
The Pagenumber of Spherial Latties isUnboundedMohammad Alzohairi1 Ivan Rival2Alexandr Kostohka3�1 Department of MathematisP.O. Box 2455 Riyadh 11451, Saudi Arabiazohairi�ksu.edu.sa2 Department of Computer SieneUniversity of Ottawa, Ottawa K1N 6N5 Canadarival�si.uottawa.a3 Institute of Mathematis630090 Novosibirsk, Russiasasha�math.ns.ruAbstrat. Although the pagenumber of planar ordered sets { even for a planarlatties remains unknown we give a sequene (Ln) of spherial latties, where thepagenumber of Ln is at least n. Notie that the overing graph for eah member ofthis sequene is planar.1 IntrodutionWe say that a overs b (or b overed by a) in the ordered set P , and writea � b (or b � a), if a > b and whenever a >  � b, then  = b. Also, we saythat a is an upper over of b, or b is a lower over of a, or (a; b) is an edgein P .The overing graph of P , ov(P ), is the graph whose verties are theelements of P , and a pair fa; bg forms an edge in ov(P ) if a � b or a � b.It is possible to draw ov(P ) on the Cartesian plane in suh a way that they-oordinate of a is less than the y-oordinate of b if a � b and the edge�The work of this author was partially supported by the grants 99-01-00581 and 97-01-01075 of the Russian Foundation for Fundamental Researh.1



Figure 1: Four-page planar ordered set. Figure 2:(a; b) does not pass any other element of P . We all suh drawing an upwarddrawing of P . An ordered set P is planar if there exists an upward drawingof P without edge rossings.A book embedding of a graph G onsists of an embedding of its nodesalong the spine of a book, and an embedding of its edges on pages so thatedges embedded on the same page do not interset. The pagenumber ofG; page(G), is the minimum number of pages needed, taken over all permu-tations of the verties of G.The pagenumber of an ordered set P; page(P ), is the pagenumber of thegraph ov(P ) taken over only the permutations of the verties of P whihform linear extensions (A total ordering of the elements of an ordered set Pis alled a linear extension of P , if it is onsistent with the ordering of P .).The pagenumber was �rst de�ned for graphs by Bernhart and Kainen[2℄, who showed that the one-page graphs are exatly the outerplanar graphs.Yannakakis [7℄, showed that page(G) � 4 for every planar graph G, andthis upper bound is ahieved.The pagenumber for ordered sets was introdued by Nowakowski andParker [4℄, who showed that page(P ) = 1 if and only if ov(P ) is a forest.2
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Figure 4:Also, they derived a general lower bound on the pagenumber of orderedsets and upper bounds for speial lasses of ordered sets. Hung [3℄ showedthat there exists a 48-element planar ordered set whih requires four pages(see Figure 1 (This is the smallest known four-page planar ordered set.)).Moreover, no planar ordered set with pagenumber �ve is known.For eah positive integer n,Heath andPemmaraju [5℄ gave a 6n-vertexspherial ordered set P (see Figure 2) with a planar overing graph suh thatpage(P ) � n. (An ordered set is spherial if it has an upward drawing on thesurfae of the sphere suh that all ars are stritly inreasing northward onthe sphere, and no pair of ars ross (see [6℄.) Figure 4 illustrates a spherialordered set.)Examples of Heath and Pemmaraju are not latties. The smallest lattiesontaining these ordered sets as suborders (so alled MaNeille ompletions)are illustrated in Figure 4. Sine these latties are graded planar latties,their pagenumber is at most two (see [1℄).In this note we give a sequene Ln (illustrated in Figure 3) of spheriallatties whih has unbounded pagenumber. The overing graph for eahmember of this sequene is planar. The importane of this sequene omes3



from the fat that a spherial ordered set is \almost" planar.Theorem 1 For eah positive integer n, page(Ln) � n where Ln is the(spherial) lattie illustrated in Figure 6.Proof. Let L be a linear extension of the lattie Ln. Sine an k bn+1 in Ln,either an < bn+1 or bn+1 < an in L.Suppose an < bn+1 in L. As a1 < a2 < : : : < an and bn+1 < bn+2 < : : : <b2n in Ln, we have in L: a1 < a2 < : : : < an < bn+1 < bn+2 < : : : < b2n;whih means that L ontains the n-twist f(ai; bn+i) : 1 � i � ng.Hene, page(Ln; L) � n.Similarly, if bn < n+1 or n < an+1 in L, then page(Ln; L) � n. Thusif page(Ln; L) < n, then an > bn+1 > bn > n+1 > n > an+1 in L, aontradition.Referenes[1℄ M. Alzohairi (1997) The pagenumber of ordered sets, Ph.D. thesis,University of Ottawa, Ottawa, Canada.[2℄ F. Bernhart and P. C. Kainen (1979) The book thikness of a graph,Journal of Combinatorial Theory, Series B 27, 320-331.[3℄ L. T. Q. Hung (1993) A planar poset whih requires four pages, ArsCombin. 35, 291{302.[4℄ R. Nowakowski and A. Parker (1989), Ordered sets, pagenumbersand planarity, Order 6, 209-218.[5℄ S. V. Pemmaraju (1992) Exploring the Powers of Staks and Queuesvia Graph Layouts, Ph.D. thesis, Virginia Polytehni Institute andState University at Blaksburg, Virginia.[6℄ I. Rival (1993) Reading, drawing, and order, (I. Rosenberg and G.Sabidussi eds.) Algebras and Orders, 359{404.[7℄ M. Yannakakis (1989) Embedding planar graphs in four pages, J.Comput. System Si. 38, 36-67.
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