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ABSTRACT

Erdés and Rado defined a A-system, as a family in which every two members have the
same intersection. Here we obtain a new upper bound on the maximum cardinality ¢(r, q)
of an n-uniform family not containing any A-system of cardinality g. Namely, we prove
that, for any a > 1 and g, there exists C = C(a, q) such that, for any n,

(log log log n)° ) !

!
e(n, q)= C”'( a loglogn
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1. INTRODUCTION

Erdés and Rado [3] introduced the notion of a A-system. They called a family #
of finite sets a A-system if every two members of ¥ have the same intersection.
Let ¢(n, q) (respectively, ¢(n, g, p)) denote the maximum cardinality of an
n-uniform family not containing any A-system of cardinality g (respectively,
n-uniform family not containing any A-system of cardinality g such that there are
no p pairwise disjoint sets).
Erdés and Rado [3] proved that
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(- 1)"=¢(n q)=(q- 1>""'{ 2 m} W

and conjectured that

en,3)<c" for some absolute constant c .

Abbott, Hanson, and Sauer [1] improved the upper bound in (1) down to

_ 2 6 _7().5 n
go(n,q)s(n+1)!{q H(q: 9-7) }

We are interested in asymptotic bounds on ¢(n, g) for fixed q. The best
published upper bound of this kind is due to Spencer [5]: For fixed ¢, € > 0, there
exists C = C(q, €) such that

o(n, ) <C(1+¢€)'n!,

and
en,3)< e nt
Fliredi and Kahn (see [2]) proved that

en,3)< eVl

In [4], it was proved that, for any integer a > 1, there exists C = C(a) such that,
for any n,

o(n,3)=Cnla™.

It appeared that the bound can be extended from g = 3 to any fixed ¢ (using
ideas of Spencer [5]). The aim of the present paper is to prove:

Theorem 1. Let n=1 and q=p=2 be integer and a(n,q)=

max {20, s 8280} Then there exists C(q) such that for all n,

dpa(n.g)

¢(n, q, p) = C(g)nt|logiogn] a(n, q) "

Maybe more visual is the following immediate consequence of Theorem 1.

Corollary 2. For each integers q >2 and a > 1, there exists D(q, a) such that, for
all n,

(log log log n)2>"
aloglogn

e(n, Q)SD(q,a)n!<

To derive Corollary 2 from Theorem 1, consider arbitrary integers ¢ >2 and
a>1. Let n,=min{|logloglogn>400ga}. Then a(n, q)= Tﬂﬁ%}‘z'ﬁ)—g;, and,
by Theorem 1,

_ogeen [ 20q log log log n
#(1, 4) = 9(0, 4, 4) = C(g)n!(log log my 5 ZLLOEOE 0B}

(log log log n)2>" - C(q)n!(“Og log log n)2>"

1/5
< (g)ni(log n) ( 2a loglogn a loglogn
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Choosing D(n, a) = max{C(q), ¢(n,, q)}, we get Corollary 2.

The proof of Theorem 1 almost completely repeats that in [4]. In particular, in
the course of proofs some inequalities are true when # is large in comparison with
q. We choose C(gq) so that the statement of the theorem holds for smaller n.

All the logarithms throughout the paper are taken to the base e.

2. PRELIMINARY LEMMAS

Call a family & of sets a (g, n, k, p)-family if it is an n-uniform family not
containing any A-system of cardinality ¢ such that the cardinality of the
intersection of each two members of % is at most n —k and there are no p
pairwise disjoint members of %.

Lemma 1. For any (q,n, k, q)-family F,

. n—kr1 1!
|Fl=(q-D""" -

Proof. We use induction on n — k. Any (q, k, k, g)-family has at most g —1
members. Hence the lemma is true for n —k =0.

Let the lemma be valid for n —k<m —1 and & be a (g, m + k, k, q)-family.
Choose g —1 members A,,..., A, _, of ¥ with maximum cardinality of their
union and let Z =% A,. Then each A € ¥ has a nonempty intersection with
Z.

For any x € Z, let #(x)={AE F|x € A}, F(x) = {A\{x} | A € F(x)}. Then,
for all x€ Z, #(x) is a (¢, m + k — 1, k, g)-family. Thus,

~  (m—1+k)! maq (Mt k)
7= 2 1wl =lzlg - )" =) . o
From now on, we suppose that for each m=n—1 and 1 <p’' <p,
¢(m, q) = C(q)m!|loglog m] """ Pa(m, q)" , )
¢(n, g, p')= C(q)n!lloglogn| ¥ " Pa(n, q)™" . (3)
The following observation from [5] will be used throughout the paper. Let
B,, ..., B, be pairwise disjoint finite sets and ¥ be a (g, n, 1, g)-family such that
|ANB,|=b, for each A€ F. Then
o1 - (1Bl B/ _
#l=('" ) b Jer=by = =b.q). 0
1 t
Lemma 2. Let 0<r=k=n/2 and for any members A,,...,A, of a
(q.n,1, q)-family F,
A, U---UA,|<rm—kr’/2. (5)

Then

n!
|F|=C(@) 7y -
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Proof. For r =1 the lemma is valid since (5) is impossible as r = 1. Suppose that
the lemma is true for r <s — 1 and |%| > C(q)n!/k!. By the induction hypothesis,
there exist A, ..., A,_, €% such that for theset B=A, U---UA _,, we have
[B|> (s — 1)n — k(s —1)*/2. If the lemma does not hold for %, then, for all
AEF,

|ANB|>b+((s— Dn—k(s —1)*/2) — (sn — ks*/2) = k(s — 1/2) ,

and there is an i,1=<i=s — 1 such that |[A N A,|> k. Thus, by (4),
n
Fl=6-1( \ et k1.9

=(s- 1)<k:l_ l) llog log(n — k — 1) “9* ¥~ 19)

X Clq)(n k= Dla(n—k—1,q)""*"

s—1
< C(q)nta(n —k—1,q) """ log log(n — k — 1)] “"“‘""""‘“)m .

Note that for sufficiently large n—k—1, we have |[loglog(n—k -
1)} 4% 19 < (Jog(n — k —1))""° and hence |F| < C(g)n!/k!. O

Lemma 3. Let é=2, 1=t<s<n and ¥ be a (q,s,1, q)-family with |F|=
Cs'é . Then there exist ¥' CF and X such that

(1) |X|=s—1,
(2) forall ACEF', ADX;
(3) |F'|=Ct!B™", where B =(2q¢)"".

Proof. Case 1. Forany AEF, |[{BEF||BNA|=s—t}|=Ci!12°B™"—1. Let #
be a maximal (q,s,t+ 1, g)-subfamily of %. By the choice of 3, for each
B € #\¥, there is an A € % with |B N A|=s —t. Thus, |F\¥| = |#|(CH12'B"" —
1), and

=TI _stCaer st
=cong T neey 1

But the existence of such a big (g, s, t+ 1, g)-family contradicts Lemma 1.

Case 2. There exists AE F such that |{BE F||BN Al=s —t}| = [C:12°87'].
If |Ct'2°87'] =1 then the statement is trivial. Otherwise, for some X C A with
|X|=s~—1,

BeF|Bnasxy|=lang)(0,) .

This is the family we need. ad
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3. MAIN CONSTRUCTION
Let & be a (g, n, 1, p)-family with |%| = o(n, ¢, p). Assume that

|F|> C(q)n!lloglog n]**"a(n, q)™"

The idea is to find a (not too large) family of collections of pairwise disjoint (and
considerably small) sets such that most members of & intersect each set from at
least one of these collections and then apply (4). We put

a=la(m q)l, y=In3al, m=3a-1,
k=[xt (loglogn)’],  r=loglogn] .

Lemmad4. Foralls=0,1,... mandfori(,—landanyil,.. L, E{L, ..., )
there are subfamilies #(1,i,, ... ,i,) of the family ¥ and sets X(zl, ...,i,) and
Z(1,i,,...,i,_,) such that, for s#O and for any i,,...,i, i, €{1,...,r},

() F(,i,,...,i)CFQAi,....0_),
(i) foral A€ F(1,i,,...,i), ADX(U)UX(,,i,)U---UX(@,,i,, ..., i),
(iii) the sets X(i,), X(i,, i), ..., X(i,,i5,...,i,) are pairwise disjoint,
(iv) XG5 i) =,
(v) 1z(1, il,iz, ce i D =skr(r+ )72,
2. (IS A I R Y a . (I A N 5 el § U P ST S
viii) 1F(, i), ..., )|>C(n—sy)'§’y " where
6= «2a)n~*w(4q)"*"' I R () R G
Proof. We use induction on s. Put F(1):= %, £,:=2a.
Steps (0=s<m). We have at hand #(1,i,,...,i) for any i,,...,i €
{1,...,r} and if s >0 we also have sets X(i,,...,i,) and Z(1,i,,...,i,_,) as
needed. Consider

=%1,i,,...,1,)

= {AX(,) U X, i) U UXGys iy i AEF(L, 0y, .., i))

According to the statements of the lemma, F is a (¢, n — sy, 1, q)-family. Note
that n —my=n — (3a — 1)n/(3a) = n/(3a) and hence for each 0 =s=m,

(ns —s(s — 1)y/2)/(n —sy) < ns/(n — my) S%< (Ba)®.

Therefore, for each 0 =s <m.

£, = (22)**(49)™" = (8¢9)*"’ (6)

and due to Statement (vii) of the lemma, we can use Lemma 3. This Lemma 3
provides that there exists X, of cardinality y and %, C F with |%,| = C(n — (s +
Dy)!BEY " (where B = (2q§ )"—U—”LW) such that each A € ¥, contains X,. We
put Z,:=0.

Suppose that (g,n —sy, 1, g)-families ¥,,...,% and sets X,,...,X,
Z,,...,Z, are constructed and that, for each 1=j=I[, 1=j' <[, j#],
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. |x|=
[ |Z,|skl(l~ 1)/2,
* XNX.CZ, (7
e for all AE?(’/, XjCA,

® |H|=C(n—(s+y)el’ .

s+1

If I <r, then we construct #,,,, X,,,, and Z,,, as follows. Note that, for each
AE F, we have

|Al=n—-sy=2y>lk+y,

and by (4) the number N(s, /) of A € % with |[AN (X, U---UX,)| =k does not
exceed

e(n—sy — Ik, q)

<|Xlu...

UX,|>
lk

= <§i> C(q)(n — sy — Ik)!|log log(n — sy — lk)] dga(n—sy—lk.q)
Kan =5y =ty )"
Since n —sy — Ik >y, for large n we have
Llog log(n — sy — Ik)} “4= 0 "9 q(n — sy — Ik, q)™ %"
= (log(n — sy — k) a(n —sy — Ik, )" " * " < 1.
Consequently,

ely\' C(q)(n —sy)!

N(s, l)<< (k/e)lk

C(q)(n —sy —lk)' =

But for large n we have

k
(E) = n ﬂ%ﬁ%&f_nﬁ = pl-Suliog tog )3 > en(3qa)3 )
e elogn

In view of (6), we obtain
k= (kle) = (2¢,)", (8)

and for the family %' :={A€F||AN(X,U---UX,)|<lk} we have |¥'|=
|%| C(q)(n —sy)(2¢,)” " = C(q)(n — sy)!(2¢, )” ", Then by Lemma 3 there
exist %, C %' and X,,, with |X,,,| =y such that each A€ %, contains X,,,
and |%,, | = C(q)(n — (s + Dy)!1BC" ™" where

B =(2q X 26)7E = (4q x ((20)'(4q)" ¢ )y

_ ((2a)"(4 )n(s+l) s(s+1)y/2) (S+1)v = § i
By definition of #’,



AN INTERSECTION THEOREM FOR SYSTEMS OF SETS 219
XN U uX)| <k

Putting Z,,,:=Z,U(X,.,N(X,U---UX))), we have |Z ,|=|Z|+k=ki(l+
1)/2 and conditions (7) are fulfilled for / + 1. Thus we can proceed till / =r.

After constructing #,, X,, and Z,, we put, for j=1,...,r,
X(iy, iy .00y, j)i=X; and

F,i,, i, )={AUXEDUXGE,,L)U - UX>,, iy, ..., 0, J)|AE X},
and
Z(l,i,...,i)=2,.

By construction, the statements (i)—(vii) of the lemma will be fulfilled fors +1 O

Lemma 5. Forall s=0,1,... ,m+1and forall i,,... i €{1,...,r}, there
are sets X(i,,...,i)and Z(1,i,,...,i._)and foralli,, ..., i . €{1,...,r},
there are sets A(iy,...,i,,,) € F such that

(i) the sets X(i,), X(i\,1,), ..., X(i, b5, ..., i, ) are pairwise disjoint;

(i) | X(i,, iy, .. i) =yif 1=s=m,

Gii) | X\ iy, iy, ) =0 —my,

(iv) AGy,. i) = X)) UXGy, i) U - UXG, iy iyy), for all s=
I,....,mand foralli,.. ,i,ii€{l,...,r},

O XUy iy, oo vie i) O Xy iy oo ie 10 iYCZ(L, 0y by oo i),

Wi) \Z(, iy iy, i, )| =k(r+1)/2,

Proof. For s=0,1,...,m and for any i,...,ii€{1,...,r}, consider
F(,i,,...,i), X(i,,...,i),and Z(1,i,,...,i,_,) from Lemma 4.
Now, for an arbitrary (m + 1)-tuple (1,4,,...,i,), consider

x=%01,i,,...,i,)
= {AX(, ) UX(,, i) U - UXGy, b, - a i) | AEF(, 0y, 0}

By construction, & is a (g, n —my, 1, g)-family and, by Lemma 4, |#|= C(n —
my)g "

Recall that n — my =n/(3a). By (8), for large n, |%|> C(q)(n ~ my)!/k! and
by Lemma 2 [note that 0 <r <k <(n —my)/2], there exist A,,..., A, € ¥ such

that

A, U-- UA,|>r(n—my)—kr?/2. (9)
Let

Z(i,, .. 0= U ANA,,

I=sj<h=r
and for j=1,...,r, X(i|, 5, ...,0,,J)'=A;, and
A, il D=XE)UXEL U - UXG L, 5, UA;

In view of (9), |Z(1,i,,...,i )| <kr’/2. Now, by Lemma 4 and the construc-
tion, all the statements of the lemma are fulfilled. O



220 KOSTOCHKA

Lemma 6. If A€% and ANAQ,,...,i,.)#*0 for al i,...,i, €

’lm+l
{1,...,r}, then there exist s, 0<s<mand i, ...,i,€{1,...,r} such that

ANXG,, iy .. i, )20 Vi€, ... r). (10)

Proof. Assume that for some B € ¥ for eachs,0=s=m and each {,,...,[ €
{1,...,r}, there exists j*(1,...,i) such that

BNX(i iy oy, j5(1,...,i))=0.

Let further g,=1 and fors=1,...,m+1, q,=j*(qy, ..., q,-,)- Then B has
empty intersection with every member of the sequence
X(q,), X(q,,9,),-..,X(q,, 95, ...,4,.).- But this means that B is disjoint
from A(q,, 45, .-, q,+,), and we are done |

Completion of the Proof of the Theorem. Consider
m+1

Z:=UJ U  ZQ,i,....i,).

s=1 (Liyonig_ ()

Clearly, |Z|=(1+r+r"+ -+ rMkr(r+ )2 =<kr™*? = kr’**",
Denote by %(i,,...,i,,,) the collection {AEF|ANA4G,,...,i,,,)=0}.
Let €={A€F|ANZ#0} and

%(l,il,...,ib\‘)z{AEQF\%[AﬂX(il,iz,...,ix,j)sﬁﬂ vie{l,...,r}}.
By Lemma 5, for each s, O0<s<m and i,,...,i,€{1,...,r}, the sets

X(@,, iy, ...,0, \Z for distinct j are pairwise disjoint. Hence by Lemma 6, we
can write ¥ in the form

F= U %(i,,...,imH)U%U(CJ U %(1,1'1,...,4)).

Gioeeoidpry) 5=0 (L yooddy)

| Y Bl | ST @i Raln, )7
h

FREEEN fnvt)

Then,

1€l =1Zle(n =1, @) = kr’* "' C(q)(n — DI 1 an—1,9) 7"
Note that each A € #(1,i,,...,i) must intersect each of r pairwise disjoint sets
X, 0y, i INZ, Xy, e o 0,202, X5 0y, oL i, PNZ. The  car-

dinalities of these sets for s <m are at most y and for s =m are less than 2y.
Consequently, by (4),

. . 7 2n\’ afn—r r—n
|91, i, ... ,i)|=2)en—r,q) =< (§> C(@)(n— " " Patn—r, q) " .

Observe that, for n>20 and 1 =i=<0.5logn,
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a(n—1i,q) - log log(n — i) - log(log n — i/(n —i))

a(n,q) ~— loglogn — loglogn
_ log((1—1/(n + 1)) logn) - loglogn —1/n N 1
- loglogn loglogn n’
Therefore,

|F| = C(g)n'r' D" Do(n, )" + kr** ' C(g)(n — 1)trteet 1D

X ((n = Va(n, q)/n) ™"

rm+l —-1 2 r n—1 r—n
1 4qa(n—r,q)< )
L (Z.Sa(n, q)) Clginir n a(n, q)

dqa(n.g)+3

a(n, q)

3(log lo
<C(‘1)n!a(n’q)_"r“”“(""”(r_“("“’br e

3(log log n)***"" ‘”)
+ .
1.4 llog tog n]

But for large n the expression in big parentheses does not exceed
(lOg n)—l/l(]‘l + 3(10g log n)4(]0g H)AMS + 4/2(10g n)().2—log 1.4 <1.

Thus, the theorem is proved. O
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