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1. Introduction

Let G be a graph with vertex-set V(G), chromatic number yx (G) and choosability (or list chromatic number) ch(G). Ohba [6]
made the following conjecture.

Ohba’s Conjecture. If |V (G)| < 2x(G) + 1, then ch(G) = x (G).

Enomoto et al. [1] showed that the complete k-partite graph K(4, 2, ..., 2) is not k-choosable if k is even, and so the
upper bound on |V(G)| in Ohba’s conjecture would be sharp. The following weaker results are known.

Theorem A. Let G be a graph. Then ch(G) = x (G) in the following cases:

(i) V(G| < x(6) + v2x(G) [6].
(i) V(O] < 2 —€)x(G) (0 < € < 1, [V(G)| = no(€)) [8].
(iii) [V(G)| < x(G) — 5 (9]

Because every y-chromatic graph is a subgraph of a complete x -partite graph, Ohba’s conjecture is true if and only if it is
true for complete x-partite graphs. It also suffices to prove it for graphs with the maximum number of vertices. It can thus
be rephrased as follows.
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Ohba’s Conjecture Rephrased. If G is a complete k-partite graph and |V (G)| = 2k + 1, then ch(G) = x(G) = k.

In the following theorem the number of vertices is not necessarily equal to 2k + 1. Strings of the form x, . . ., x may be
empty, provided that k is large enough (at least 1, unless otherwise stated), and x * t denotes a string of t x’s.

Theorem B. Let G be any of the following complete k-partite graphs. Then ch(G) = x (G) = k.

i) K@, ...,2)[2].

() K3,...,3,2,....2,1,..., D (IV(G)] < 2k)[7].
(i) K(3,2,...,2,1,..., D [3].

(iv) K(3,3,2,...,2,1,..., 1) (k> 3)[3]

V) K(4,2,...,2) (kodd)[1].
(Vi) K(t+2,2,...,2,1%0) (t > 0)[6].
(VI)K(r,2,...,2,1%0) (t> 1,2 <1 <2t +1)[1].

Ohba’s conjecture itself has been proved in the following cases.

Theorem C. Let G be any of the following complete k-partite graphs of order 2k + 1. Then ch(G) = x(G) = k.

() K(t+3,2x5,1%t)(s>0,t>0, k=s+t+1).

(i) K(t+2,3,2%s,1%t)(s>0,0<t<4, k=s+t+2).
(i) K@« (t+1),2%s,1xt)(s>0,t>0, k=s+2t+ 1).
(iv) K(4,3,3,2%xs5,1,1,1) (s >0, k=s+6).

Part (i) of Theorem C follows from Theorem B(iii) if ¢ = 0, and it was proved by Enomoto et al. [1] fort > 1; fort > 2
it follows from Theorem B(vii). Part (ii) of Theorem C follows from part (i) if t = 0 and from Theorem B(iv) if t = 1; it was
proved by Shen et al. [11] for t = 2, 3, and by Shen et al. [12] for t = 4. Part (iii) is the same as part (i) or part (ii) if t = 0 or
1, respectively; it was proved by He et al. [5] for t = 2, and by Shen et al. [10] in general. Part (iv) was proved by He et al. [5].

Theorem C(iii) implies that Ohba’s conjecture holds for graphs with independence number at most three. The main result
of this paper is the following improvement of this; it implies that Ohba’s conjecture holds for graphs with independence
number at most five.

Theorem 1. Let G = (V, E) be a complete k-partite graph such that |V| < 2k 4+ 1 and every part has at most five vertices. Then
ch(G) = x(G) =k

As we will explain in the next section, the method that we use to prove Theorem 1 is somewhat different from the
methods used in most published proofs of parts of Theorem C. We were initially hopeful that our method could be used to
prove the whole of Ohba’s conjecture. However, we have not succeeded in finding a construction that will achieve this.

A k-list-assignment L to a graph G is an assignment of a list L(v) of exactly k colors to each vertex v of G. An L-coloring
of G is a proper coloring in which each vertex v is colored with a color from its own list L(v). If G is L-colorable for every
k-list-assignment L to G, then G is called k-choosable. The choosability ch(G) of G is the smallest k for which G is k-choosable.

The rest of this paper is devoted to a proof of Theorem 1.

2. Proof of Theorem 1

Let G = (V, E) be a complete k-partite graph such that |V| < 2k 4+ 1 and every part has at most five vertices. Clearly
ch(G) > x(G) = k, and so it suffices to prove that ch(G) < k, that is, G is k-choosable. Let m be a positive integer that
is at least as large as the order of the largest part of G. We may assume that G has a part with at least three vertices, so
that m > 3, since otherwise G is an induced subgraph of the complete k-partite graph with k parts of order 2, which is
k-choosable by Theorem B(i). Let G have k; parts of order i, for each i > 1, and let kg := Z,’":z ki, so that k = kg + k; and
V| = Z,m:] iki=k+ Z:":Z(i — Dk; < 2k+ 1. Let the parts of Gbe Uy, ..., Uy, of order 1and V4, ..., Vi, of order at least 2.
Let L be a k-list-assignment to G. Foraset X C V,let L"(X) := [, .x L(v). We wish to prove that G is L-colorable. By a simple
inductive argument we may assume that

L"(V,) =@ foreachp e {1,..., ko). (1)

The strategy of the proofis as follows. In contrast with the type of coloring argument used in most other proofs of similar
results, we will construct directly a partition @ = (X, ..., X;) of V such that each part of @ induces an independent subset
of V, and we will then prove that G has an L-coloring in which two vertices have the same color if and only if they are in the
same part X;. This second stage is equivalent to proving that the family of sets (L (X;), ..., L"” (Xg)) has a system of distinct
representatives (cy, .. ., ¢5); we can then use color ¢; on all vertices of X;. The proof is divided into three parts: in Part 1 we
define @, and in Part 2 we prove various lemmas, which we use in Part 3 to prove that the above family of sets satisfies Hall’s
condition and so has a system of distinct representatives. (A family of sets 8 = (S1, ..., S¢) is said to satisfy Hall’s condition
if, for every subfamily (S, ..., S;) of 4, [S;, U...US; | > r. Hall [4] proved that this is a necessary and sufficient condition
for there to exist a system of distinct representatives of 4, that is, a set of distinct elements ¢y, . . ., ¢4 such that ¢; € S; for each
i(1<i<q).)

veX
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We will not use the value of m, the upper limit on the order of a partite set, until after Claim 4 in Part 3, although to cope
with larger values of m would require additional or more general lemmas in Part 2. However, we have not succeeded in
proving the result even for m = 6, and we are doubtful whether this can be done with our present definition of @. Perhaps
there is a variation of our construction that can be used to prove the result for all values of m, but we have not managed to
find one.

Part 1. Construction of the partition @. For a partition 2:(p) = (Xi,...,X;) of a partite set V, (p € {1,...,ko}), let
F(Pep)) = i, II"(X)| and

t
g(P(p) =k+ Z(ILH(XOI — k) =f(P(p) — (t = Dk. (2)

i=1

Thus if |V,| = s, so that Ps(p) is the partition of V,, into singletons, then g(Ps(p)) = k; and if £s_1(p) is a partition of V,
into s — 2 singletons and a 2-set X = {x, y}, then g(#s_1(p)) = |L"(X)| = |L(x) N L(y)|. Foreach p € {1, ..., ko}, let
s := |Vp| and define partitions @,(p), . .., @»(p) recursively as follows. Let @,(p) be the partition of V}, into singletons. For
t=s—1,...,2,let @:(p) be formed from Q.,1(p) by merging two members so that g(Q.(p)) is as large as possible. In
particular, @;_(p) is obtained from @;(p) by merging two vertices having the maximum number of common colors in their
lists.

Before defining the partition @, it will be helpful to explain our terminology. For 2 < t < s < m, *A; will denote the set
of parts V,, of G of order s that are divided into ¢ parts in @, and (*a;) := [*A¢|. (In fact, after specifying the sets A, we will
obtain @ from the natural partition (U, ..., Uy, Vi, ..., Vi,) of V by replacing V), with @, (p) for each set V,, € *4;; thus
@ will be completely determined by the sets *A;.) For0 < g < m — 2,let fg := {(5,t) : 2 <t <m—gqands—t = q},
By = U(S‘t)elq A and by = |By| = Z(S‘[)Elq(sat). ForO<g<m—1land2 <t <s<m,let

m—2
Oq =) _bi (3)
i=q
2] =2 = 051+ (ay), (4)
and, ift > 3,
t s—3
Q=0 and ‘=) Q)="2)+) 6 (5)
i=2 Jj=s—t

We define 5911 := 0, so that if g = s — t then, by (4) and (5),

Ogt1 + (az) ift =2, (6)
Oy = Ogi1 + by ift > 3.

Note that ®,,_; = 0 by (3), and so, by (4), (3) and the definition of bg,

Sgtl _thl_l :SQP — {

") ="02, = ("ay) = by = Op_s. (7)

Historical note. The main significance of ‘.Q[O and 5.(2[] is that they are the threshold values of p and g(Q;(p)). respectively,
between sets V), € *A; and sets V,, € *4, forr > t; see Eqs. (13)-(15) below. In an earlier and simpler version of the proof,
the case t = 2 in the construction of @ was treated in the same way as all other values of t. In that case there was no need
to introduce 5.(2[0 because it was always equal to ©¢, where ¢ = s — t and

@q =bpo+bys+---+ bq+l + bq (8)
by (3); and *$2! was always equal to Z;;; ©;, which is

(t - ])(bm—Z + bm—3 +---+ bs—Z) + (t - 2)bs—3 + (t - 3)bs—4 +---+ 2bq+] + bq~ (9)
Unfortunately, this simpler proof did not work when m = 5. The construction of @ in the current proof treats the case t = 2
differently from larger values of t. Thus *$20 is equal to (8) when t > 2, but when t = 2 it is necessary to replace the final
term by by (*ay) if that is smaller. And S.QJ is obtained from (9) by subtracting bs_, — (*ay) (which is zero if s = m and
nonnegative otherwise).

We will now construct @ by specifying the values of these parameters. We start with an initialization step: for all s > 2,
set S.Q]] ‘= Op_1 = 0.Then, foreachq =m —2, ..., 1in turn, we will carry out the following construction procedure for q,
which specifies the values of By, by, O, A, (Car), *2} and £2? for all (s, t) € 4. For each value of g, we first set

¢, =2 |+ Ogp (10)
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foreach (s, t) € J4. Note that the values of the two terms on the RHS of (10) have already been specified previously, the first
in the initialization step if t = 2 and in the construction procedure for g + 1ift > 2 (which implies ¢ < m — 2), and the
second in the initialization step if g = m — 2 and in the construction procedure for g 4+ 1if ¢ < m — 2. We then (see below)
define By, by, *A; and (a;) for all (s, t) € Jq; and finally we set © by (3),

SQl="®,+(b,) (11)
and

S-Qto = Ogs1 + Cby) (12)
for each (s, t) € 44, where (°by) := (Pay) and (°b;) := bs_; = bq if t > 3. For example, if m = 5 then

b3 =Cap),  by=(w)+Caz), b1 =Ca)+ (‘as) + Cay),

®, =0, ©3 = bs, ©, = b3 + by, ©1=bs+ by + by,

P, =0, 2, = (Cap) = bs, 29 = (Cap) = bs,

‘P, = b, 42} =bs+ (‘ap), 12 =bs + (‘ap),

>, = 2bs, Q21 = 2b3 + by, > = b3 + by,

*®, = b3 + by, 32, = b3+ by + Cap), 329 = b3 + by + Cap),
‘@, =2b3 + (*ay) + by, 23 =2bs+ (*ap) + by + b1, 929 =b3+ by + by,
¢, = 3bs + 2b,, 21 = 3b3 + 2b, + by, > = b3 + b, + by

For each g, after setting the values of *®, for all (s, t) € 44 by (10), we define B, iteratively in two stages as follows,
starting with 8, = . Firstly, while there is a part V, & U::)z B; such that [V,| = q + 2 and g(Q,(p)) > q+2<1>2 +|8Bql,
choose such a part V), for which g(Q,(p)) is as large as possible, and add V,, to 8B,. Secondly, when there is no such part V),
but while there is a part V,, ¢ U:':qz B; such that |V,| > q + 2 and g(Qs_q(p)) > Sq)s_q +|8ql, where s := |Vp]|, choose
such a part V,, for which g(Q;_4(p)) — qus_q is as large as possible, and add V, to 8,. When there is no such part V,, the
construction of B, terminates; we then set by = |Byl, *A; = {V, : |V,| = sand V, € B,} and (°a;) = [%A| for each
(s, t) € 4gq, before setting the values of @, S.Qt] and SQP by (3), (11) and (12). This completes the construction procedure
for q.

Finally, after the sets 8m_», ..., 81 have been constructed, let By := {V, : V, & U;’;Z Bi}, by := |Bol|, and Oy = ko,
so that (3) holds when g = 0; and for 2 < s < mlet*A; := {V, € By : |V,| = s} and (a;) := [*4s|. We now reorder the
parts V, so that they are numbered in the order in which they are assigned to a set B4; then 8y = {V,, : Og11 < p < Oy}
(0<g<sm—2)and’Ay; =V, : Ogp1 <p gsﬂg}(B <s<m,q=s—2).Butift >3andq =s — t then*R2? = @, by (5),
and so, forall t > 2,

ifV, € A, thenp <*$27. (13)

As already mentioned, we now define the partition @ by starting with the natural partition (Us, ..., Uy, V1, ..., V,) of
V,and foreachsand t (2 < t < s <m),and each V, € %A, replacing V, by @;(p).

Note thatif g = s — t > 0 then the construction of *4; formally terminates when there is no longer a part V,, ¢ U::,z Bi
such that |V,| = g+ 2 (if t = 2)or |V,| > q + 2 (otherwise) and g(Q,(p)) > *®, +|Byl; and at this moment of formal
termination, |8,| = (a;) ift = 2 and |B,| = by if t > 3; i.e., |By| = (by). But*2}! =&, +(°b;) by (11), and so

g(Q:(p) =2} ifV, €A, (14)
and

2(Q(p) <°R} ifV, €A, >t (15)
IfQ:(p) = X1, ...,X:) then, by (2) and (14),

t
D UKD > (6 - Dk +°82] iV, € A (16)
i=1

Also, if #(p) = (X1,...,X;) is any partition of V, into ¢ parts that is obtained by merging two parts of @,.1(p), then
&(#:(p)) < g(Q:(p)) and so

g(Pp) <°RL iV, €A T >t (17)
by (15); thus

t
DX < (6= Dk 4582 ifVy € AT > 15 (18)
i=1
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in particular, if each part of % (p) is a singleton set except for X;, then
LX) <02} ifV, € A, T >t (19)

Part 2. Lemmas. To make it easier to apply Egs. (17)-(19), in this part we will use t, to denote the number of parts into which
V), is partitioned in @, so that if V, € A, then t, = t. Then to say that V, € *A, for some r > t is the same as saying that
t, > t.

Lemmal. If 2 <t <s < mandV, € %A, then for every two members X, and X, of Q.(p),

LX) UL (X)| > k +°220.

Proof. If t = 2, then we see from (4) thatSQZ1 = 5523, and it follows from (1) and (16) that
"X UL ()| = LX)+ IL7() | > k+°2; = k+°23.
So assume that t > 3. Let X' := X; U X,. Consider the partition &_{(p) obtained from @, (p) by merging X; and X, into X'.
Since V, € A, g(Q((p)) > °$2/ by (14).Since t, =t > t — 1, g(Pr—1(p)) < 3.(22_1 by (17). Thus, using (2) in the fourth line,
IL700) UL )] = 1700 + L7 = LX) N L7 ()]
= 117G+ LX) = (LX)
= f(@:() — f(P-1(D))
k+g(@:() — g(Pr-1(p)
> k+°2! -l
=k+°20

since *2} — 52}, =20 by (6). This proves Lemma 1. O

Lemma 2. If V, € *A; C By (s > 3), then for every pair of elements x, y € V),

ILx) ULY)| =2k — 2} | > 2k —"0]

m—1°

Proof. Let #_;(p) be the partition of V,, consisting of {x, y} and s—2 singleton sets. Since t, = s > s—1,|[L(X) NL(Y)| < S.Qg_l
by (19). Thus

L) UL > L] + L) — 2L, =2k -2 .

Now, A, C Bs_, and so (*ay) < bs_». Also, ®s;_1 + bs_» = ©;_, by (3). Thus 5.(23 < O;_, by (4), with equality if s = m, by
(7), and so (5) gives

s—3 s—2 m—2
QL =2+ 6<) <y o="82 (20)
j=1 j=1 j=1

The result follows. O

Lemma 3. Let V, € *A; C By, wheres > 4, sothat |V,| = s =t + 1, and let Q;(p) = (X3, ...,X;) where X; = {x;}
i=1,...,t—1)and X; = {X¢, Xc1+1}. Then

(a) ILx) ULY)| > %(3]{ — SSZSl_z)for eachx,y € {X1, ..., X—1}, X #Y;
(b) L) ULY) UL (Xp)| > k+2C2} ) —3¢R/),) foreachx,y € {x1, ..., X1}, X # ¥;
() if s > 5 then | Ui, L"X)| > § (Tk — 3¢} ,) — 2(2] ).

Proof. Let G; :==L"(X;)) i=1,...,t).Forx,y € {x1,...,%_1} (x £ y), let dyy = |L(x) N L(y)|. Since we formed @ (p) by
merging x; with x;,; to form X,

dxy < |Ct|~ (21)
Since V,, € SAs_1, (t — Dk + |G| = (¢ — Dk +°2] | by (16), and so

Gl =) ,. (22)
Sincet, =s—1>s—2,

(s — Dk +dy + |G| < (s —3)k+°2,),
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by (18), and similarly

(s—3k+ILEONC| < (s—Dk+°2L,,
so that

dy + G| < k+°22., (23)
and

IL(x) NG| <°02),. (24)

By (21) and (23), [L(x) N L(y)| = dyxy < %(k + sQsl_z), so that

IL(x) UL(Yy)| = 2k — dy, > %(3k -5l ). (25)

This proves (a). And by (23), (24), and the analog of (24) with y in place of x,

L) ULY) UG > LG+ LW+ ICel — ILx) N L] — [Lx) N Cel — [Ly) N Cel
> k+k+2C|— (k+°2} ) -2l , -],
> k+2(2 ) -3¢,

by (22), which proves (b).

Now assume that s > 5, so that t > 4. Without loss of generality we may assume that @,;_(p) is formed from @, (p) by
merging X, with either X3 or X;. Let #;_,(p) be formed from @, (p) by merging all three of the sets X;, X3 and X;; then #;_, (p)
can be formed from @;_(p) by merging two parts, and every other part of #_,(p) is a singleton. Since t, =t > s — 3,

IGNC NGl < 2!, (26)

by (19) applied to #;_»(p). Let x := X,,y := x3 and ¢; := |C; \ (G, U G3)|. In order to prove (c), it suffices to prove that
1
IGUGUGI+IGUGUG] > STk =302 ,) =202 )), 27)

since max{a, b} > 3 (a + b). By the definition of dy,
[GUGUG| =c1+ G UG| =c1 + 2k —dy, (28)
and
(GG NGI <G\ (GQUG)NGI+IGNGNG]
<6420, (29)
by (26). Therefore, using (25), (21), (24) and (29) in the second line,
[GUGUG = [GUG|+ G —IGNGI— (G \G) NG

WV

1
5(3" —°20,) +dy =21, — (@ +°2) )

3

= E(k - S‘le_z) - 5951_3 + dxy — (1,
and so, adding in (28),
1
IGUGUGI+IGUGUGT> S (Thk =302 ) =202 5).

This proves (27) and hence (c). O

Lemma 4. Let V, € *A; € B, and Q3(p) = (X1, X2, X3). Then

3
LX) UL () UL (X3)| > Sk =52,

Proof. Asin Lemma 3, let G; := L"(X;) (i = 1, 2, 3). We consider two cases.
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Case 1. X1 = {x1}, Xo = {x2}, X3 = {x3, X4, x5}. Let h := |C; N C3| = |L(x1) N L(x3)|. We may assume that @3(p) was obtained
from @s(p) by first merging x4 and x5 to form X; := {x4, s}, and then merging x; with X, to form Xs. Since x; was not
merged with x, in either of these steps, it follows that h < |L(x4) N L(xs5)| and

2h +k < h+ |L(x3)| + |L(xa) N L(x5)| < |C1| + |Caf + |C3] = 2k + | G5,
so that |C3| > 2h — k. Since t, = 3 > 2, [C; N C3| < 2, by (19), and similarly |C, N C3| < °£2,. Therefore

Gl =1(GUG) NG| > |G|l =G NG| —[GNG|

> (2h—k) —52, —°%2,
h—k/2—>%,,

since (a > Oand a > b) = a > 3b. Thus

IGUGQUG| = [CGUGI+ G| —(CTUG) NG
|G|+ G| = IG NG| +h—k/2 —°$2,
k+k—h+h—k/2->°0,)
=3k/2-°02,

AV

as required.

Case 2. X1 = {x1}, X2 = {x2, x3}, X3 = {x4, X5}. We may assume that |C;| > |Cs3], so that @3(p) was formed from @s(p) by
first merging x, and x5 into X5, and then merging x, and x5 into X3. Since in the second step we did not merge x; and X5,

ICiNG|+k+k<k+ |G|+ |Csl. (30)
Sincet, =3>2,|CNG|+ |Gl <k+ .Q by (18), which with (30) gives

ICiN G| + G NG| < G5 +°82;. (31)
Similarly, |C;| + |C; N G3| < k+>£2;, so that |G, N C3] < 582,. And since V,, € %43,

[Cil + |G|+ 1G5] > 2k +° .{23
by (16), so that

2|G| > G| + IGs| > k+°25. (32)
Therefore, using (31) in the second line,

IGUGUG| > [GI+IGI+IGI =G NGI+ G NG — G NG

> k+1G| + 1G] = (Gl +°25) —°%2;

k+ |G| —2C02))

WV

1
5(3k+59;) —2(2)H

by (32). But, by (4),°22) = @4 + (a2) < O4 + by = O3 < @3, and s0° 2] = >R} + O, > 2(>2)) by (6); thus the lemma
is proved. O

Part 3. Completion of the proof of Theorem 1. We must prove that the family (L"(X) : X € @) has a system of distinct
representatives, which we can then use to form an L-coloring of G as described near the beginning of the proof. Suppose that
there is no such system of distinct representatives. Then, by Hall's Theorem, there exists R S @ such that |y LX)
< |R|.Let Cg == Uyeq L"(X), so that [Cz| < |R].

Note that, by (20) and (3),

m—2 m—2m—2 m—2 m—2
A bi=Y ibi=) gby (33)
q=1 q=1 i=q i=1 qg=1

For2 <t <m,let 4, := (-, %A and a; := |A¢|. Then Y 1 (ar) = a5, > ;_,(ar) = ks, and Y_,'(“T%a,) = bg. So

@l —k=7) (t—Da= ) (t—DCa), (34)
t=2 2<t<s<m
V| —k = Z(s —Dks= Y (s—DCa), (35)

2<t<s<m
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and, by (33),

m—2
"2p o= abg= Y (s—0)Ca). (36)
qg=1

2<t<s<m

Hence |@| + ™! | = |V|.Since |V| < 2k + 1, it follows that

m

@] < 2k+1-"0]

m—1°

(37)

Claim 1. Suppose R contains more than one subset of V), for some part V, € A, C Bo. Then o > 3, and for any three distinct
elementsx, y,z € V, the following hold: |[L(x) N L(y)| > %k, and

ILC) ULY)| = |(Lx) NLY) UL@)| = [Ce| = |@] — 1. (38)

Proof. Suppose first that R contains both (singleton) subsets of some part V, € Z4,. Then, by (1) and (37), |Ca| > 2k >
2k—"2) | >1@| — 1> |R| — 1. Thus equality holds throughout, so that ™$2}_, = 0 and R = Q. By (36), b, = 0 for all
q > 1. By the construction of @, this means that, for each part Vp, L(x) N L(y) = ¥ for each two vertices x, y € V,. Since we
are assuming that there is a part V, such that |V, | > 3, this implies that |Cz| > 3k. This contradiction shows that o > 3.
Suppose now that R contains two (singleton) subsets of some part V, € °A,, where 0 > 3. Then, by Lemma 2 and
(37), ICx| = 2k =21 . > |@] — 1 > |R| — 1, and so equality holds throughout, including in Lemma 2, and R = @

m—1

and |Cg| = 2k — ’"9171 = |@| — 1. Thus R contains all o (singleton) subsets of V,, and L(x) U L(y) = Ce for each pair

m
of distinct elements x, y € V. By (1), this means that each color in Cg is in the list of exactly o — 1 vertices of V,, so that

|Cel = ok/(oc — 1), and for each vertex x € V), L(x) omits a different set of k/(o — 1) colors from Cg. Thus, for each two
distinct vertices x, y € V,,

ILx) NLY)| = (6 —2)k/(c — 1) > k/2
since o > 3, and (38) holds because every color not in L(x) or L(y) isin L(z). O
We now divide the proof into two cases, which we will deal with simultaneously.

Case 1. R does not contain more than one subset of any part V,, € By. In this case we define @' :== @ and R' := R.

Case 2. R contains more than one subset of V,, for some part V,, € 4, C 8B,. We choose one such part V,y and form @' from
@ by merging two vertices X', y’ of V}y into a single set X’ = {x, y'}; that is, we replace @, (p) by @1 (p").If |Ca| > |R'| for
every subset R € @', where Cp/ = |y n/ L"(X), then the family (L"(X) : X € @) has a system of distinct representatives,
which we can use to form an L-coloring of G. So we may assume that there is a set R C @’ such that [Cz/| < |R/|.

Claim 2. R’ contains at most one subset of each part V,, € B.

Proof. This holds by hypothesis in Case 1, and so it suffices to prove it in Case 2. In this case, if R contains two singleton
subsets {x}, {y} of some part V, € 8By, then {x}, {y} € @ = R and so

ICal > [LOULW)| = Q] — 1= Q| > |R]
by (38), which is a contradiction. And if R’ contains the set X' = {x', ¥’} and another subset {z} of V;y, then
ICa| > LX) NLY)) UL@)| = @ — 1= Q| > |R|

by (38). In every case we have a contradiction. O

Claim 3. ko — ko < 3(k+ 1),

Proof. Recall that k = ko + kq.If kg — ko > kq + 2 then

m
VG =Y iki > 3(ko — ky) + 2ky + k1 > 2(ko — ky) + 2ky + 2k +2 = 2k + 2,
i=1

a contradiction. Thus kg — k, < k1 + 1,and so 2(kg — k3) < ko — ky + ki1 + 1 < k+ 1,asrequired. O

Claim 4. R’ contains at least three subsets of some part V,,.
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Table 1
Coefficients for use in the case m = 5.
Caz) (‘az) Caz) Caz) (*a3) (as) Caz) (as) (“as) (as)

|@| — k(34) 1 1 2 1 2 3 1 2 3 4
V] — k(35) 4 3 4 2 3 4 1 2 3 4
502} (36) 3 2 2 1 1 1 0 0 0 0
Sl 2 1 1 0 0 0 0 0 0 0
Sl 1 0 0 0 0 0 0 0 0 0
40l 2 2 1 1 1 1 0 0 0 0
40l 1 1 0 0 0 0 0 0 0 0
(40) 1 1 2 1 2 3 0 0 0 0
FVI-b-iCeh-30e) 4y 1 H i 3 i 3 H H i 3
(42) 1 1 2 1 2 2 0 0 0 0
2042 —3(*2)) (43) 1 1 2 2 2 2 0 0 0 0
(44) 1 1 2 1 1 2 0 0 0 0
TvI—k -2} 45) 1 3 2 1 3 2 1 1 3 2
(46) 1 1 1 1 1 2 0 0 0 0
TV —k—>%21) (47) 1 1 3 1 2 2 i 1 3 2

Proof. By Claim 2, R’ contains at most one subset of each part V, € Bo. Suppose it contains at most two subsets of each
other part V,. We consider two cases.

Case 4.1. |R'| > k + 1. Since |R'| > k, R’ must contain exactly two subsets of some V,, & $B,. Choose the maximum such p,
sothat |R'| < k+p,andletV, € *A,sothatp < tho by (13). By Lemma 1, |Cz/| > k—i—s.QtO > k+p > |R'|, a contradiction.
Case 4.2. |R'| < k.Then |Cx/| < k — 1, and so K’ contains no singleton set. But for each part V, = {x, y} of order 2,
L(x) N L(y) = @ by (1), and so {x} and {y} are singleton sets in @'. Thus &R’ contains no subset of any part V,, such that
[Vp| < 2.By Lemma 1, R’ contains at most one subset of any part V. Thus |R'| < kg — k; < %(k + 1), by Claim 3.

If R’ contains the set X' = {x, y'} in Case 2, then |Cg| > |L(X') NL(Y)| > 2k by Claim 1; thus |R'| > 3k+ 1> 1(k+ 1),
which contradicts the previous paragraph. Since R contains no singleton set, it follows that &’ contains no subset of any
partV, € Bo.

Let p be the maximum index such that some subset X of V,, belongs to R’, so that |R'| < p. Assume that V}, € %A, so that
p <520 by (13). Then g(Q; (p)) > 2/} > 520 by (14) and (5). Since |L"(X;)| < k for every set X; € @;(p), it follows from (2)
that

IL"(X)| = g(Qc(p) — Z(ILQ(X,')I —k) >g(@Qi(p),

where the sum is taken over the t — 1 sets X; € @;(p) such that X; # X; thus |Cx/| > [L7(X)| > S.Qto >p > |R'|, whichis a
contradiction. This completes the proof of Claim 4. O

We now consider the relevant values of m. We need only prove the result for m = 5, since it then holds for all smaller
values of m; but it is now so quick to finish the proof for m = 4 that we do it anyway. Suppose m = 4. By Claim 2, R’
contains at most one subset of each part V, € Bo. Thus, by a slight modification of (34),

|R'| < k+ Z (t = DCay) = k+ (‘ar) + Caz) + 2(*a). (39)
2<t<s<m

Note that, by the definition of by and (3)-(5) with m = 4, b, = (*a), by = (Cay) + (*a3), *2) = O3 + (*a) = 0+ by, and
4Q) = 42] + ©; = 2b, + by. By Claim 4, R’ contains at least three subsets of some part V,,. The only possibility is that
V, € %43, so that, by Lemma 3(b),
ICarl > k+2(*23) — 3(*$2;) = k+2(2by + by) — 3b,
= k+by +2b; =k+ (*az) +2Ca) + 2(*az) > |R'|

by (39). But we are assuming that |Cz/| < |R'|, and this contradiction completes the proof when m = 4.
Assume now that m = 5. For convenience, in Table 1 we have tabulated the coefficients of the terms (*a;) occurring in
various expressions. The analog of (39) is

IR <k+ Y (t=1DCa)=k+ Ca)+ (‘e) +2Cas) + Car) + 2(*az) + 3Cas). (40)

2<t<s<m

By Lemma 3(c), and since |V| < 2k + 1, if R’ contains all four subsets of some part V,, € 44 then

1 3 3 1
Crl > 4 (T — 3C023) —202)) > k+ ZVI—k=1 - 2(59;) - 5(595» (41)
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It follows from (40) and (41) (comparing the coefficients in Table 1) that |Cx/| > |R'| — %, which contradicts the supposition
that |Cz/| < |R'| — 1. Thus we deduce that R’ contains at most three subsets of each part V,, € A4, SO that

IR < k+ Caz) + (“az) +2Cas) + Caz) + 2(*as) +2(Cay). (42)

By Lemma 3(b), if R’ contains all three subsets of some part V, € 443, then

ICar| > k+20%2)) — 3¢ 2)). (43)

It follows from (42) and (43) (comparing the coefficients in Table 1) that |[Cs/| > |R’|, which contradicts the supposition
that |Cz/| < |R'| — 1. Thus we deduce that R’ contains at most two subsets of each part V, € 443, so that

|R'| <k+ Car) + (“ap) +2Ca3) + Cap) + (“a3) +2Caq). (44)

By Lemma 4, if R’ contains all three subsets of some part V,, € 543, then
3 501 1 561
ICal > Sk =" > k4 S(VI—k=1) =°2,. (45)

It follows from (44) and (45) that |Cz/| > |R/| — % which contradicts the supposition that |Cg/| < |R'| — 1. We deduce that
R’ contains at most two subsets of each part V,, € 543, so that

IR < k+ Caz) + (“az) + Cas) + Cax) + (*a3) + 2Cay). (46)

By Claim 4, R’ contains at least three subsets of some part V). Since we have ruled out all other possibilities, &’ must contain
exactly three subsets, and hence two or more singleton subsets, of some part V, € %A,4. Thus, by Lemma 3(a),

1 1
|Cat| > 5(3k—5931)>k+5(|V|—k—1—5931). (47)

It follows from (46) and (47) that |Cx/| > |R'| — % which contradicts the supposition that |Cz/| < |R'| — 1. This completes
the proof of Theorem 1.
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