and zy, ¢ F, implies 1y, is 3-acceptable. As z; is acceptable and
|M| > 3, there is an edge ab € M with azy,by, € E. As z and zy are good, this yields k
disjoint cycles azixa, by; 220, 23y124Y322, and o — 1 strong edges, contradicting G € BOy.

Case 9.5.2.3: t = 3 and zy; is subdivided twice. Then x and y are both good. Since
de(y1) < 5 and zy; ¢ E, y; is 2-acceptable. As z; is acceptable, there is an edge ab € M
with ax,by; € E. Thus there are k disjoint cycles azixa, by, yb, y222y32312, and o’ — 1 strong
edges, contradicting G' € BO,,.

Case 9.5.2.4: t = 3 and z1y; is subdivided once. Suppose there is an edge y;y; € E,
where [3] = {y1,y2,y3}. Then de/(yn) < 5 and either y,z ¢ E or ypz1 ¢ E. By (8.1)), yn is
3-acceptable. As |M| > 3, there is an edge ab € M with azy,by, € M. Thus there are k
disjoint cycles aziza, byyz2b, yiz3y;23, and o — 1 strong edges, contradicting G € BOy. So
assume ||G[Y]]| = 0.

If |F'| = 2a/ then (Q2b) holds. Else there are edges ab,a’t’ € M and a vertex u € W with
au € E(F). All vertices of G’ are good except one of y, z; might only be acceptable. Choose
notation so that {b,a’,t'} = {ci, ¢z, ¢35} and |[N(c;) N W| > 6 and |N(cp) N W/, |N(c3) N
W| > 7. By inspection G’ — u contains a perfect matching {e, ez, e3} with e; € N(cy).
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541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564

Thus G contains k disjoint cycles, ciejcy, caeaca, czescs, aua and o — 2 other strong edges,
contradicting G € BOy. U

9. PROOF OF THEOREM [18]

TO be COmpleth . We define our algorithm in steps.

Step 1. Find F (in O(n?) operations) and a maximum matching M (in O(n?) operations).

Let o/ :=d/(F) = |M|and n' =n —2a/. If n’ < 3(k — '), then G has no k disjoint cycles,
otherwise go to Step 2.

Step 2. Construct a GE-decomposition (A, C, D) of V(F) as follows: find the size o/ (F —

v) of a maximum matching in F' — v for all v € V(F) (in O(n*) operations). Then D = {v €
V(F) :v(F—v)=v(F)}, A=N(F)—Fand C=V(F)—D— A.
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