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Abstract: Let kK > 3 be aninteger, H(G) be the set of vertices of degree
at least 2k in a graph G, and Ly (G) be the set of vertices of degree at most
2k — 2 in G. In 1963, Dirac and Erd6s proved that G contains k (vertex)
disjoint cycles whenever |H(G)| — |Li(G)| > k? + 2k — 4. The main result
of this article is that for kK > 2, every graph G with |V (G)| > 3k containing
at most t disjoint triangles and with |Hy(G)| — |Lx(G)| = 2k + t contains k
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STRENGTHENING THEOREMS OF DIRAC AND ERD&S ON DISJOINT CYCLES 789

disjoint cycles. This yields that if kK > 2 and |H(G)| — |Lx(G)| > 3k, then
G contains k disjoint cycles. This generalizes the Corradi—Hajnal Theorem,
which states that every graph G with H(G) = V (G) and |H(G)| > 3k con-
tains k disjoint cycles. © 2016 Wiley Periodicals, Inc. J. Graph Theory 85: 788-802, 2017
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1. INTRODUCTION

For a graph G, let |G| = |V(G)|, |G| = |E(G)|, and 6(G) be the minimum degree
of a vertex in G. The complement of G is denoted by G. The join GV G’ of two
graphs is GU G' U {xx’' : x € V(G) andx’ € V(G')}. Let SK,,, denote the graph obtained
by subdividing one edge of the complete m-vertex graph K,,. For a positive integer k,
define H; (G) to be the subset of vertices with degree at least 2k and L; (G) to be the subset
of vertices of degree at most 2k — 2 in G. When we say that two cycles are disjoint, we
mean that they are vertex-disjoint.

Resolving a conjecture of Erdds, Corradi, and Hajnal [2] proved the following
theorem.

Theorem 1.1.  [2] Let G be a graph and k a positive integer. If |G| > 3k and §(G) > 2k,
then G contains k disjoint cycles.

Since each cycle has at least three vertices, the condition |G| > 3k is necessary. The
condition § (G) > 2k is also sharp, as witnessed by the graph G, = E,,,Z,(H V Ky for
n > 3k. Indeed, any cycle in G, ; must contain at least two vertices from the Ky;_; and
therefore G, ; contains at most k — 1 disjoint cycles.

Theorem 1.1 prompted a series of refinements and extensions for both undirected
graphs (see, e.g., [5—12, 14]) and directed graphs (see, e.g., [3, 4, 13, 15]). In particular,
Dirac and Erdés [5] proved in 1963 the following theorem.

Theorem 1.2. [5] Let k > 3 be an integer and G be a graph with |H,(G)| — | Ly (G)| >
k*> + 2k — 4. Then G contains k disjoint cycles.

The bound k> + 2k — 4 is not best possible. Dirac and Erd&s provided the following ex-
amples of a graph G without & disjoint cycles such that |[H,(G)| — |Ly(G)| = 2k — 1. Let
n>3kbeodd. Let V(G) = X UY UZ with [X| =2k — 1 and |Y| = |Z| = =2 Let
the set of edges of G consist of a perfect matching connecting ¥ with Z, all edges
between X and Y, and all edges inside X. Then, Hy(G) =X UY and Ly(G) = Z,
but G has no k disjoint cycles, since every cycle must contain at least two vertices
of X.

Dirac and Erdés also proved that for a planar graph G weaker restrictions on the
difference |H;(G)| — |Lx(G)| provide that G contains k cycles.

Theorem 1.3. [5] Let k > 3 be an integer and G be a planar graph such that |H,(G)| —
|Ly(G)| = 5k — 7. Then G contains k disjoint cycles.

The main result of this article is the following theorem.
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Theorem 1.4. Let k > 2 be an integer and G be a graph such that |G| > 3k. Let t be
the maximum number of disjoint triangles contained in G. If

|H (G)] — |Li(G)] = 2k +1,
then G contains k disjoint cycles.

Theorem 1.4 is sharp, as witnessed by the graph SK3;_;. Let u be the newly created
vertex (of degree 2) and observe that L; (SK3,—1) = {1}, |H (SK3—1)| =3k — 1, and G
contains k — 1 disjoint triangles. Since |SK3;_;| = 3k, any set of k disjoint cycles must
partition V (SK3,_;) into triangles, but the vertex u is not contained in any triangle. As
above, 3k vertices are necessary for the existence of k cycles. However, if the bound on
|Hy(G)| — |Ly(G)| in Theorem 1.4 is slightly strengthened, then the condition |G| > 3k
holds automatically.

Corollary 1.5. Letk > 2 be an integer and G be a graph. Let t be the maximum number
of disjoint triangles contained in G. If

IH (G| = 1Lk ()| = 2k + 1+ 1,
then G contains k disjoint cycles.

Corollary 1.5 is sharp since K3, contains only k — 1 disjoint cycles and |Hy (K3i—1)| —
|Ly (K3r—1)| = 3k — 1. Corollary 1.5 requires a short proof that is given in Section 5.
A straightforward consequence of Corollary 1.5 is the following stronger version of
Theorem 1.2.

Corollary 1.6. Letk > 2 be an integer and G be a graph with |H;,(G)| — |Ly(G)| > 3k.
Then G contains k disjoint cycles.

Observe that the special case H;(G) = V(G) of Corollary 1.6 is equivalent to Theo-
rem 1.1 for k > 2. Using the techniques of Theorem 1.4, we will also prove the following
stronger version of Theorem 1.3.

Theorem 1.7. Let k > 2 be an integer and G be a planar graph. If
|H(G)| — Lk (G)] = 2k,
then G contains k disjoint cycles.

The condition that G be planar is necessary. Indeed, consider the nonplanar graph SKs.
If u is the newly created vertex, then H>(SKs) = V(SKs) — u and L,(SKs) = {u}, but
SKs does not have two disjoint cycles. The bound 2k in Theorem 1.7 is sharp (see, e.g.,
K5 — e for k = 2), however only for small values of k. Since the average degree of every
planar graph is less than 6, for £ > 5 much weaker restrictions provide existence of k
disjoint cycles in planar graphs.

Finally, we prove that the bound 2k is also sufficient if the graph G contains no two
disjoint triangles.

Theorem 1.8. Let k > 3 be an integer and G be a graph such that G does not contain
two disjoint triangles. If

|H(G)| — ILi(G)| = 2k,

then G contains k disjoint cycles.
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Our proofs are based on the approach and ideas of Dirac and Erdds [5]. We also heavily
use an extension of Theorem 1.1 from [10] (Theorem 2.1).

The remainder of this article is organized as follows. The next section outlines the
notation that we will use throughout the article, and introduces some tools to be used in
the proof. In Section 3 we will prove several lemmas for the base case, and in Section 4
we prove the main result. In Sections 5-7, we use Theorem 1.4 to prove Corollary 1.5,
Theorem 1.7, and Theorem 1.8, respectively.

2. NOTATION AND TOOLS

For disjoint sets U, U’ C V (G), we write ||U, U’|| for the number of edges from U to U’.
If U = {u}, then we will write ||u, U’| instead of ||{u}, U’||. For x € V(G), Ng(x) is the
set of vertices adjacent to x in G and dg(x) = |Ng(x)|. When the choice of G is clear,
we simplify the notation to N (x) and d(x), respectively. For an edge xy € E(G), G/ xy
denotes the graph obtained from G by contracting xy, and v,, denotes the vertex resulting
from contracting xy. By «(G) we denote the independence number of G.

We say that x, y, z € V(G) form a triangle T = xyz in G if G[{x, y, z}] is a triangle.
Wesay veT,if v e {x,y z}. Aset7T of triangles is a set of subgraphs of G such that
each subgraph is a triangle and all the triangles are disjoint. For a set S of graphs,
let V(S) = U{V(S) : S € S}. For a graph G, we write #; for the maximum number of
disjoint triangles contained in G.

When the graph G is clear from context, we will use t instead of t;.

Similarly, when the integer k is also clear, we will use H and L for H;.(G)

and Ly (G), respectively. The sizes of H and L will be denoted by h and ¢,
respectively. @))]

As shown in [10], if a graph G with |G| > 3k and 6(G) > 2k — 1 does not contain a
large independent set, then with two exceptions, G contains k disjoint cycles:

Theorem 2.1. [10] Let k > 2. Let G be a graph with |G| > 3k and §(G) > 2k — 1 such
that G does not contain k disjoint cycles. Then,

(1) «(G) = |G| =2k + 1, 0r
(2) kis odd and G = 2K, v Ky, or
3) k=2 and G is a wheel.

We will use the following corollary of Theorem 2.1 throughout the article.

Corollary 2.2. Let k > 2 be an integer and G be a graph with |G| > 3k. If |H| > 2k
and §(G) > 2k — 1 (i.e., L = @), then G contains k disjoint cycles.

Proof.  First, if G = 2K, V K;, then |H| = k, a contradiction. Next, if « (G) > |G| —
2k + 1, then let U be an independent set of size |G| — 2k + 1. For each u € U, d(u) <
2k — 1,50 H C V(G) \ U and |H;(G)| < 2k — 1. Finally, if k = 2, then G is not a wheel,
since the wheel has only one vertex of degree at least 4. Therefore, by Theorem 2.1, G
contains k disjoint cycles. |

Call a graph G minimal if among graphs with a certain property, |G| is minimal, and
subject to this, ||G|| is minimal. Dirac and Erd&s [5] observed the following.
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Property2.3. Letk > 2 be anintegerand f : N — Z a function. Suppose G is minimal
among the graphs without k disjoint cycles satisfying |H| — |L| > f (k). Then,

(1) 8(G) =2, and
(2) ifuv € E(G), thend(u) € {2k — 1,2k} or d(v) € {2k — 1, 2k}.

Indeed, if such a graph G contained a vertex v with d(v) < 1, then G — v is a smaller
counterexample. Similarly, if (2) does not hold, then G — uv is a smaller counterexample.

3. GRAPHS WITH TWO DISJOINT CYCLES

In this section we prove several lemmas that will serve as the base case k = 2 for our
various proofs. In notation, we will use convention (1) with k = 2.

Lemma 3.1.  Every triangle-free graph G with h > € + 4 contains two disjoint cycles.

Proof. Let Gbe aminimal counterexample. As G is triangle-free,and 7 > 4, |G| > 8.
By Property 2.3, §(G) > 2, and by Corollary 2.2, §(G) = 2. Say d(x) =2 and N(x) =
{y, z}. By Property 2.3, d(y), d(z) € {3,4}. Set G’ = G /xy. Since G is triangle-free,
do(v) =dg(v) forally € V(G) \ {x, y}. Asx € L, this implies |H,(G")| > |L,(G')| + 4.
Since G is minimal, G’ has a triangle, say v,,zw. Then C := yxzw is a 4-cycle in G. Let
W =V(G)\C.

Asxe L, |ICNH|—|CNL| <2.S0,sinceh—£€>4,|HNW|—|LNW| > 2.Thus

> dw) = 3|W|+ |HOW| = [LOW| > 3|W| +2. )

ucW

Each v € W has no two adjacent neighbors as G is triangle-free, and is not adjacent
to x as N(x) C C. Thus if ||v, C|| > 2 then N(v) N C = {y, z}. As d(y) < 4, there are at
most two such v. So ||W, C|| < |W| 4+ 2. Hence by (2),

20GIWIl =Y _d) — [W,C|| = GIW|+2) — (IW| +2) =2|W|.

ueW
Therefore ||G[W]|| > |[W|, and so G[W] contains a cycle (disjoint from C). |

The 2-core of a graph G is the union of all G’ C G with §(G’) > 2. It can be obtained
from G by iterative deletion of vertices of degree at most 1.

Lemma 3.2. Suppose the 2-core of G contains at least six vertices, and it is not
isomorphic to SKs. If h > £ + 4, then G contains two disjoint cycles.

Proof. Let G be a minimal counterexample. If there exists a vertex of degree at
most 1, then removing it yields a smaller counterexample. So G is its own 2-core and
3(G) = 2. Also |G| > 6 and by Corollary 2.2, L # @. Thus & > 5, and |G| > 7, since G
is not isomorphic to SKs. Pick x € L. Let N(x) = {y, z}.

Suppose yz ¢ E(G). Set G' = G /xy. Then |G'| = |G| — 1 > 6. Since d(x) = 2, all
v € V(G) satisfy dg (v) = dg(v). So G’ is its own 2-core, |Hy(G')| — |Lo(G')| = h —
¢+ 1>5,and G’ is not isomorphic to SKs. As |G’| < |G|, by the minimality of G, G’
has two disjoint cycles. But then so does G.
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Otherwise yz € E(G). Now xyz is a triangle in G, so G’ := G — {x, y, z} is acyclic,
and ||G'|| < |G'|. Since h > £ +4 and x € L, we have |[HNV(G)| — |[LNV(G)| > 3.
S0 Y ev() do() = 3|G'| 4+ 3. As N(x) = {y, 2},

IV(G), (v, 2}l = IV(G), VIO \ V(G = 3|G| +3 -2(IG'| - 1) = |G| +5.

Thus d(y),d(z) = 6. Let G* = G — x. Then |G*| > 6,dg- (), dg-(2) = 5, and dg+(v) =
dg(v) for all v € V(G*) \ {y, z}. So |H>(G*)| — |L,(G*)| = 5 and G* coincides with its
2-core. As |G*| < |G|, by the minimality of G, G* has two disjoint cycles. But then so
does G. |

Lemma 3.3. Every graph G containing a triangle X = x,x,x3 has two disjoint cycles
provided (a) |H\ X| — |[L\ X| > 2 and (b) ||v, X|| <2 forallv € V(G) \ X.

Proof. Let G be a minimal counterexample to the lemma. Then G — X is acyclic. Let
Y =V(G)\ X. By (a), there is u € H \ X, and by (b), ||u, Y| > 2. This yields |G| > 6.
First, we show:

IfveYand|v,Y|| <1, then v Y] = 1and v, X| = 2. 3)

Indeed, by (b), ||v, X|| < 2.Soif|v,Y|| =0or|v,X| < land|v, Y| < 1,thenv € L\ X.
Thus G — v C G satisfies (a) and (b). Then by the minimality of G, G — v has two disjoint
cycles, and hence so does G.

By (a), there are z, 7/ € H \ X. If they are in the same component of G — X, then let Q
be the interior of the unique z, 7/-pathin G — X and put G’ = G — X — Q — zZ/; otherwise
put G' = G — X. Pick maximum paths P=y,...z...yoand P =y|...Z ...y, in G.
Perhaps z = y, orz’ =y, butz, z’ € H implies |P|, |[P'| > 2. Fori € {1, 2}, if y; # z and
N(y;) N Q # ¥, then G[P U Q] contains a cycle, a contradiction. Then,

either dg_x (yi) = dg (yi) or y; = z. 4)
So, if y; # z, then by (3), ||ly;, X|| = 2. Otherwise y; = y; =z, and ||z, X|| > dg(z) —
dc_x(z) > ds(z) —dg(z) — 1 > 2. So in any case, ||y;, X|| = 2 and a similar argument
shows ||y}, X|| = 2. Now y; and y, have a common neighbor, say x; in X, and G[P + x;]
contains a cycle C;. If y| and y, have a common neighbor x; € X — x, then G[P' + x;]

contains a cycle disjoint from C;. Otherwise, one of y| and y} is adjacent to x, and the
other to x3. Then G[P' U {x;, x3}] contains a cycle disjoint from C;. |

4. PROOF OF THEOREM 1.4

Recall that we use convention (1). Let k be the smallest integer such that there exists
a graph G without k disjoint cycles satisfying |H| — |L| > 2k +¢ and |G| > 3k. By
Lemmas 3.1 and 3.2, k > 3. Choose such G to be minimal.

Lemmad4.1. |G| > 3k+ 1.

Proof.  Suppose that |G| = 3k. Create the graph G’ © G by adding edges to G
until, for each x € L, No'(x) = V(G') — x. Then §(G") > 2k — 1, so by Corollary 2.2, G’
contains k disjoint cycles. As |G'| = 3k, these cycles are triangles, and at most £ of them
contain edges from E(G') \ E(G). Thus t > k— £ and so h > £ + 2k +t > 3k = |G|.
Hence H = V(G) and by Theorem 1.1, G contains k disjoint cycles. |
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Lemma 4.2. Eachx € L is in a triangle in G.

Proof. Suppose x is not in a triangle. By Property 2.3, d(x) > 2. Let y € N(x)
and set G' = G /xy. Then dg (vyy) > d(y) and dg (2) = dg(z) for all z € V(G') — vyy.
Since any triangle in G’ not containing vy, is also a triangle in G, ¢’ :=t¢ <t + 1. Thus
H C H,(G) and L (G") +x C L. So,

|Hi (G| — |Li(G)| =h—(—1)> U +2k+1t)—€+1=1+2k+1>2k+1.
By Lemma 4.1, |G'| > 3k. As G is minimal, G’ has k disjoint cycles and so does G. W

By Corollary 2.2, L # . Fix an x € L. Let 7 be a set of disjoint triangles in G such
that (a) x € V(7), and (b) subject to (a), | 7| is maximum. By Lemma 4.2, |7| > 1. Let
Ty = Tp(7T) be the triangle in 7 containing x; say Ty = xyz.

Define an auxiliary digraph D = D(7) with V(D) = 7 and TU € E (D) if and only
ifT,U € 7 and ||v, U] =3 forsomev € T.If v € T and ||v, U|| = 3, we say the vertex
v witnesses the edge TU. We say a vertex T is reachable from a vertex S if there exists a
directed ST-path in D(7). Let R = R(7) € 7 be the set of triangles from which Tj is
reachable in D(7). Let r = |R|. Since Ty € R, r > 1. Finally, define B=B(7) = {v €
V(G)\V(T) : |lv, Ty|| = 3}. By the definitions of R and B, if ||v, T|| = 3 for a vertex v,
thenv € V(R) UB.

Lemma 4.3. If|B| < 1, then ||v, T|| = 3 for some vertex v ¢ V(R) U B and triangle
T eR.
Proof. Suppose |B| < 1land|v,T|| <2foreveryv¢ V(R)UBandT € R.
Casel:r <k—2.LetG' =G —V(R)andobservets <t —r. Wewill find k' := k —
r disjoint cycles in G'. Foreachv ¢ V(R) UB, ||v, V(R)|| < 2r,sodg (v) > dg(v) — 2r.
Thus H\ (V(R)UB) € Hy(G') and Ly (G') S (L\V(R))UB. Asx e LNV (R) and
1Bl < 1,

|He(GH) =2 h—G@r—1) —|Bl>h—3r and |L¢(G)| = (—1)+|B] <t
Combining these inequalities yields
|He (G)] — ILe (G| = (h=3r) =€ = 2(k—r) + (t — 1) = 2k +15.

As k' > 2 and |G'| = |G| — 3r > 3k/, G’ contains k’ disjoint cycles by the minimality of
G, and thus G has k disjoint cycles.

Case2: r=k—1.Let R~ =R — T and consider G = G — V(R™). For each v ¢
V(R)UB, since ||[v, V(R7)|| <2(r—1), dg(v) > dg(v) — 2k + 4. This implies that
H\ (V(R)UB) C H>(G') \ Ty and, since each vertex in B is adjacent to three vertices
inTy € G, L,(G)\Ty € L\V(R). Therefore, sincex € LNV(R) and |B| < 1,

IH2(GO\Tol 2 h— Br—1)— [B|>h—3k+3 and [L(G)\T| <¢-1.
Since t = k — 1, these inequalities give
IH>(GH\ To| = ILo(GH\Tol = (h =3k +3) =€+ 1> (L +2k+ (k— 1))
—3k+3-¢+4+1=3.

If |lu, Tp|| = 3, then u is the unique vertex in B; in this case let e be an edge from u to Ty
and let G” = G’ — e. Otherwise, let G” = G'. Since in both cases, dg(v) = dg (v) for
veV(G)\ (To +u), |H(G")\ Ty — |[L2(G”) \ Ty| = 2. By Lemma 3.3, G” contains
two disjoint cycles, and so G contains k disjoint cycles, a contradiction. |
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Lemmad.4. Ifv¢V(R)UBand|v,T| =3 forsomeT € R, then there are a vertex
v € V(T) and a set T' of disjoint triangles such that xyz € T', |T'| = |T|, B(T') =
B+V,andV((T)=V((T)+v—V.

Proof. LetT =T;,Tj_y,...,Tybe aT — Tj path in D(T) and, for each i € [j],
let v; witness the edge ﬁi_]. Define the triangle 7} to be 7; — v; + v and the triangle
T/ to be T; — vi 4 viyy forall i € [j — 1]. Then, T/ = (T \ Ty, ..., ;) U{T{, ..., T}}
is a set of |7| disjoint triangles in G, v/ :=v; ¢ V(7') UB, and ||V, Ty|| = 3. Thus
B+V =B(T). [ |

Now choose 7 subject to (a) and (b) so that B is maximum.
Lemma 4.5. |B| = 2. Moreover, ||v, TyUB| <2 forallv ¢ V(T)UB.

Proof. As B is maximum, Lemmas 4.3 and 4.4 imply |B| > 2. Fix a vertex u; € B
and let 7; be the triangle xyu,. Observe 7' = T — Ty + T is aset of | 7| disjoint triangles
inG.Let R = R(T'), ¥ = |R/|,B =B (T")andnote z € B. If |B'| > 2, 1et T" = T".
Otherwise by Lemma 4.3, there are v ¢ V(R')UB and T € R’ with v, T| = 3. By
Lemma4.4,therearez’ € V(7") andaset 7" of triangles satisfying T; € 7",|7"| = |T'|,
and B(T") = {z, 7}

If |B] > 3, then pick up € B\ {uy,v}. As V(T")\V(T) C {u1, v}, up ¢ V(T").
Thus 7" — Ty U {xu2/, yupz} is a set of |7|4 1 disjoint triangles containing x,
contradicting (b). So |B| = 2.

Lastly, if v ¢ V(7)) UB and ||v, Ty U B|| > 3, then v has neighbors w € T) and u € B.
Thus vuw and (T — w) U (B — u) are disjoint triangles in 7y U (B 4 v), contradicting
(b). |

Let T* := G[Tp U B]. Define a second auxiliary digraph D*(7") to have vertex set
T —Ty+ T* and TU E(D*(7)) if and only if ||v, U|| > 3 for some v € T. Again, we
say the vertex v witnesses the edge TU. Define the set of graphs R* to be T* together
with the set of triangles from which T* is reachable in D*(7). Let r* = |R*|.

Lemma4.6. IfveV(G)\V(R"), then|v,T| <2foreachT € R*".

Proof. Suppose veV(G)\V(R*), TeR*, and |v,T||>3. Let T =T,
Ti_y,....,T1,T*beaT — T* path in D*(7). By Lemma 4.5, v is adjacent to at most
two vertices in 7%, so j > 1.

Let v; witness the edge Tﬁ* and, for i € {2, ..., j}, let v; witness the edge ]TT)"H.
As in the proof of Lemma 4.4, define the triangle 7} to be 7; — v; + v and the triangle
T/tobe T; —v;i+viyi forallie [j— 1. If v, To|| =3, then 7" = T\ {T}, ..., T;} U
{1/,..., Tj/} is a set of |7| triangles in G, but B + v; = B(7"), contradicting the maxi-
mality of B. Otherwise, there exista vertex w € N(v;) N Tp,avertexu € N(v;) N B,and a
triangle 7j = (To —w) U (B —u). Then 7' =T \{To, T1, ..., T;} U {viwu, T’,...,Tj/}
is a set of | 7| 4 1 disjoint triangles in G, contradicting the maximality of 7. |

Proof of Theorem 1.4. LetG' =G —V(R*).Setk' =k —r*andt =t — r*. Then
k' > 1. By Lemma 4.5, B has the form {w, w,}, and by Lemma 4.6, every v € V(G')
satisfies

dg (v) = dg(v) — 2r". &)
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Thus H\ V(R*) € Hy(G') and Ly (G') € (L\ V(R*)). As x € L N Ty, this implies
|[HNHy(G)|>h—Br"—1)—|B|>h—3r"—1 and
ILy (G < ILNV(G)] <€ — 1.
Combining these inequalities yields
|Hp (G| = L (G = (h—=3r" — 1) = (£ = 1) = 2(k — ") + (t — r") = 2K 41" (6)
and
I[HNHy (G| —|ILNVG)| > h—=-3r—-1)—(L—-1)>2k—r)Y+ @t —r)=2+1. (7)

Case 1: |G'| =3k — 1. As H (G') # ¥, A(G') = 2k" and 2k’ + 1 < |G'| = 3k' — 1.
So k' > 2. Let Gt = G’ v K, where V(K;) = {u}. Then |G"| =3k and tg+ <t + 1.
So

|He (GH)| — L (G| > |Hp(G) +ul — |Lp (G = 2K +1 + 1> 2k + 16+
As |G| is minimal, G* has a set &’ of k¥’ disjoint triangles. Since |G*| = 3k/, we
may assume 7' = wuuju) € S'. Let T ' =xyw; and S=(S' -THUR-Ty+T").
Thus t =k—1, h >2k+t+£=3kand £ =1. So H=V(G) — x. Let uouy := zw»,
U = {uy, u}, up, u,}, and note that u |, upu, € E(G — V(S5)).

Since U € H, and G[U] is acyclic, ||U,V(G)\U| =8k —6 > 8(k —1). Thus
IU,T|l =9 for some T = qi1q2q3 € S. Say llq1, Ull < llg2, Ull < ligs, Ul Then gu;u;
is a triangle for some i € [2]. Now |[{g1, g3}, {uz—i, u5_}|| = 2, so {q1, g3, us—, us_;}
contains a cycle. Thus G has k disjoint cycles, a contradiction.

Case 2: |G'| > 3k. If k¥ > 2 then (5), (6), and the minimality of G imply G’ contains

k' cycles and so G contains k cycles. So assume k' = 1 and G’ is acyclic.
By (7), |[H N Hp (G')| — |[LNV(G")| = 2. Thus, there is a component Gy of G’ with

|H N Hi (Go)| — ILNV(Go)| = 1. ®)

By (5), |Gyl > 3. Let Wy = V(Gy) and G{; = G[T* UW,;]. By Lemma 4.5 and the fact
that G has no isolated vertices,

4, ifve HNWy;
dG;)(v)z 1, ifveLNW;

3, ifveWy\ (LUH).
By this and (8),
Wo, T*|| = qu;(V) = 2[Goll = 2.5|Wo| + L5(|H N Wo| — LN Wp|) —2(|Wo| — 1)
veWy

>05Wy|+154+2=>5.
It follows that there are w € Ty and u € B such that ||{w, u}, Wy|| > 2. Then G[W, U

{w, u}] contains a cycle, and (T) — w) U (B — u) induces a triangle. This gives k disjoint
cycles. |
5. PROOF OF COROLLARY 1.5

Suppose an integer k > 2 and a graph G satisfy h — ¢ > 2k + ¢+ 1, and G has no k
disjoint cycles. By Lemmas 3.1 and 3.2, k > 3. Let |G| = 3k’ + r, where ¥ = | |G| /3]
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and 0 <r <2. By Theorem 14,3k —1>|G|>h>2k+1>7,50k—1>k >2.
Pick R C V(G) so that G’ := G — R has ¢ disjoint triangles. Let r = |R|. Then t¢ =1,
and dg (v) > dg(v) — 2 for each v € V(G'). Thus

\Hy (G| — |Le(G)| > [H\R| — € >2k+1t+1—r>2K +15 + 1.

By Theorem 1.4, G’ has k' disjoint triangles, so t = k' and |Hy (G')| = 3k + 1 > |G|,
a contradiction.

6. PROOF OF THEOREM 1.7

The proof will be by contradiction. Consider the smallest k£ such that there exists a
counterexample G, and choose such G to be minimal. If k = 2,then & > 4,s0 G = K5 or
|G| > 6. As G is planar, G contains neither K5 nor SKs. Thus by Lemma 3.2, G has two
disjoint cycles. Hence k > 3.

We first show that L # (J. Since G is planar, ||G|| < 3|G| — 6 and the average de-
gree is less than 6. If k > 4, then L # () follows immediately. If k = 3 and 6(G) =5,
then since h > 2k = 6, |G| > %(36 4+ 5(|G| — 6)). This implies |G| > 18 = 6k, and by
Corollary 2.2, L #£ .

Let x € L. We claim that

for every y € N(x), the edge xy is contained in a triangle. 9

Indeed, if xy is not in a triangle, then consider the graph G* = G “xy. The degree of every
vertex other than x or y remains unchanged and the degree of v,, is at least the degree
of y. Therefore, |H;(G*)| > |Ly(G*)| + 2k and by the minimality of G, G* contains k
disjoint cycles. Expanding the edge xy yields k-disjoint cycles in G. This proves (9).

Fix a plane drawing of G. Every triangle T separates the plane into the exterior region
R (T) and interior region R,(T). Among all triangles containing x, choose T’ so that
R, (T") contains the fewest vertices. Let T’ = xyz, Ry = R;(T"),and R, = R,(T"). By (9),
R, contains no neighbors of x.

Suppose G has two vertices v; and v, adjacent to all three vertices of 7’. By the choice
of T" and R,, both v; and v, are in R;. The planar drawing induced by 7’ U {v{, v,}
contains no edges in the interior of R,. Adding a vertex v in R, adjacent to all three
vertices of T’ gives a planar embedding of Kj 3, a contradiction. So G has at most one
vertex vy adjacent to all three vertices of T".

Let G =G —T',k =k — 1. Then for each u € V(G) — vy, dg (1) > dg(u) — 2 and
do (vi) = dg(vy) — 3. It follows that |[H N {v{}| + |Ly (G") N {v1}| < 1. Hence

|Hp (G| = L (G = (h—=2 = [HN{}]) = (6 = 1+ [Lp (G) N {wi}]) = 2k -2 =2k
By the minimality of G, G’ contains k — 1 disjoint cycles, and so G contains k disjoint
cycles.
7. PROOF OF THEOREM 1.8
Following Dirac and Erdds [5], let V= (G) (respectively, V<;(G)) denote the set of vertices
of G of degree at least s (respectively, at most s). In these terms, H = Hy(G) = V> (G)

and L = L;(G) = V<—2(G). The following lemma may be of interest on its own.
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Lemma 7.1. Let G be a triangle-free graph with V(G) # . If
[Vo2u4:1(G) ] = [Varim1 (G)| = 2k — 2, (10)
then G has k disjoint cycles.

Proof. Suppose the lemma does not hold and consider the smallest k such that there
exists a counterexample. Among all such counterexamples, choose the graph G to be
minimal. First consider £ = 1. Since |V>3(G)| > |V<1(G)|, G contains a component with
average degree at least 2. Therefore, G contains a cycle and the claim holds. Now, let
k>2.

By (10), the sum of degrees of the vertices in V>, (G) is greater than the sum of degrees
of the vertices in V<y;_; (G). Thus there are vertices u, v € V-2 (G) such that uv € E(G).
Since G is triangle-free, N(v) N N(u) = ¥ and so |G| > 4k. Since G has no k disjoint
cycles, by Theorem 1.1, G has a vertex x € Va1 (G).

As in Property 2.3, if d(x) < 1, then G — x is a smaller counterexample, so d(x) > 2.
Lety € N(x). Since G is triangle-free, contracting the edge xy does not change the degree
of any vertex distinct from x, y. By the minimality of G, G ~xy contains either k disjoint
cycles or a triangle. If G “xy contains k disjoint cycles, then G does as well. Otherwise,
let v,yzw be a triangle in G,/ xy. Then by symmetry we may assume xyzw is a 4-cycle in
G. Every vertex in G — {w, x, y, z} is adjacent to at most two vertices in {w, x, y, z}.

Letk' =k —1and G’ = G — {w, x, y, z}. Then, for eachv € V(G'), dg (v) > dg(v) —
2,50 Var1(G)] = [Varis1(G)] — 3 and [Verp—1 (G)] < |V (G)| — 1. Therefore,

[Vorr 11 (G = Vaaw—1(G)] 2 [Vargs1 (D) =3 = (Va1 ()| = 1) 2 2k =2 -2 =2k - 2.
By the minimality of G, G’ contains &’ disjoint cycles. Hence G contains k disjoint cycles.ll

Suppose that Theorem 1.8 is false and let k be the smallest integer such that there exists
a counterexample. Among all counterexamples, choose G to be minimal.

Lemma7.2. |G| >4k —1andL # 0.

Proof. Suppose |G| < 4k —2.Forallu € H,|N(u) N H| > 2 and if alsow € H then
IN(w) N N(u)| > 2. It suffices to show that G has two disjoint triangles. As & > 2k > 6, if
G[H]is acomplete graph, then we are done, so assume there are x, y € H withxy ¢ E(G).

Choose we Nx)NH, ze No))NH—w, and ve Nw)NN(x) —z If Ny)N
N(z) # {v, w}, then there are two triangles in G; else put Q = {v,w, y,z} and P =
N(x)\ Q. Now |P| > 2k — 3 > k. If there is u € P with d(u) > 2k — 1, then there is
t € N(x) N N(u). Thus txu is a triangle, and Q — ¢ contains another triangle. SoV(P) C L
and |L| > k. Therefore, |G| > h+ € > 20 + 2k > 4k. |

Lemma 7.3. Ifx € L, then x is not contained in a triangle.

Proof. Letx € L and suppose T is a triangle in G containing x. Let B = B(Ty) =
{v e V(G) : ||v, Ty|| = 3} and fix Ty = xyz so that |B| is minimized. Letk' =k — 1,G’ =
G —Ty. Foreachv € V(G') \ B, dg (v) > d(v) — 2,50 |Hpy(G')| = |H\ (BUTp)| and
ILe (G < IL\ (BUTp)| <€ — 1.

If |B| < 1, then |Hy (G)| — | Ly (G)| = (h—3) — (£ — 1) > 2k — 2 = 2K'. Since G’
is triangle-free, by Theorem 1.4, G’ contains k — 1 disjoint cycles. Then G contains k
disjoint cycles. Similarly, if |B| = 2 and B U Tj contains at most three vertices in H, then
G’ contains k disjoint cycles. So we may assume that |B| > 2 and B U T contains at least
four vertices in H. We complete the proof in three cases.
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Case 1: B is an independent set. Let uj,uy € B and T} = xyu;. If v¢ BU T, and
v, Ty || = 3, then xu;v and yzu, are two disjoint triangles in G. Let k¥ =k — 1, G’ =
G — Ty.Foreachv € V(G") — z,dg» (v) = dg(v) — 2 and dg» (z) = dg(z) — 3. So possi-
bly z € H\ Hy(G") or z € Ly (G") \ L, but not both, that is, [{z} N H| + |{z} " L"| < 1.
Therefore,

|He (G| = Ly (G = (h =2 = {2} NH]) — (€ = 1+ [{z} N L (G")]
> (h—0) —1—= Uz NHI+ {2} N L (G)]) Y
>2k—2=2K.

By Theorem 1.4, G” contains k — 1 disjoint cycles. Then G contains k disjoint cycles.

Case 2: |B| > 3. Let u;, up, u3 € B and, by Case 1 assume uju, € E(G). Then xuju;
and yzus are two triangles in G, a contradiction.

Case 3: |B| = 2. Let u;, uy € B and, by Case 1, assume u u; € E(G). In particular
B U Ty = K5 and every vertex in B U Ty apart from x is in H. If v ¢ B U Tj is adjacent to
two vertices in B U Tj, then G contains two disjoint triangles, a contradiction. Let k' =
k—1and G =G — (BUTy). For each v € V(G'), ds:(v) = dg(v) — 1. In particular,
[Vor41(G)| = h— 4 and |Vor 1 (G')| < £ — 1. Therefore,

Va1 (G| = Va1 (G = (h—4) — (€ — 1) = 2k =3 =2k — 1. 12)

The graph G’ is triangle-free, so by Lemma 7.1, G’ contains k — 1 disjoint cycles. Then
G contains k disjoint cycles. |

Lemma74. Ifx,z €L, then [Ng(x) NNg(y)| < 1.

Proof. Supposew,y € Ng(x) N Ng(z). Then X = wxyzisacopy of C4in G. If v ¢ X
is adjacent to at least three vertices in X, then either x or z is contained in a triangle,
contradicting Lemma 7.3. Let G’ = G — X. For each v € V(G'), dg (v) > dg(v) — 2.
Therefore,

|Hy (G| — Ly (G| > (h—2) — (£ —2) > 2k = 2k' + 2. (13)

Since G’ contains at most one triangle, by Theorem 1.4, G’ contains k — 1 disjoint cycles.
Then G contains k disjoint cycles. |
Let L = {x, ..., x¢} and, for each i, let y; € Ng(x;). Starting with the graph G = Gy,

we construct a sequence of graphs by defining G; = G;_; x;y;. For simplicity, if
we contract the edge x;y;, we label the contracted vertex in G; as y;. We termi-
nate this process if G; contains k cycles or when i = min{¢, k — 1}. Suppose, after
terminating the process, we have defined graphs Gy, ..., G, for some nonnegative
integer r.

Lemma7.5. Forthe graphs Gy, ...,G,andi € {0, ..., r}, all of the following hold:

(1) 1Gil = 1Gol —i = 3k;

(2) ifi < r, then G; contains i + 1 disjoint triangles;

(3) L; is an independent set;

(4) ifx € Ly(G)), then Ng,(x) is an independent set;

(5) ifx,x' € Ly(Gy), then |Ng,(x) N Ng, (x')] < 1;

(6) Li(G)) = Lo — {x1, ..., x;} and Hi(G;) 2 Hi(Go);

(7) ifi = 1 and G; contains k disjoint cycles, then G;_ does as well.
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Proof. For all i, (1) holds by Lemma 7.2 and (7) holds since a contraction cannot
increase the number of disjoint cycles.

The proof of (2)—(6) will be by induction on i. By assumption, G contains at most
one triangle. If G is triangle-free, then by Theorem 1.4, G contains k disjoint cycles,
so (2) holds for i = 0. Since Gy is a minimum counterexample, (3) holds for i =0
by Property 2.3. Further, (4) and (5) hold for i = 0 by Lemma 7.3 and Lemma 7.4,
respectively. And (6) is trivial for i = 0.

Suppose that r > 1 and consider i € {1, ..., r}. Assume that (2)-(6) hold for all j < i.
Recall that G; = G,_ /x;y;. By (4) fori — 1, dg, (yi) > dg,_, (yi) and no other vertex v is
adjacent to both x; and y;, so dg, (v) = dg,_, (v). Thus, (6) holds.

To see that (3) holds, observeif uv ¢ E(G;_;),thenuv € E(G;) onlyifu, v € Ng,_, (x;).
Since L, is an independent set and L;(G;) 2 Ly (G;—) by (6), Ly (G;) is also an inde-
pendent set.

If x € Ly(Gi), then by (6), x € Ly (G;_;) also and x # x;. Let y, ¥’ € Ng,(x) and note
that since (4) holds for G;_;, yy' ¢ E(G,_,). Edges are only added to G; between pairs
of vertices in Ng,_, (x;). Since (5) holds for i — 1, [Ng,_, (x;) N Ng,_, (x)| < 1, soy and y’
cannot both be in Ng,_, (x;) N Ng,_, (x). Thus, yy' ¢ E(G) and (4) holds for i.

If x, x' € Li(G;), then by (6), x,x" € L;(G,;_;) and |Ng,_, (x) N Ng,_, (x")| < 1. Since
Li(Gj_) is an independent set, Ng, (x) = Ng,_, (x) and Ng, (x') = Ng,_, ('), so [Ng,(x) N
Ng,(x")| < 1 and (5) holds.

Finally, by (2), G, contains exactly i disjoint triangles. Contracting an edge introduces
increases the number of disjoint triangles by at most 1, so G; contains at most i + 1 disjoint
triangles. By (6),

[H (G| — [Le (G| = h— (€ — i) = 2k +i. (14)

Since |G;| > 3k, if G; contains i disjoint triangles, by Theorem 1.4, G; contains k disjoint
cycles and i = r. Therefore, if i < r then G contains exactly i 4 1 disjoint triangles and
(2) holds. |

We are now ready to complete the proof. If r < min{¢, k — 1}, then we stopped the
process because G, contains k disjoint cycles. If r = k — 1 = min{¢, k — 1}, then G;_»
contains k — 1 disjoint triangles and Gj_; contains at least this many disjoint triangles.
If Gy contains only k — 1 disjoint triangles, then by Lemma 7.5 (6),

|Hi (Gi-D)| = 1L (G- =2 h = (£ = (k= 1)) =2k + (k= 1) =3k—1.  (15)

Lemma 7.2 implies that Gy_; contains 3k vertices and by Theorem 1.4, G, = Gy_;
contains k disjoint cycles. Finally if r = £ = min{{, k — 1}, then L, = ¢ and |H;(G,)| >
2k. Corollary 2.2 implies G, = G, contains k disjoint cycles. Therefore, in any case G,
contains k disjoint cycles and by Lemma 7.5 (7), G contains k disjoint cycles as well.

8. CONCLUDING REMARKS

Remark 1. As mentioned earlier, there are graphs G with |G| > 3k and |Hy(G)| —
|Ly(G)| = 2k that have no k disjoint cycles, but all examples that we know have rather few
vertices. The largest such graph G that we can construct has 4k vertices and is obtained
as follows.
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Let F be acopy of K3;_;. Choose W C V (F) with |W| = k and delete all edges between
the vertices in W. Then add k + 1 new vertices xo, x1, . . ., Xx, and make x, adjacent to
X1, ..., X, and all vertices in W. In other words, let (Ky,_1 U K;) V K be the 2-core of
G, and complete the construction by adding k leaves adjacent to xy, where V (K}) = {x¢}.

Now Ly (G) = {xy, ..., x}, and H(G) = V(G) \ Ly (G). This graph has no & disjoint
cycles, since its 2-core has 3k vertices, and xy does not belong to any triangle.

Is it true that every graph G with |G| > 4k + 1 and |H;(G)| — |Lx(G)| > 2k has k
disjoint cycles?

Remark 2. Lemma 7.1 suggests that considering |V>2141(G)| — [V<2k—1(G)| instead
of |H(G)| — |Lx(G)| may result in different bounds providing the existence of k disjoint
cycles. It could be that the claim of Lemma 7.1 holds not only for triangle-free graphs. That
is, it could be that for any nonempty graph G with |V=2;+1(G)| — |V<2k—1(G)| > 2k — 2,
G contains k disjoint cycles. This is trivially true for k = 1.
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