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A family of sets is called a weak A-system if the cardinality of the intersection of any two sets
is the same. We elaborate a construction by Rédl and Thoma [9] and show that for large n, there

1/3
exists a family F of subsets of {1,...,n} without weak A-systems of size 3 with |F|> ge(nlogn)/3,

1. Introduction

The notion of a weak A-system was introduced and studied by Erdés, Milner and
Rado [5] in 1974. A weak A-system is a family of sets where all pairs of sets have
the same intersection size. Erdés and Szemerédi [7] investigated the behavior of the
function F(n,r)—the largest integer so that there exists a family JF of subsets of an
n-element set which does not contain a A-system of r sets. Answering a question
of Abbott, they proved that F'(n,3) is superpolinomial in n:

(1) F(n,3) > nlogn/4loglogn_
They also conjectured that for some £>0,
F(n,3)<(2—¢)™

This conjecture was proved by Frankl and Rodl [8] for e=0.01. Recently, Rodl
and Thoma [9] substantially improved (1) by showing that for sufficiently large n,

2) Fn,r) > 257/ logy" (=1

In this note, we elaborate the construction of [9] to improve (2) further.
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Theorem 1. For sufficiently large n,

1/3

(3) F(n,3) > 90.01(nInn)

With a more careful counting, the factor 0.01 can be replaced by a larger one.

2. Az inequality

We shall use the following form of Chernoff-Hoeffding type inequality (cf. [3],
Appendix A).

Theorem 2. Let Y be the sum of mutually independent indicator random variables,
u=E(Y). For each 0<e<1,

(4) P{Y < (1 — )} < exp{—e?/2}.
For each €>0,
(5) P{Y > pu(1+4¢)} < exp{(e — (1 +¢&)In(1 +&))u}.

Remark. An equivalent form of (5) is: for every a>0,

(6) P{Y > u+a} <exp{a— (p+a)ln(l +a/u)}.

3. A random construction

Let n be sufficiently large, k be a power of 2 such that k §n1/6/6 <2k and q be the
largest power of 2 such that ¢3 <Ink. By the definition,

(7) 0.25In"3n <053k < g< /P

Let further | = 6¢k? and m = 65k4/q. By the definition, m is an integer and
Im = (6k)5 <n. Fori=1,...,1, let N;={1+(i—1)m,2+ (i —1)m,...,im}. For

each i=1,...,l and each (0-1)-vector (a1,...,q;) of length i, we consider a random
subset A(aq,...,q;) of N;, where elements of N; are chosen independently with
probability

pi =P{x e Alay,...,a;)} = gk~ =2 yr e N;.
For each (0-1)-vector (aq,...,qq) of length [, let

l

B(ay,...,qq) = U Alag,. .., q;).
=1
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Note that for any distinct (51,...,0s) and (y1,...,7s),

(8) As = E{|A(f1,...,08s)|} = ps|Ns| = 65]{:375/2[’
9) vs = E{|A(B1, ..., Bs) N A(71, ..., 7s)|} = p2|Ns| = 67gk2~5/L.
Lemma 1. For a vector (ai,...,as), let L(ag,...,as) denote the event that

[Afar, - as)| < As(1=k~01), and let L=UL_; Ugay. o) Llan, - as).
Then P{L} <1/3.

Proof. By (4), P{L(a1,...,as)} < exp{—0.5k"0-265k3"5/21} < exp{—6%k>3}.
Hence,

l
P{L} <Y > exp{-6"%*} <2 exp{—6"k>3} < 1/3. |

s=1(a1,...,as)

For two vectors a(t) = (agl),...,ozl(l)) and a(?) = (a§2),...,al(2)), let
and

s=h(a a()
Lemma 2. Let Q(a) a(®) be the event that |C(a(t),a()) — lezhu5| > 0.4\,
where h=h(a(!),a(®). Let Q:U(a(1>7a(g>) Q(aM,a®). Then P{Q}<1/3.
Proof. Fix two distinct vectors a(t) = (agl),...,al(l)) and a(?) = (a3 ,...,alz ).

Denote h=h(a® a?)) and N:Zé:h vs. By (4),
P{C(aM,a®) < n—0.4),} <

—(0.4)p)2 —0.08 - 610g6—"/1 —0.08 - 694
<expy ———— p <exp ] Sexpy —
9 Z Vs 65q Z k2—s/l q Z L(h—s)/1

s=h s=h s=h

—6%k4 1 —6°k* (Ink  In%k
1- kUL < -~
<eXp{ T5g ¢ )}—eXp{ 15¢ < N )}

—6° , 1 3,1
—6k4n—k} < exp{—%an—f} <exp{-—121}.
q
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By (6),
Z =P{C(aM,a®) > ;1 +0.4),} < exp{0.4\, — (1 + 0.47,) In(1 + 0.4X, /p)} .

Observe that the derivative in p of the RHS of (6) is positive since (a — (1 +
a)ln(14+a/p));,=—m(1+a/p)+a/p>0. Hence, if 1 <Ny, then

Z < exp {0.4), — 1.4\, In 1.4} = exp {70.4)\;1 111(1.43'5/6)} < exp {61}

If > Ap, then (6) yields
2\, 20, (2N, 2\ 202 AN}
7 < L — - — — S —
eXp{ 5 (it 5o) ( Bu | 252 P 25 T Tam (S

. —6/\% c o 76(65k37h/2l)2 . 7611k67h/l(1 _ k*l/l) _
P 5 | — P l p 53 . 65 gk2—h/! =
53, 3 }(h—s)/1 q

s=h
_ 66k [Ink Ink\?2 _ 66k%  Ink < exp {61}
Xpy ——— | — — | — XPy———%— " —5 xp1—0605.
e e ] =SPIT9 53y Gk [ =P

It follows that P{Q(a()) a(®))} <12l =6l Hence

P{Q} < (22[>266l <1/3.

By Lemmas 1 and 2, with probability at least 1/3, neither of the events L and
Q occurs. This means that for each i =1,...,] and each (0-1)-vector (aq,..., ;)
there exist sets A(aq,...,qa;) such that for every vector (81,...,3s),

(10) [A(BL, ..., Bs)| = As(1 — k70,

and for every two vectors a(t) = (agl),...,al(l)) and a() = (a?),...,al@)),

l l
‘ U (A(ozgl), cee agl)) n A(oz?), . ,a§2))> ‘ — Z vs| < 0.4\,
s=h

where h=h(al) a(?)).

l
The members of our family F will be the 2! sets B(ar,...,a;)=J A(aq,...,q).
i=1
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4. Properties of the family F
Consider three arbitrary vectors a(l) = (agl),...,al(l)), a? = (a?),...,al@)), and

a® = (ags),...,al(:)’)). Let i =h(a() a®), j=h(a®) a?). We can reorder all),
a® and a® so that 1< j. We shall prove that

|BaM)n B(a®)| > |B(a®) n Ba®)|.

Let C; = B(a®)\ ;;11 Ns, t=1,2,3. Since the sets B(a)), B(a®) and B(a®)
coincide on Ny for s<1,

1B(aW)n B@®)| - [B(aV) n B(a®)| = |y N Cyf - [C1 N Cs|.

By (10) and (11),

J—1 l l
|Cl N CQ| — ‘Cl n 03| > Z(l - k‘io'l))\s + Zys - 0-4>\j - Zys — 04N =
s=1 s=J s=1

7j—1
=3 (1= kDA —vs) = 040N + Aj) > 0.1N;.
s=1

This proves Theorem 1. Moreover, F is “far” from containing weak A-systems
in the sense that any three its members F7,F5 and F3 can be ordered so that

(12) |Fy N Fy| — |Fy N F3] > 01X = 0.1-6°k>° > nd/12,

It is not hard to prove that the size of any family with property (12) is at most
20(n7/12 logn)

Remark. Observe that for any r sets B(a()),....B(a(")) in F, the vectors

a(l),.. a(") can be reordered in such a way that

)

h(a(l),a@)) — h(a(l),a(3)) > logyr — 1.
This implies that the same construction with [ and m replaced by I’ = qu2 logy 7|
and m’=|n/l'| yields

F(n,r) > Tc(nlnn)l/?’.
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