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A (proper) k-coloring of a multigraph G is a mapping
¢ : V(G) — [1,Kk] such that ¢(u) # ¢(v) for each uv € E(G).

Naturally, it is easier to color a (multi)graph when it is “sparse”,
i.e., is “close” to an edgeless graph.



A (proper) k-coloring of a multigraph G is a mapping
¢ : V(G) — [1,Kk] such that ¢(u) # ¢(v) for each uv € E(G).

Naturally, it is easier to color a (multi)graph when it is “sparse”,
i.e., is “close” to an edgeless graph.

Reasonable measures of the sparsity of a (multi)graph G
include maximum degree, maximum average degree,
mad(G) = maxycg W and its refinement,

(a, b)-sparseness.

By definition, forests are exactly (1, —1)-sparse multigraphs.



Starting from Dirac in 1950s, the minimum number f(n, k) of
edges in an n-vertex k-critical graph has been studied.

One application of this study is that if we prove that
f(n,k) > an+ bfor all n > k, then every (a, b)-sparse graph is
(k — 1)-colorable.
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G[B] is a complete graph or an odd cycle.
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In particular, Gallai in 1963 proved the following

Theorem 1 [Gallai]: Let k > 4, and let G be a k-critical graph
and B be the set of (k — 1)-vertices in G. Then, every block of
G[B] is a complete graph or an odd cycle.

He also showed that this yields the bound
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The vertex arboricity va(G) of a multigraph G is the minimum
number Kk’ for which there is a vertex partition (V4,..., Vi) of
V(@) such that the subgraph G[V;] of G induced by V; is acyclic
foreach1 <i< K.



The vertex arboricity va(G) of a multigraph G is the minimum
number Kk’ for which there is a vertex partition (V4,..., Vi) of
V(@) such that the subgraph G[V;] of G induced by V; is acyclic
foreach 1 </ <K'

Chartrand, Kronk, and Wall introduced and studied this notion
in 1968 under the name point-arboricity. Hakimi and
Schmeichel in 1989 proved that already the decision problem of
whether a given planar graph has vertex arboricity at most 2 is
NP-complete.

Since each forest is 2-colorable, one can view a k’-partition of a
multigraph G into forests as a proper coloring of G with color
classes Cy, ..., Cox, with the additional restriction that for each
1 < i<k, Cs_1U Cy;induces a forest in G.



Similarly to color-critical graphs, we can define a va-k’-critical
multigraph as a multigraph G with va(G) = k’ such that every
proper subgraph G’ of G satisfies va(G') < k' — 1.

This leads to the function f'(n, k')— the minimum number of
edges in an n-vertex va-k’-critical (simple) graph.

An easy observation is that f(n,2) = n and the only n-vertex
va-2-critical multigraph is the cycle C.



Similarly to color-critical graphs, we can define a va-k’-critical
multigraph as a multigraph G with va(G) = k’ such that every
proper subgraph G’ of G satisfies va(G') < k' — 1.

This leads to the function f'(n, k')— the minimum number of
edges in an n-vertex va-k’-critical (simple) graph.

An easy observation is that f(n,2) = n and the only n-vertex
va-2-critical multigraph is the cycle C.

An extension of Brooks’ Theorem to degenerate subgraphs due
to Borodin from 1976 and Bollobas and Manvel from 1979
implies a Gallai-type lower bound for f'(n, k'):

/_
fqmw)z<md—2+ 2K —4 >”

(k' —1)2-3) 2

if K >3 and n> 2k’ 4+ 1.



List coloring

For a multigraph G and a set of colors Y, a list assignment is a
function L: V(G) — Pow(Y). For each u € V(G), the set L(u) is
called the list of u.

A proper coloring ¢: V(G) — Yis an L-coloring if p(u) € L(u)
for each u € V(G). A multigraph G with a list assignment L is
L-colorable if it admits an L-coloring. The list chromatic number
x¢(G) of G is the least positive integer k such that G is
L-colorable whenever L is a list assignment for G with

|IL(u)| > k for all u € V(G).

If L(u) = [1, k] for all u € V(G), then G is L-colorable if and only
if G is k-colorable. Thus, list coloring generalizes proper
coloring. In particular, x/(G) > x(G) for all graphs G.



List coloring-2

A multigraph Giis list k-critical if x,(G) = k and x,(G') < k — 1
for each proper subgraph G’ of G. Let f;(n, k) be the minimum
number of edges in an n-vertex list k-critical graph.

A list assignment L for a graph G is a degree-list assignment if
|L(u)| > dg(u) for all u € V(G). Borodin in 1979 and Erdds,
Rubin, and Taylor in 1980 provided a complete characterization
of all graphs that are not L-colorable with respect to some
degree-list assignment L, giving a generalization of Theorem 1:

Theorem 2 [Borodin, Erdos-Rubin-Taylor]: Let G be a
connected graph and L be a degree-list assignment for G. If G
is not L-colorable, then G is a Gallai tree; furthermore,

\L(u)| = dg(u) forall u € V(G) and if u,v € V(G) are two
adjacent non-cut vertices, then L(u) = L(v).



Exactly as Theorem 1 implies (1), Theorem 2 yields the same
lower bound on f;(n, k).
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Exactly as Theorem 1 implies (1), Theorem 2 yields the same
lower bound on f;(n, k).

Naturally, the list vertex arboricity, lva(G), of a multigraph G is
the minimum number k’ such that for each list assignment L
with |L(u)| > K’ for all u € V(G) there is a function

¢: V(G) = Y = Uyev(g) L(u) such that o(u) € L(u) for each
uc V(G)and G[p~'(y)] is a forest for each y € Y.

A multigraph G is Iva-k’-critical if Iva(G) = k’ and

lva(G') < k' — 1 for each proper subgraph G’ of G.

Let f;(n, k") be the minimum number of edges in an n-vertex
Iva-k’-critical graph. Borodin, Kostochka and Toft in 2000
proved the analog of (2) for list vertex arboricity:
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if K >3 and n> 2k’ + 1.



In fact, we proved a more general result.

Given an ordering o = (vy,. .., vp) of vertices of a multigraph G,
we denote d (v;) := [[{vq,...,Vvi 1}, v and
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One of the definitions of a d-degenerate (respectively, a strictly
d-degenerate) multigraph is that this is a multigraph G for which
there is an ordering o = (v4, ..., vj) of vertices of G such that
d, (v;) < d (respectively, d; (v;) < d) for every 1 <i < n.

In particular, forests are strictly 2-degenerate graphs.
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Given an ordering o = (vy,. .., vp) of vertices of a multigraph G,
we denote d (v;) == [[{v4,...,Vi_1}, V|| and
dy (vi) = [[{Vit1, .-, Va}, vill-

One of the definitions of a d-degenerate (respectively, a strictly
d-degenerate) multigraph is that this is a multigraph G for which
there is an ordering o = (v4, ..., vj) of vertices of G such that
d, (v;) < d (respectively, d; (v;) < d) for every 1 <i < n.

In particular, forests are strictly 2-degenerate graphs.

In these terms, vertex arboricity of G is the smallest k such that
V(G) can be partitioned into k subsets inducing strictly
2-degenerate multigraphs. Mitchem and others considered
partitions into d-degenerate subgraphs for general d. B-K-T
considered a more general setting.



Given a function ¢ : V(G) — N, a multigraph G is strictly
(-degenerate if there is an ordering o = (vy,..., v,) of V(G)
such that d (v;) < ¢(v;) forevery 1 <i<n.

LetL = (44,...,¢;) where each /; is a function from V(G) to the
non-negative integers. We call this L the list for G and denote
vy =1(v) =S, ti(v) forall v e V(G).

We say that G is L-partitionable or (¢4, ..., {;)-partitionable if we
can partition V(G) into sets V4, ..., V; so that for every
1 < i< tthe subgraph G[V]] is strictly /;-degenerate.

List L is a degree-list for G, if ¢.(v) > d(v) forall v € V(G).

B-K-T described all graphs for which there is a degree-list L
such that G is not L-partitionable. Schweser, Stiebitz and Toft in
2024 extended the description to multigraphs. A corollary is (3).



In 2015, Dvorak and Postle to solve a problem on list coloring,
introduced a more general concept, we call it DP coloring.

For a multigraph G, a (DP-)cover of G is a multigraph H whose
vertex set is the disjoint union of sets H(v) for v € V(G) s. t.
1. For each u € V(G), the set H(u) is independent in H.
2. Foreach u,v € V(G), if |[Eg(u, V)| = t, then
En(H(u), H(v)) is the union of f matchings.



In 2015, Dvorak and Postle to solve a problem on list coloring,
introduced a more general concept, we call it DP coloring.

For a multigraph G, a (DP-)cover of G is a multigraph H whose
vertex set is the disjoint union of sets H(v) for v € V(G) s. t.

1. For each u € V(G), the set H(u) is independent in H.

2. Foreach u,v € V(G), if |[Eg(u, v)| = t, then
En(H(u), H(v)) is the union of f matchings.

An H-coloring of G is a function ¢ : V(G) — U,cy(g) H(v) with
¢(v) € H(v) such that {¢(v) : v € V(G)} is independent in H.
The DP chromatic number xpp(G) of a multigraph G is the least
positive integer k such that G has an H-coloring whenever H is
a cover of G with |[H(u)| > k for all u € V(G).



Every list coloring problem can be stated as a DP-coloring
problem. In particular, xpp(G) > x/(G) for all G.



Every list coloring problem can be stated as a DP-coloring
problem. In particular, xpp(G) > x/(G) for all G.

A multigraph G is DP k-critical if xpp(G) = k and

xpp(G') < k — 1 for every proper subgraph G’ of G. Let
for(n, k) denote the minimum number of edges in an n-vertex
DP k-critical graph.

Dvorak and Postle described the graphs (and Bernshieyn,
Kostochka, and Pron’ described the multigraphs) that have no
H-coloring for some degree cover H.

These descriptions imply that the bound (1) holds also for
po(n, k)

Recently, Bradshaw, Choi, Kostochka and Xu proved somewhat
better bounds for fyp(n, k).



Theorem 3 Letk > 5 and \ = {%W If G is an n-vertex DP
k-critical graph, then G = K, or |E(G)| > (k—1+1) 3+ 1.
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Similarly to the Iva(G), the DP vertex arboricity, dpva(G), of a
multigraph G is the minimum number k’ such that for each
cover H with |[H(u)| > k' for all u € V(G) there is a function
¢: V(G) = Uyev(g) H(u) such that o(u) € H(u) for each
ue V(G)and {<z>(v3 :v € V(G)} induces a forestin H. A
multigraph G is dpva-k’-critical if dpva(G) = k’ and

dpva(G') < k’ — 1 for each proper subgraph G’ of G.

Let fp(n, k") denote the minimum number of edges in an
n-vertex dpva-k’-critical graph.



The bound as in (3) for f;,5(n, k) follows from results on
variable degeneracy in terms of DP-coloring proved by L u,

Wang and Wang (for graphs) and by Kostochka, Schweser and
Stiebitz (for multigraphs).

First, this notion was introduced by Nakparasit and Sittitrai in
2022. It extends the notion of L-partitionable multigraphs.



The bound as in (3) for f;,5(n, k) follows from results on
variable degeneracy in terms of DP-coloring proved by L u,
Wang and Wang (for graphs) and by Kostochka, Schweser and
Stiebitz (for multigraphs).

First, this notion was introduced by Nakparasit and Sittitrai in
2022. It extends the notion of L-partitionable multigraphs.

A variable cover for a multigraph G, is a pair (H, L) such that

(a) His a DP-cover of G;

(b) Foreach v € V(G), there is a function L(v) : H(v) — Ny
and L := {L(v): v € V(G)}. Given a node (v,c) € H(v),
we write /(v, c) for the entry of L(v) associated with (v, c¢).

(c) Foreach v e V(G), ((v) = (L(V) := > yen() LX),
Supp(v) = Supp(v) :={ie {1,...,k—1}:¢(v,i) > 0},
and s(v) = s_(v) = | Supp(Vv)|.



For a variable cover (H, L) of a multigraph G, an (H, L)-coloring
of G is a pair (¢, o) where ¢ : V(G) — V(H) is such that

¢(v) € H(v) for each v € V(G), and o is an ordering
d(v1),...,0(vg) of p(V(G)) such that d, (#(v;)) < £(v;) for all
ve V(G).



For a variable cover (H, L) of a multigraph G, an (H, L)-coloring
of G is a pair (¢, o) where ¢ : V(G) — V(H) is such that

¢(v) € H(v) for each v € V(G), and o is an ordering
d(v1),...,0(vg) of p(V(G)) such that d, (#(v;)) < £(v;) for all
v e V(G).

A variable cover (H, L) is a degree-cover for G if £(v) > d(v) for
all v e V(G). A multigraph G is DPV degree-colorable if G has
an (H, L)-coloring whenever (H, L) is a degree-cover.

The descriptions of connected graphs and multigraphs that are
not DPV degree-colorable given by Lu, Wang and Wang and by
K-S-S imply the bound (3) for f5,p(n, k).



Our main result is improving the bound in (3) for f;5(n, k'):

Theorem 4 [Bradshaw-K-Xiang] Let k¥ > 3 and
A= [%1. If Gis an n-vertex dpva k’-critical (simple)
graph, then G = Koy/_1, OF

+ 1 (4)
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Our main result is improving the bound in (3) for f;5(n, k'):

Theorem 4 [Bradshaw-K-Xiang] Let k' > 3 and

A= [%1. If G is an n-vertex dpva k’-critical (simple)

graph, then G = Koy/_1, OF

1\n 1
> (2K =2+~ )= 4+ —. 4
|E(G)|_<2k 2+A>2+A )
For induction purposes, we prove a refined version of
Theorem 4 and derive from it that (4) holds also for va-k’-critical

and Iva-k’-critical graphs:

Theorem 5 [B-K-X] Let k' > 3, and let G be a graph that is

Iva-Kk’-critical or va-k’-critical. Then, either Gis a Kyx/_4, or

E(G)| = (2K 2+ )2 4 . where v = | BT .




Comments
1. In particular, for n > 7, each of f,5(n,3), f;(n,3) and f'(n, 3)
is at least (2 + {5) n+ &, while (2) implies only
f'(n,3) > (2 + 55) n.



Comments

1. In particular, for n > 7, each of f,5(n,3), f;(n,3) and f'(n, 3)
is at least (2 + {5) n+ &, while (2) implies only
f'(n,3) > (2 + 55) n.

2. Although Theorem 4 is a claim on simple graphs, for
induction reasons we need a more sophisticated result on
multigraphs in a somewhat more general form.

3. We view Theorem 4 as a refinement of Theorem 3, where for
several pairs of colors we demand that the union of the color
classes in the pair is a forest.



